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of that mil lire yet produced in compact Jorm. 

“ In illustrations, letterpn'ss, paper, urd generfil uiMke-up the work is a credit 
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PREFACE 


‘The subject of Applied Mechanics is one which covers a very wide field, 
atid it would not be possible ad^uately to cover the ground in a single 
.■volume. In the present work tlm author has attempted to compress into 
^ne volume of moderate dimensions sufficient material for a two years* 
course in the subject. To carry out this object the author has endea-* 
vour(jd to be as clear and concise as possible, and he has written the text 
on the assumption that the student will spend a considerable time in 
wprking out the numerous exercises which are given. 

The illustrations, which are very numerous, have all been specially 
prepaiud for this work, they have been made as small as possible 
consistent with clearness, and they have been set up with the text in 
such a manner as to be in close connection with it and to economise 
space as much as possible, 

A special feature has been made of the exercises, which will be found 
in groui)s in tlie various’’ chapters. Of the 780 exercises given, 600 arp 
original, and the author has given as much attention to these as to the 
text. The remaining ISO exercises have been selected with great care 
from the examination [)apers of various examining bodies. Many of the 
exercises wall be found to amplify the text, and thus add to the scope of 
the book. 

The author would here desire to impress upon the student the great 
importance of working a large number of exercises. A student may 
imagine, after hearing a lecture, or after reading the text on a part of 
the subject, that he knows it thoroughly, and that be may therefore 
leave it, bnt he will generally find, if he proceeds to apply his knowledge 
to a prat^tical example, that some ijuportant point has escaped his 
attention or has not been thoroughly understood. This applies to the 
clover student as w^ell as to the student of ordinary ability. Besides, the 
w^orking of exercises is essential for thoroughly impressing the subject on 
his mind. Another matter of very great importance to the student is 
the cultivation of neatness and accuracy and the systematic arrangement 
of his w^ork. 

The majority of the exercises given involve numerical answers, and 
these will be found at t^e end of the book. Some teachers who may use 
this book in their classes may object to their students having the answers 
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to tlio exercises beforehand, but such teachers may, if they choose, make 
simple alterations in the data of the exercises before giving them to their 
students, and thus in an easy way have their own set of good exercises. 
The answers given at the end of the book will, however, be useful to 
students who may be studying privately, and also to conscientious and 
industrious students who may dcvsire to got thoroughly familiar with the 
subject by Avorking examples. 

The three chapters on the design of structures have been written and 
illustrated, on lines suggested by the author, by Mr. E. H. Salmon, B.Sc. 
(Lond.), A.M.Tnst.C.E., and the author feels that these chapters will add 
very considerably to any merit Avhi(!h the other chapters may give to the 
book. 

To Mr. J. W. Barrett the author is de(iply indebted for the great care, 
intelligence, and skill w^hich he has bestowed on the preparation of the 
illustrations from the author’s pencil drawings and sketches. 

A good and enthusiastic teacher interested in his subject does not as 
a rule follow strictly any particular text-book, not oven if he has written 
it himself,, and many of the best teachers seldom refer to any text Ixxdc 
in their lectures. *It is, how^ever, very important that a student shonlVl 
form as gcxxl a library of his own as he (^an afford, and tlio author of this 
book hoj»es that it wdll not be unworthy of a jdacc^ in such a lihraiy, 
especially in the initial stages f>f its formation. 

j). A. JL. 


Kast Lonoon CoLt.K(;K (UxjviatsiTY of London) 
iSeptciahi-r lUOa 
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APPLIED MECHANICS 


CHAPTER I 

Preliminary 

{Mainly fw* Reference) 

1. Definitio!iis Relating to Divisions of Subject. — Newton used the 
term mechanics for “tVie scnenco of machines and the art of making 
them,” but the term has been xised by most writers since Newton’s time 
for the science wljich treats of the laws of motion and force. This 
includes (1) kinmtaiics^ the science of motion without reference to its 
cause ; (2) sta/u\% the science of forces which balance one another ; and 
(3) Icindirs, the science of unbalanced forces, or the relations between 
motion and force. Many modern writers use the term dynamics in the 
same sense as that of mechanics as just defined, but the most logical 
writers rcvstrict the term dynamics to statics and kinetics, and consider 
kinematics as a branch of pure mathematics. Writers who use the term 
mechanics in place of dynamics generally apply tlie latter term to what 
has been defined above as kinetics. 

In statics the forces c.onsidered may act at a point, or on a solid, a 
liquid, or a gas. That branch of statics wliich considers the relations 
be^tween forces acting on a liquid at rest is called hydrostatics^ and that 
branch whicli cortsiders the equilibriuiri of a gas is c^^iWcd^pnmmafics. In 
hydrodynamics the relations between motion and force in fluids is con- 
sidered. Hydraulics relates to the application of the ])rinciples of hydro- 
statics and hydrodynamics to engineering. 

2. Values of Various Constants. — Tlxeept whcTc otherwise given, 
the values of tlie more, common constants required in working the 
exercises in this book should be taken as given below. Various useful 
functions of tt are also given. 

Ihitio of the circumference of a circle to its diameter = 7r- 3*1416. 

TT-’ 9*S6S)r>. - 31 *0003. ^TT - 1 *7725. ^/tt = 1 *4646. 

V- 0-1 013. -I - = 0-5642. -L. = 0-6828. 

'- = 0-;3l8;5. W 77 = 0-49715. 

Accelerating effect of gravity = .7=== 32*2 feet ])er vsecond per second. 

Weight of 1 cubic foot of water = 62*3 It^s. 

1 gallon of water af 62‘" F. weighs 10 lbs. 
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5. The C. 6. S. System at Units. — This is the system of units 
recommended, for scientific puriK)sea, by a committee of the J3ritish 
Asaociation. The centimetre is the unit of lengthy the yraniwe is the 
unit of masSy and the second is the unit of time. 

The unit of area is the square centmietre. 

The unit of i^olume is the cubic centmietre. 

The unit of velocity is a velocity of a centimetre per second. 

The unit of momentum is the momentum of a gramme moving with 
a velocity of a cejitimetre per second. 

The unit of force is that force which generales a unit of momentum 
in a second, and is therefore that force which, acting on a giamme for 
one second, generates a velocity of a centimetre per second. This unit 
of force is called the dyne. 

The unit of work is the work done by a force of a dyne acting through 
a distance of a centimetre. This unit of work is called* the erg, 

4. Equivalents of Ordinary British and C. Q, S. Units. 

1 foot = 30’479 centimetres. 

1 centimetre ^0*0328 foot. 

1 scpiare inch -6*451 square centimetres. 

1 square foot— 928*997 square centimetres. 

1 square centimetre — 0*155 square inch - 0*001076 square ff>ot. 

1 cubic inch — 16*386 cubic centimetres. 

I cubic foot— 28315*3 cubi<! contiiiKitres. 

1 cubic centimetre - 0*001 027 cubic iiich — 0*00003532 cubic foot. 
1 lb. uvoirdu|K)is — 453*593 grammes. 

1 gramme = 0*0022 lb. avoirdupois. 

1 foot per second = 30*479 centimetres j>er second. 

1 mile per hour = 44*703 (*entiim*tres ]>er second. 

1 centimetre per second = 0*0328 foot ])er second = 0*02237 mile 
per hour. 

1 lb. per cubic foot = 0*0] 602 grammes ptM- cubic centimetre. 

1 gramme per cubic centimetre-- 62 *4 245 Ib.s. i>er cubic, foot. 
Accelerating effect of gravity ~3*J*2 feet j)er second per second 
= 981*44 centimetres per second per .second. 

In the equivalents below g is ttikeii = 98l centiim^tres per .s(‘cond 
l)cr second. 

1 lb. avoirdii]R)is = 444974 dynes. 

1 gramme = 981 dynes. 

1 foot-pound = 13562570 ergs. 

1 kilogrammetre = 98 1 00000 ergs. 

1 lb. per square iiic]i = 08974 dyiie.s jR^r .square centimetro. 

1 lb. per square foot = 478*98 dynes per square centimetre, 
i kilograiiiino per square centimetre = 98] 000 dynes j)er square 
centimetro. 

6. Algebraical Formulae. — 

Quaflratic equatiojis. — If x- + ar -h = 0, then r = - ^ ± ^ ~ 

The roots of an equation are tlie values of r which satisfy the equation. 
If a and /3 are the roots of the cctuation -h ?; = 0, then a-^ fi^ - a, 

and aP^b, ^ 
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Cvibic eguations , — If a:® + a* + 6 = 0, then Cardan’s solution gives 
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The equation ^qx + rr^0 may be reduced to the form 

+ OitJ + & = 0 by substituting » - ^ for ic in the given equation. 

o 

Arit/miettcnl progre^don. 

The terms a, (fX+2/>), (a+3ft), etc.; are in arithmetical pro- 

gression. The terra from the beginning is a-f - 1)^. 

; The sum of n terms = ^ ^2a-h(?i- 

\ ... . M-fN 

! If M, A, and N are in arithmetical progression, then A = — - — , and 

A is the arithmetical mean of M and N. 

GeometHcal pi'ogi 'ession , 

The terms a, ar, etc., are in^ geometrical progression. 

The term from the beginning is 

The sum of n term = ~ ^ . 


r-1 


1-7* 


If r is less than 1, the sum of an infinite number of terms is ^ — • 

1 - 7 ' 

If M, Q, and N are in geometrical progression, then Q = and 

G is the geometrical mean of M and N. 

Miscellaneouii serief^, S,^ = suin of n terms. 


— 1 -|- 2 Hh 3 + . 


-r77-^(7i+l). 


S„ = 1 + 22 H- 32 + + w2 = ^ + 1) 

6 

S„=124-2® + 3S + +n^= 

Binomial ffieorein. {a-\-xy*^ — 

(*" + + V" V'+ ^ + . . . . 

The (..+ I)». te™ of (e + x)--”'”' 

whore |>', TKiSulfurloriaf r, = J.2.3 r, 

Exponenf ial and liHjarilhmic, tteries. 


.+x\ 


a”— 1 + Ax+ 12 + ; 3 


A2j'2 A^r* 

14" 


where A — log^a, and e = base of Napierian system of logarithms. 
e=2'7l828. . . . . 

1 /I . \ ic- * 

log/l+4=x- '2+ 3"'4+ 



4 


APPLIED MECHANICS 


Logarithms , — If theii jr is the logiiritliin of N to the base a. 

In the common sysiem of logarithms the base is 10 . In the Napierian 
system of logarithms the base is 2*71828. . . . Napierian logarithms 
are also ealJed natural aiid also liypcrhoJir logarithms. 

log (A X B X C)^ log A + log B + Jog C. 

^ ^og A. log ^/A — - log A, 

It 

If ^ hy then x log a = log h, and x . 

log a 

The foregoing rules are true whatever l>e the system of logarithms 
used. 

If X == log^m, and y ~ log^n^, then y = x log,, a - , . 

iogj? 


If X — logi|)??j, and y = log^ne, then y -= x log 10^- 

log 

log^l0 --= 2*3026 nearly, and log^,/' = 0*1343 nearly. 

6. Trigonometrical Formulae. — 


cosec A = . . 

sin A 


tan A ~ 


sin A 1 


cos A cot A * 

sill" A + cos- A ~ 1 


sec A 
cot A ~ 


1 

cos A 
cos A 


1 


sin A tan A 


sec^ A = 1 + taii^ A. 


cosec- A = 1 + cot- A. 


sin (A + B) sin A cos B + cos A sin B. 

sin (A -* ii) — sin A (‘(^s B — <*o.s A sin B. 

cos (A 4* J‘>) “ A cos B - sin A sin B, 

cowS (A — B) — cos A cos B + sin A sin B, 

4 . /A ^ + tan B 

^ ' 1 - tan A tan B 

^ /A A - tan B 

'' ' 1 +l.inAtanB 

sin 2 A ~ 2 sin A cos A. 

cos 2 A ^ cos- A ~ sin- A = 2 cos- A - 1 ^ 1 -- 2 sin^ A. 

, c\K tan A 
tan2A = ~-— , — . 

1 - tail- A 


sin 2A — 


2 tan A 
1 + tan^ A 


cos 2A-- 


1 - tan^ A 
I -f tan**^ A ' 


sin 3A ^ 3 sin A — 4 sin^ A. 
cos 3 A = 4 cos*^ A — 3 cos A, 

^ * 3 tan A — tan^ A 

tan3A= , o 4 . ^ a 

1 “ 3 tan^ A 
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ain (A + B) sin (A — B) = sin® A — sin® B = cos® B - cos® A. 
cos (A + B) cos (A - B) = cos® A - sin® B = cos® B - sin® A 

sin-^= ± ^|(l“ws'A); ^ gin A 

tan — 


\ 

sin - 7 ^ -f- coa “ ± + niii A. 


sin ^ - cos ^ = ± ^'l - sin A. 

2 sin A cos P> = sin (A + B) + sin (A - B). 

2 covS A sin B ^ sin (A H- B) - sin (A - B). 

2 cos A Ci).s B cos (A + B) 4- cos (A - B). 

- 2 sin A sin B -= cos (A + B) - cos (A ~ B). 

sin A + sin B = 2 sin ? cos — ~ 

2 2 

sill A — sin B ~ 2 cos ^ ? sin , 

2 2 

cos A 4- cowS B ~ 2 cos ? cos ^ ^ 


cos A — cos B 


A+B . A-B 

•2 sin - - sin . 

9 . 9 


7. ronnulae for Triangles. — a, />, and r arc t]»o sides of a triangle, 
and A, B, and C arc the opposite angles. 


(l C‘ ~ 2rS. 


A+]5 + 0-180“ 


.sill A .sin B .sinU’ 
(i®-/,® + c2-2?^^-fow A. 


a — /j nos C! + n co.s B. 


/,2 + ^ 2_„2 


/ (•'>• - /') (s - '•) 
= \/ - /.. • 


2 \ 


A /«(.■< a) 
2 V “ hr ’ 


2 V s(s — a) 


{s-a) 


^ "" hr ^ “ 9 


A - B n-h ^ C 
tan - -- -- , cot. - . 

2 a + h 2 


Area of triangle sin A = ^s{s - <t) (s - h) (s — c) 
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R = radius of this circumscribing circle of a triangle. 
r ~ radius of the inscribed circle. 


„ a _ ah’. 

2 sin A” 4A' 


_ 

rt + + c 


^ = («-a)tan4. 

s 2 


8. Differential and Integral Calculus. — The curve APB (Fig. 1) is* 
the (jrapU of the equation y = 20.r - 2.r®. Let x and y be the co-ordinates 
of the point P on the curve. Take another point Q on the curve near 
to 1*, and let its co-ordinates be x ^ Bx and y + By. Then for P, 
y = 20^’ - and for Q 

y + 8y— 20 {x + Bx) - 2 (x + Bxy 

= 20.C + 20Bx - 2x^ - ^x^Bx - Gx{Bxy - 2(S^)3, 
therefore By = 20S,/: - -- 2(6*c)®, 

and = 20 — — 6xBx — 2(S,r)“. 

Bx 


Now let Q approach nearer 
and nearer to P so that Bx and 
<5// get smaller and smaller, 
then the terms 6xBx and,2((5x)2 
will get smaller and smaller, 

and the value of ^ approaches 

nearer and nearer to 20 — 

In the limit when Q is inde- 
finitely near to P the ratio 

is written and is equal 
Bx ax 

to 20 - O.r-. 



The ratio 

(ix 


is evidently a measure of the slojie of the. curves or 


tangent at any point w^hose coordinates are x and y. Also, is a 

CtiC 

measure of the ixite of increase of y with respect to x. 

The ratio is called the differential coefficient of y with respect 
dx 


to X, 

At the highest point B of the curve APB, y has its maximum value, 
and the slope of the tangent CB is zero. Honoo wliere y is a maximum, 

~ = 20 - — 0, or == 1*826 nearly, and the maximum value 

dx 'V o 

of p is 20 X 1*826 — 2 x 1*826^ — 24*34 nearly. 

The process of finding a differential coefficient is called differentiation. 

Now let = = 20 -- be plotted as shown ])y the curve A'P'B' 

• fiy/ 

in Fig. J. Then, when Bx and By are very small, nearly, 

aTid 7jBx - By very nearly. But uBx is the area of the shaded stri[> very 
nearly when fix* is very small, and when Bx is indefinitely small udx^dy. 
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Next suppose the figure HJ'KKX to be divided into an infinite 
number of indefinitely narrow vertical strips, each of width dir and 
variable height u. Let the ordinates of J and K be denoted by and yg 
respectively ; also let the abscissae of these jicints be denoted by and 
respectively. The sum of the areas of the strips into which the figure 

HJ'FK'L is supposed to be divided is written 2 udx or 1 udx, where 

2 is the Greek letter sigma, and / is the old English letter S. The « 

expression I udx is read, the sum of successive values of udx between 

the limits and x = 

^ince for each strip udx = d//, it is obvious that the sum of the areas 
of the strips is But = 20 j^2 “ y^ = 20x^ — 2xl, 

therefore 


f 7 j 4 x == 20(:/*2 - . Tj ) - 2(^2 ~ ^ 1 ) 


In Eig. 1 and .r^ — 1*5, and inserting these values in the 

expression 20(.r2 - - 2 (x 2 - .r'l ), the area of the figure HJ'FKX is 

found to be where the unit of area is a rectangle whose base is 
1 iuch and height 0*05 inc^h* • 

r ^‘2 

The expression 1 ti(h' is called the definite integral of udxy and the 

expression judx where no limits are v^pecified is called the indefinite 
integral of mLi\ or the indefinite integral of u with res[)e(;t to x, 

Tlie f)roe.(iss of finding an integral is calle<l iniegrationy and / is the 
<tf hil eg ration. 

In the foregoing exain})]e fudx~jdy — y — 20x-2ui^ is the indefinite 
iriU^gral of mix or (2fi - ()X“)dx. 

The ])rocess of integration is seen to bo the reverse of that of 
differentiation. , 

f/7/ 

If // is a function of x^ then -j- =u, and judx^y are equations which 

* follow, the one from the other. 

In th(‘ process of integration expressed by judx — yy y has to 
he found, and n must first be recognised as the diff’erential coefficient 
of some function of .r, and that function of x being known, y is 
found. 

Condani of integration. — Sux»pose the example already discussed in 
which If — 20.** - 2.*^^ to be altered so that y ^ liO./' — 2x'^ 4-10. It is easy 

to show, by^ the method already used, that ^ 20 - 6x\ the same as 

before. Hence in integrating (20 - 6.jr-)dx the result, to be quite 
general, should ])e wTitten /(20 - = 20,r - 4- C, where C is a 

constant of integration which has to be determined from other con- 
ditions. For example, it may be known Jhat when x=^0y y = 0, then C 
must ee|ual 0. , 

The following table contains the differential coefficients and integrals 
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likely to be required in ordinary engineering problems. Those in the 
first and second lines occur most frequently* 


11 

o 

dx 


J udx = Cx 

y=siax^ 

dx 

u-=ax^ 

(ndx^ ^ 3c”+i 

J n + } 

(except when n— - 1) 

y a log^ac 

dr. X 

u~ax^^^ 

X 

Judx = a log^x 

y 

dx 

u ~ 

Judr 

y--a sin bx 

ah cos bx 
dx 

u = a cos hx 

1 udx ' sin bx 

J h 

y — a cos hx 

.^(th sin hx 
dx 

u ~a sin hx 

j lulx - - ^ cos hx 

y a tan hx 

rt-a/j seC'^ hx 
dx 

u - a socr bx 

I udx --- f tan hx 

J h 

y~a cot bx 

. -ah oosec*'' hr 
dx 

u—a cosoc^ hx 

1 

/ udx “ - ('yOt hx 

J h 


The differenfied coejflrieiit of a consfmd is zero. 

21ie differential coefficient of the snin of a number of fiinctioui^ is tlio 
sum of the differential coefficients of the functions. 

Thus, if y =: a4- V + to, where u, o, and w are functions of .r, then 

dy _ du d v d w 
dr dr dr dx ’ 


The differential coeffeient of the jmodnrt of a v.anihev of fvnetiom is 
found by multiplying the differential coefficient of each factor by all the 
other factors and adding the products thus formed. Thus, if y^^uvw, 

where u, v, and lo are functions of r, then ' 

dr dr dr dr 

The differential coefficient of thv qwtticni of tico function}^ is found 
as follows : From the product of the denominator and tht^ differential 
coefficient of the numerator subtract the product of the numerator and 
the differential coefficient of the denominator, and divide the result by 

the square of the denominator. 

do 


Thus, if y = - , where u and 'v are 


functions of x. 


, du 
dy V - 
V = dx 
dx 


d.x 


of 


Function of a function* 
di/ dy du 


Tf y is a function of w, and u is a function 
example, let y^ hr cr^* Put 


For 
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+ + cx% then y = Ju = and ^ == Xu*~ ^ === iu‘~^ ~ ^ . 

Also, ^^~h-k-2cxy therefore 
dx 

Successive differentiation. - 


dy h + 2cx 

^ Ja+bx^ cx^ * 

—If y is a function of and ^ 

dx 

dn 


u, Ti^here 


u is also a function of x, then ~ = v, where v is another function of x, 

dx . < 

du d™ T , . . . du d^y 

Uenco, ^ ^ = dx^ and this is written ^ = ^-'2 = 

dx 


■ V. 



Fig. 2. 


The integral of the mm of a number of fimxtions is equal to the 
sum of the integrals of the functions. Thus, 

^(ax + bx^')dx = Jaxda: 4- + C, 

where Cl is the constant of integration. 

9. Circle of Curvature. — APB (Fig. 2) is any curve. M and N are 
two points on this curve, on opposite sides of the 
point P. A circle may bo drawn through the three 
points M, P, and N. If the points M and N bo 
moved nearer to P, then when M and N are inde- 
finitely near to P, the circle becomes 'the circle of 
rurrature oi tlio curve APB at P. The centre 
and radius of the circle of curvature are called 
the centre of curvature and ^radius of curvature 
res}»ectivcly. 

Lot (-PJ) be the circle of curvature of the 
curve APB fit 1*. Lot X and Y be the co-ordinates 
of the point P, considered as a point on the circle CPD. Then, 

fTV 

I) itlercn tinting once, (X - a) -}- ( V - 0) — 0. 

(f X 

Diffej'oiitiatiiig again, 1 4- 

Lot X and ?/ be the co-ordinates of the point p, considered as a point 
on the curve APB. Them X =-x, and Y==?/. Also, since the circle CPU 

dY __ .1 dy 
dx 

the sh)])e of this tangent, therefore Lastly, since the circle 

f/X dx 

CPD and the curve APB liave the same curvature at P, and since 
curvature is measured by the rate of change of the slope of the tangent 

S-S- 

(f)' , . 

and X a ^ — 70 ■ 

• d-y 


and the curve APB have the vsamc tfuigent at P, and 

d\ 


denote 


l+( 


Therefore, y 




t'h/ 

dx^ 


dx^ 
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Substituting these values in the equation (X — o)* + (Y - the 

result K— — - obtained. 


The sign to be taken in the numerator of the right-hand side of this 
^ last expression should bo the suiine as that of the denominator, so as to 
make the value of R positive. 

If the curvature of a curve is very small, and the inclination 9 of the 


tangent at any point is small (Fig. 3), then ~ tan 9 
is also small. In this case the expression just found 
1 2 

for R becomes Ti^-<Py nearly or 



Fig. S. 


is sufficiently accurate for the curves into which beams and struts 
deflect. 


10. Construction of Parabola. — A problem of very frequent occur- 
rence is, given the vertex A (Fig. 4), axis 
AB, and double ordinate UBD of a para- 
bola, to construct the curve. C/onipletc the 
rectangle CDEAF. Divide AE into any 
convenient number of equal parts, and 
divide ED into the same number of e<]nal 
parts. Join the points of division on ED 
with A. Lines through the points of 
division on AE parallel to AB to meet 
the former lines as shown determine points 
on one half of the curve. Points on 
the other half of the curve are found in a similar manner. 



11. Equations to Parabola. — OK (Fig. 5) is a fixed straight line, 
and F is a fixed point, P is a point which moves in the jilane of F and 
OK^ so that its distance from F is always equal to its distance from 
OK. The ])ath of V is a parahohi^ whoso axis is the line through F 
perpendicular to OK. The line OK is called the dirednx^ ami the 
point F the focus of the parabola- The curve cuts the axis at A, the 
vertex of the parabola. FA is equal to AO. 

Draw PK perpendicular to OK, and PN perpendicular to the axis. 
Draw the tangent to the parabola at A, and let it meet PK at K'. The 
tangent at A is obviously perpendicular to the axis of the parabola. 


Let FA -= r?, ]>N = *and PK' - y. 

Then PN2 + = PF^ = QN^. 

That is, (y - = (y + 

Therefore x'~iay . . ' . . . • (^) 

which is the equation to the parabola referred to the axis of tlm 
parabola and the tangent al^the vertex, the axis bt^ing the axis of y, and 
the tangent the axis of x. 

If the axis of x be moved parallel to itsefe until it is at a distance 
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h from the vertex (Fig. 6), then jr in (1) will become y + i, and the 
new equation will Ite 

~ 4a(y + 7>) = 4ay H- . * . • (2) 

If the axis of y be moved parallel to itself until it is at a distance c 



from the axis of the paralxJa (Fig. 7), then in (2) will become a; + c^ 
and the new equation will be 

(x 4- ef - \a{;y + h) (3) 

In the foregoing equations y is j>ositive or negative according as it is 
measured above or below the axis of .r, and x is i)ositive or negative 
according as it is measured to tl}e right or left of the axis {)f y. 

12. Cycloidal Curves. — If a circle be made to roll along a line, and 
remain in tlie same planti with the line, a point on the circumference of 
the rolling circle will descrihe a cydon/al curve. The line upon which 
the circle rolls is called a hane lmi\ a dlrectiny live^ or a dtreefor. If the 
base line is a straight line, the curve described is called a cycloid. If 
the base line is a ciri'lo, the curve (l(\scribed is called an epicycloid or a 
hypoajcloid, according as the generating circle rolls on the outside or 
inside of the directing circle. 

The hypocychnd becomes a straight line passing through the centre 



of the directing circle (Fig. when the diameter of the rolling circle is 
equal to the radius of tlie ilirecting circle. 

The same liypocycloid luay be described by either of two rolling 
circles whose diameters are togotlier equal to the diameter of the direct- 
ing circle (Fig. 9). 

The same epicychn'd may be described^by either of tw’o rolling circles 
whose diameters difler by an amount e(]ual to the diameter of the 
directing circle (Fig, *10). 
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The most convenient method of drawing any of the cycloidal curves 
is the transparent templet method. Let AB (Fig. 11) be the directing 
line or circle, and CDP the rolling circle. The directing line or circle is 
to be drawn on the drawing paper, and the rolling circle is to be drawn 
on a piece of tracing paper or thin transparent celhiloid. Mark the 
tracing point P by a short radial line cutting the circle, and also by a 

small needle hole. Place the tracing paper 

on the drawing paper so that the directing C 
iine and the rolling circle touch one another 
at P. Place a noodle through the tracing , 
paper and into the drawing paper at P. 

'Furu the tracing ]japer round until the 
rolling circle cuts the directing line at a 
near point Qj. Transfer the needle from 
P to Qp and turn the tracing paper until 
the rolling circle touches the directing 

line at The tracing point will now have moved from P to P^.* 

Mark the drawing paper at P^ with a needle-pointed peiuil. Again 
turn the tracing paper until the rolling circle cuts the directing line at 
another near })oint Q^. Transfer the needle from to Q^, and turn the 
tracing paper until the rolling circle touches the directing line at 
The tracing point will now have moved to Pg. Mark the drawing paper 
at Pg. Continuing the proct^ss, any number of points on the re'cjuired 
curve may be obtained, and these jjoints may then be joined by a fair 



13. Scalar and Vector Quantities. - Ce^rtain quantities, su(»h as the 
weight of a body, the volume of a body, a sum of money, the energy 
stored in a moving body, can be denoted by ninnbers rej)reseiiting their 
mcif/fUtudfis ill terms of suitable units. For example, a body may vadgli 
5 ll)s., the energy of a moving body may be* 205 foot-pounds. Ail such 
quantities aio called scalar 

Other magniiutles, such as velocity, acceleration, force, involve the 
idea of direr.tion as well as magnitude, and they cannot bo completely 
defined by numbers. There must also be doscriplicms defining their 
directions. For example, a velocity may be 10 feet ]>er sirond in a 
direction from south to north. All sucli quantities are called vector 
(lULinfifies, 

A vector quantity may be reprvesented by a straight line, which is 
called a vector. The length of the vector reqirosents the 
magiiitudo of the quantity, and the di?'ection of the line 
represents thc^ direction of the quantity. A line AP> (Fig. 12) 
represents a vector quantity whose magnitude is the length 
AB, iiKiasured witli a certain scale*., and whose direction is 
parallel to AB. It is necessary to distinguish V>etw'een the 
direction Ali and the direction BA, the one being ofjpositc to that 
of tlie other. This distinirtion is the sense of the direction, and may 
1)0 given by the order in which the letters on the lino are mentioned 
in referring to the line. An arrow-head placed on the vector is 
the bovst way of showing the sense of the direction. A vector 
with ail arrow-liead on it may lie referred to by using a single letter, 
as P. ^ 



Fio. 12. 
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14, Addition of Vectors. — A niiml)er of vectors, P, Q, R, and S, 
shown to the left in Fig. 13, are added q 

together as follows : Draw AB parallel and 
equal to P, BC parallel and equal to Q, 

CD parallel and equal to II, and DE parallel \ 

and equal to S, then the vector AE equal to ^ \ fB 

T is the sum of the vectors P, Q, R, and S. ,/S y/' 

The sum will be the same wliatever >)e the 

order in which the vectors are taken in per- ^ 

forming the addition. The vector T is also ■ 

called the remltant vector. The polygon ABODE A is called a vector 

jiolyijon, 
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CHAPTER II 

MOTION AND FORCE 

16. Best and Motion. — One point A 13 said to be fixed *or to be at 
rest in relation to another point 1> when the straight line AB does not 
alter in length or direction. If the straight line AB changes in length 
or direction, then A is said to wore or have 7iwtion in relation to B. If 
the straight line AB changes in length but not in direction, A has 
rectilinmr motion in relation to B, and if AB changes its direction but 
not its length, A has amfvtar or rotary ^notion in reJation to B. If AB 
changes both in length and direction, tlicn A has both rectilinear and 
angular motion in relation to B. Motion is therefore change of ]toaition, 
V)iit since i)Osition can only be detinod in relation to j)oints or bodies 
which are fixed or whose motions are neglected, all motioiv- is relative 
mol ion, 

A point is said to have ]ddne motion when, while it changes its 
position, it remains in the same jdane. Of tlie many ])roblems on 
motion which the engineer ha>v to consider, those on plane motion are by 
far the most (ioinmon. In an ordinary steam-engine, for example, all the 
points in the piston, j>iston-rod, cross4iead, connecting-rod, crank, crank 
shaft, fly-wheel, eccentric, eccentric- rod, and valve have plane motion. 
The points in the piston, jnston-rod, and cross-head have rectilinear 
motion ; the })oints in the crank, crank shaft, and fly-wheel have angular 
motion ; and the points in the connecting-rod have both rectilinear and 
angular motions. 

17. Velocity. — The rate of motion, or rate of change of position of a 

]K)int or body, is called the velority of the point or body. When the 
changes in position are the same in etjual intervals of time, however 
short tliese intervals may be, the point or body lias ^uniform velocity. 
When the <’lianges in position arc not equal in all equal intervals of 
time, the ])oint or body has rarmhle velocity. At any instant the vekicity 
of a moving point is cornpleti'ly known when (I) the direction in which 
the point is moving, (2) the rate at which it is moving in that dir€3ction, 
and (3) the sense, are known. For example, a point may be moving (1) 
in a direction perpendicular to the surface (jf still water, (2) at a rate of 
so many feet per second, (3) in an upward direction. The statements 
(1), (2), and ^3) are re<piired to com])letcly specify the velocity of a 
point. The statement (2) is called the s 2 H^ed of the point, or the magni- 
tude of the velocity. The term velocity is often used in the same sense 
as speed, but modern writers incline to using the term speed as defined 
above. • 

A velocity may be ^mpJetely represented by a straight line. The 
direction of the line is the direction of the velocity, the length of the 
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line is the nmgnitude of the velocity or speed, and an arrow-head placed 
on the lino ^ows the sense of the velocity. The sense may also be 
given by placing letters, say, A and B, one at each end of the line, and 
stating that the velocity is AB for one sense, and BA for the opposite sense. 

Linear velocity is measured in units of ' distance per unit of time, as, 
feet per second, feet per minute, or miles per hour. A hywt is a linear 
velocity of one nautical mile (6080 feet) per hour. 

If V denote the linear velocity or speed of a point or body, and s the 
space or distance through which it moves in time then » The 

unit of distance used in measuring v must be the same as that used in 
measuring and the unit of time used in measuring v must be the same 
as that used in measuring For example, if v is in feet per second, 
s must be in feet, and t in seconds. 


Angular velocity is measured in radians * per second, revolutions j)or 
second, or revolutions per minute. The Greek letter oi is generally used 
to denote angular velocity in radians per setiond. If a i)oint moves in a 
circle <jf radius r feet with a linear velocity of v feet per second, and if the 
point makes n revolutions per second or N revolutions per minute, then 


( 1 ) 



27r]Sr 
60 • 


18. Acceleration. — When a velocity is not uniform, its rate of change 
is called acceleration. Acceli-^ration is pf)sitive or negative according 
as the velocity is increasing or decreasing. Negative acceleration is 
frequently called retardation. Linear arcelcrafion is rate of change of 
linear velocity, and is generally measured in feet per second ])er second. 
Angular acceleration is lute of change of angular velocity, ajui is generally 
measured in radians per second per second. The syml>ols / and a will 
be used to denote linear acceleration and angular aeceh'ration resf>ec- 
tively. The linear acceleration due to gravity is denoted by the syrn]>ol 
(j. The value of// will be taken as 32*2 feet ]>er second per second. 

Acceleration, like velocity, is a vectur quantity, and may be coin]>letely 
represented by a straight line. 

19. Kinematical Equations. — Let or denote the velocity of a 
point or body at a given instant, and let r or to denote the velocity after tlie 
lapse of t seconds, the acceleration being uniform and denoted by /’or a. 

Then v == + fi, and o>, -h at. 

During the interval of t seconds the mean velocity is 


4- v) = 4- 1 ft for liTiear velocity, jmd 

4- d) = -h^Jit for angular vtlocity. 

If .s is the linear distance moved, or 9 tlie angle described in the 
interval of t seconds, then 


,s- ~ 1 (??j 4- v)f — v^t 4- lft% and 0 = 4- <o)t u>^f 4- lafK 


Eliminating t, it follow^s that 


-= 4 - 2fs, and (o^ = -h 2a9. 

Vj = o and = o, then 
V =ff, .s = and = 2fs, 

o) ~-at^ 0 ~ \ at^^ and n. 2aQ, 


* A radian is the angJe sulitended at the centre of a circle by an arc of that 
circle equal in length to the radius. Hence the numVjer of radians in an angle 
or the circular mcamre of an angle subtended at thS centre of a circle of radius 
by an arc of length a is equal to a/r. 
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20. Oompositioii and Besolution of Velocities and Accelerations. — 

Two or more velocities may be reduced to a single velocity, and two or 
more accelerations may be reduced to a single acceleration by composition, 
exactly as for forces. Also, conversely, a single velocity may be resolved 
into two or more velocities, and a single acceleration may be resolved 
into two or more accelerations, exactly as for forces. For the (imposi- 
tion and resolution of forces, see Chapter IV, 

21. Radial Acceleration of a Point moving in a Circle with 
Uniform Velocity. — Let a point A (Fig. 14) be moving with a uniform 
velocity v along the circumference of the circle, 
whose centre is C and radius CA = r. Let A de- 
scribe the small arc AB in the time t The 
velocity of the jjoint when at A is in the direction 
of the tangent to the circle at A or perpendicular 
to CA, and the direction of the velocity of the 
point when at B is in the direction of the tangent 
to the circle at B or perpendicular to CB. Draw 
OP perpendicular to CA and equal to v ; also draw 
OQ perpendicular to CB and equal to and join 
PQ. The cliango in the velocity of the point in 
moving from A to B is represented by PQ = u. If ACB is a very small 
angle, the difference between the chord AB and the arc AB may be 
neglected, and ACB and POQ are then similar triangles. 

PQ 
OP 
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Hence 


AB .r . • u vt u 

■ that IS, or ■ =-, 

CA V T t r 


But^=y' 


is the rate of change of velocity of the point moving in the circle, 
therefore /= — . Also, when the angle ACB is indefinitely small the direc- 
tion of u is perpendicular to that of and is therefore at any instant in 
the direction of the radius of the circle from the moving point at that 
instant. Therefore if a point moves with a uniform velocity in a circle of 


radius /•, there is a constant acceleration /=— towards the centre of the 

r 

circle. If v is in feet per second, and f in feet per second })er second, then 
r must be in feet. If w is the angular velocity of A about C in radians 


per second, then a)===- and/=t*>2r. 

r 

22. Instantaneous or Virtual Centre. — Let A and B (Fig. 15) he 
two definite points in a rigid body which Las plane motion, the plane of 
the paper being the plaiie of motion of the points 
A and B. Suppose that at the instant that the 
body is in the position shown the point A is 
moving in the direction An, and that the point 
B is moving in the direction B2^. Draw AC and 
BD perpendicular to Aa and reB])ectively, and 
let AC and BD meet at O. Just for an instant 
the point A can be made to revolve about any 
point in AC without altering the direction of its 
motion. Also, just for an instant the poirft B 
can be made ^to revolved about any point in BD without altering the 
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direction of its motion. Hence if just for an instant the whole bodj 
Ae made to revolve about O, the dtrocfmis of the motions of A and B 
will be unaltered. 

Again, since A and B are definite points on a rigid body, they must 
remain at the fixed distance AB from one another. Hence the com- 
ponents of the velocities of A and B along AB must be equal, that is, 
Va cos a = VB cos /i, where Va and Vp are the velocities of A and B 
respectively in the directions in which they are actually moving. An 
inspection of Fig. 15 shows that cos a — sin OAB, and cos fi -sin OBA, 
therefore Va sin OAB — Vp sin OBA, or 


Va __ sin OBA 
Vp^sin OAB’ 


which is equal to 


OA 
OB ■ 


But if the body be made to revolve for an instant about O, then 

s V p OB 

Hence, for the instant, the motions of A and B are unaltered by making 
the body revolve about the point O. 

The point O is called the imfanttmeoan centre or virtual centre of the 
body for the }>osition shown. The instantaneous centre is continually 
changing, excc[>t for a body winch has rotary motion only. Tlie locus of 
the instantaneous centre is called a cnninnld, A line through the instan- 
taneous centre perpendicular to the plane of motion is an indantnnvon^ 
axiSf and the locus of the instantaneous axis is a surface called an axode, 
23. Force. — Force is any cause which tends to nK)\e a body w^hicli is 
at rest, or which tends to change the motion of a moving body. 

A force i.s completely s[)eeiticd when its magnitude, its direction, and 
a point in its line of action are given. 

A force may be corupletely s[K‘cified graphically on paper. Thus, a 
line ab (Fig. IG) has a length which, measured with a certain i-eale, 
represents the magnitude of the force, the direction of this line re- 
presents the direction of the force, and a })oint 
O is given as a point in the line of action of the 
force. The line along which the force acts will 
obviously be the line (3X drawn ihrtnigli O parallel ^ 

to ah. The force may act from O tf) X or from X 

to O, and this may be fixed by an ar^o^^-head placed X 

on the line alt. The arrow-head determines the 
seme of the force. The sense may also be fixed by 

the order in which the letters a and h at the extremities of the liiKi are 
stated; thus a force ah would be a force acting in the direction ab from 
a to 6, while a force ba would bo one acting in the direction f>a fiom 
h to a. 


Frci. lU. 


24. Mass and Weight. — The nmss of a body is the quantity of 
matter which it. contains The weight of a body is the forces (»f attraction 
which the earth exerts on it. The mass of a body is ])ro])oriional to its 
weight. The weight f>f a body is, howevci', slightly different at different 
parts of 'the earth’s surface, 

25. Engineer’s Units of Force and Mass. — In engineering calcula- 
tions the unit of force is attraction which the earth exerts in the 
latitude of London on a certain standard piece of platinum, and the unit 
is called the pound or p>ound weight. The unit of mass is taken as the 
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mass of matter weighing g pounds, so that if W is the weight of a body 
in pounds, its mass is M = 

nf 

26. Momentum . — The quantity of motion or the momentum of a 
moving body is measured by the j^roduct of its mass and velocity. 

Momentum = Mv = ^v, 

y 

27. Newton^s First Law of Motion. — Every body continues in its 
state of rest or of unifrrm motion in a straight I me, except in so far as it 
may he compelled by force to change that state. 

28. Newton's Second Law of Motion. — Rate of change of momentum 
is proportional to the impressed foi^ce, a/nd takes place in the direction of 
the straight line in which the force acts. 

Rate of change of momentum is equal to mass multiplied by rate of 
change of velocity or a(‘celeratiori. Hence if P denotes the impressed 
force, M the mass of the body, and / the acceleration, P cc M/. If the 
unit of force be such as will give unit mass unit acceleration, tlien P = M/. 

Using engineer’s units, P = or 

29. Impulse. — If a constant force P acts on a mass M for t seconds, 
then, since P - M/, it follows that = M/V M'?j, where v is the change in 
the velocity of the body in th(^ time t due to the action of tlie force P, 

The product Pf is called the impulse of the force P. Tlie imp*ulsc of 
a force is therefore equal to the cJiange in the momentum which the 
force i)r<»duces in tlie body on which it acts. 

Tf the force is not constant the above equations are only true if t is 
indefinikdy small, or if P is the aVerage value of the force during the 
time f. 

The equation M?; also shows that equal forces acting on different 
ina.ss(‘,s will in the same time ]m>duce in these masses ecjual anioujits of 
momentum. For example, when a projectile is fired from a gun, the 
forward momentum of the i)rojt‘cti]e is equal to the backward momentum 
of the gun. 

30. Newton’s Third Law of Motion. — To every action iliere is always 
an etfunl ami ojgumie reaction. For exanqde, a body is attni(!tod to the 
earth by the force gravity, but it is equally true that tlie earth is 
attracted to the btuly by an equal force. Again, a body riisting on a 
kible exerts a pressure on the table, but the table exerts an equal pressure 
on the body, 

31. Centrifugal Force. — When a point moves in a circle of radius r 
feet with a uniform velocity v feet per second, or an angular velocity of 
<0 radians per secoiid, it has been shown (Art. 21) that the point has a 
radial acceleration f equal to v^lr or wV. If the) point be rojdaced })y a 
small body of weight w lbs., then a radial force F must be applied to the 
body to constrain it to move in the circle, the magnitude of F, in lbs., being 

As here described, the force F is called the deviating 
<J yr <J ^ 

force or the centripetal force. The body in ^moving in the circle will 
evidently exert an equal radial force F acting outwards from the centre, 
and this force is called the centrifugal force. Of these two forces, the centri- 
petal and the centrifugal, one inay be said to be the reaction of the other. 



applied mechanics 


32. Besultant Oentrifagul Force of Two SmaM Eenlviag UasBee. 

—Let A and B (Fig. 17) he two Himll masses of weight »>, and to^ 
respectivelj', revolving in the same 
plane with uniform angular velocity a> 
about the centre O. 'The centrifugal 
10 co^t* 

force, of A is F, = -- — ^ in the direc- 

* I ft 
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tion OA. The centrifugal force of 

R is Fo— the direction OB. 

^ 9 

Make OC = and draw CD parallel to 
OR and equal to F 2 . Join OI), then OD will be the direction and 
magnitude of F, the resultant centrifugal force of A and B. Join AB, 
cutting OD at E. Draw EH j)er}:M3ndicular to OA, EK perpendicular to 
OB, and EL parallel to CD or OB. Since E is a point in the resultant 
of the forces Fj and Fg, the moment of Fj ab6tit E must be equal to the 
moment of F^ about E, 

therefore . EH - • EK, 

9 V 

, ‘ triangle OBE BE 

- EH ~ area of triangle OAE AE ’ 

Therefore E is the centre of gravity of A and B. 

OL BE i/jj 10,7^ 


A^gain, nX = Trd 


- , therefore OL == 


Also, 


OA * BA 4- + 

OC _ F^(m'i + ^^ 2 ) _ + 1(\>) _ + tr2)o)® 


OD^ 

OE OL u\r^ 9 

But OD = F, and if OE = r, then F = 1’"’' + 

.</ 


That is, the 


resultant centrifugal forcej^f A iujcl 1^ is thereon trifugal^ 

force of the sum^^l£e^ niasso^, ,QOMCuatratud oX gE^viltj. 

33. Oentrifugal Force of a Thin Plate revolving about an Axis 

Perpendicular to its Plane. — If the plate be divided into a large 
number of small parts of weights ic\, u\p etc., then by the preceding 
Article the resultant centrifugal force of the j^rts it\ anti vr^ ivs the same 
as if these parts were concentrated at their centre of gravity. Again, 
the resultant centrifugal force of and (at their centre of gravity) 
and will be the same as if and W/'g were concentrated at their 

centre of gravity. Proceeding in this way until all the masses have been 
included, it is evident that the centrifugal force of the whole plate will 
be the same as the centrifugal force of the whole mass conejentrated at 
its centre of gravity. 

34. Extension of the Foregoing to Certain Solids. — If a solid can 
be built up of a number of tliin plates, the centre's of gravity of which 
all lie on a line parallel to the axis of revolution, then it is easy to see 
that the centrifugal force of the whole solid is the same as if the whole 
mass were concentrated at its centre of gravity. 

35. Moment of a Force. — The moment of a force about a point, or 
about an axis perpendicular to it, is the product of the magnitude of 
the force and its perpendicular distance from, the point or axis. This 
moment is called a torque. If the distance is measured in inches and 
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the force in poundsl, the torque is mlilisaired in ineh-poumic. Other units 
of torque are — the inch-ton, the foot-pound, and the foot-ton. 

56. Rotational Inertia — ^ATomant of Inertia.— Consider a small 
body A (Fig- 18), whose mass is w, revolving about an axis O under 
the action of a force P, whose line of action is tan- 
gential to the path of A. If / is the linear accele- 
ration produced in A by P, then (Art. 28) P^m/- 
If a is the angular acceleration, then /== m ; therefore 
P = mra, and Pr^/m'^a, or T = Ia, where T is the 0 

torque causing rotation, and I is called the moment ^ 
of inertia of the body A about the axis O. 20 ^ 

If a large body, revolving about an axis, be 
divided into small parts, whose masses are m 2 , etc., and whoso 




distances from the axis are r^, r^, etc., respectively, then T = 

+ - 1 - + etc.)<^ = la, where T is the torque causing the rotation of 

the body, and l = ni^r\ 4 - etc. is the moment of inertia of 

the body. 

If the whole mass M of the body be placed at a distance k from the 
axis .without altering its moment of inertia, then I == and k is called 
the toaUus of gyration of the body. 

37. Moment of Momentum — Angular Momentum. — Referring to 
the small body A of the preceding Article and Fig. 18, if ?; is its linear 
velocity and <0 its angular velocity, then its linear momentum is 
mo=^7nr(i>. The moment of 'this momentum about the axis O is 


=- j(D. This nvAment of mopienfum of the body about the axis O 
is also called the p|, tlm b ody a bout that axis. 

For a large body made up of^small i)art 8 , wEdSe m^, 

771^, etc., and whose distances from the axis about which the body is 
rotating are 7'p r^, etc,, respectively, the total linear momentum is 
evidently {77ip\ -h 77^/^^ + 7ii^r,j^ -I- etc.)(u, and the kSUiti of the moments of 
momenta, or the total angular momentum, is 

' + mp\j, 4 - + etc.)(o = Ia>, 

where I is the moment of inertia of the whole body. 

Since T — la, it folio w.s that if the torque T acts on the body for 
t seconds, T/ ^ la;^ == Iw, where a> is the increase in the angular velocity in 
the time t, and I<i) is the increavso in the angular momentum in that time. 
Hence, equal torques acting during equal times will produce equal 
amounts of angular momentum. 


Exercises II. 

Take 1 metre- 3*281 foot. 

1. Express the following velooitios in feet x)er second : 45 miles per hour, 
225 feet per minute, llj knots, and 150 metres per minute. 

2. Express the following velocities in feet per minute : 3*5 feet per second, 
18 miles per hour, 18 knots, and 15 metres per second. 

3. Express the following velocities in miles per hour : 33 feet per second, 
3080 feet per minute, lOj knots, nnd 48 kilometres per hour. 

4 Express the fallowing velocities in radians per second : 5 revolutions per 
second, 270 revolutions per minute. 

5 . Convert a velocity of 63 radians per second jnto revolutions per minute. 

6. What is the angular velocity, in radians per second, of a train when 
running round a curve pf 11^ chains radius at the rate of 36 miles per hour ? 
I chain = 22 yards. 
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7. A traction engine travels at 6 miles per hour ; the road wheels are 6 feet 

in diameter, and are driven through 6 to 1 gearing. Find the angular velocity 
in radians per second of the fly-wheel on the engine shaft. [B.E.] 

8. The speed of a train increases at a uniform rate from 20 to 50 miles per 
hour in 1 minute 20 seconds. What is the acceleration in feet per second per 
second ? 

9. A rotating wheel increases its speed from 100 to 250 revolutions per 
minute in 35 seconds. What is the mean angular acceleration in radians per 
second per second ? 

10. A body starts from rest and its velocity increases at the uniform rate of 
8 feet per wSecond per second. How long will it take to travel 144 feel? 

11. A moving body has its velocity reduced 2 feet pe*r second in each second 
while it inoves a distance of 45 feet, and its velocity is then 4 feet per second. 
What WtisS the initial velocity of the body ? 

12. A stone is dropjied into a well, and after the lapse of 2*5 seconds the sound 
of the splash is heard. Taking the velocity of sound as 1100 feet per second, 
calculate the deptli to the winter in the wcdl. 

13. At the instant that the brakes are put on, a traixi has a speed of 40 miles 
an hour and it. is brought to rest, covering a distance of 220 yards during the 
time of application of the brakes. Assuming the retardation to be uniform, find 
the time of action of the brakes. 


14. The speed of a motor car is determined by observing the times of passing 
a number of posts placed 500 feet ai^art. The time of traversing the distance 
between the first and second iK)sts was 20 seconds, and between t.lie secomi and 
third 19 seconds. If the acceleration of the car is constant, finrl its magnitude 
in feet per second per second, and also the velocity in miles per hour at the 
instant it passes the first post. [Inst.C.E.] 

16. A rotating w^heol has its speed reduced 50 revolutions per minute in each 
second while it makes 300 revolutions, and its speed is thi^n 00 revolutions per 
minute. What was the initial speed of the wheel in revolutions per minute ? 
Also, what w*as the time occupied in making the above reduction in speed ? 

16. The wheels of a motor car are 30 inches in diameter, what is their 
angular velocity in revolutions per minute and in radians j)er second when the 
speed of the car is 20 miles jier hour ? If the car is brought to rest in a distance 
of 60 yards under a uniform rotaidation, what is the angular retardation of the 
wheels in radians pfir .second pc*r second ? 

17. Determine the appiirent velocity and direction of rain-dro}»s falling 

vertically with a velocity of 20 feet per second witli reff^reuce to a bicyclist 
moving at the rate of 12 miles an hour. [lnsl,.O.E.] 

18. A cyclist is riding due w^^est at a speed of 12 miles per hour, and the 
wind is at the time blowing from the south-east with a speed of 5J miles ptT 
hour. If the cyclist carries a small flag, in what din^ction will this flag fly ? 
At what si)eed would the cyclist require to ride if the flag is to Jly due north ? 

* * [B.E.] 

19. A man .standing on a train wbieh is rno^’ing wdth a sf>eed of 36 miles pc^r 

hour shoots at an object running away freun tlio railw’ay at right angles at a 
speed of 12 miles per hour. If the bullet, wdiicli is .su)>poscd to mov(s in a 
horizontal straight line, lias a velocity of 880 feet per st*(*r)nd, and if the lino 
connecting man and object maktjs an angle of 45” wolh the tram when he fires, 
find at what angle to the tram he aim in order to hit the object. 

f Inst.O. E. j 

20. A and B are two points in a rigid body. A and B are moving in a 


vertical plane, and when A.B is inclined at 30” to the 
horizontal A is moving in a horizontal direction with 
a velocity of 10 feet per second. At the same instant 
tlie point B is moving in a vertical direction. Find 
the velocity of the point B. 

2i. AC and BD (Fig. 19) arc two cranks which 
oscillate about ti.x:ed axes at A and B. 'I'hcse cranks 
are connected by a link or coupling-rod CD. The 
axis of the link (^D cuts line AB at P. Show 

that the ratio of the angular velocity of AO to the 
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angular velocity of BD is equal ^to the ratio of BP to' AP. 

22. A rigid body has plane motion. Three points on the body A, B, and C, 
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in the same plane, are such that AB — S feet, BC”2^cet, and AC = 2*6 feet. At 
a certain instant it is known that the point A has a velocity of 4 feet per second 
in the direction from A to C, ^d’that the point B is moving in the direction 
from <J to B. Show how the velocity of any other point on the body may be 
obtained, graphically or otherwise, and dotermino the values for the velocities 
of B and the point midway between A and B. 

2S. A force P acting on a body weighing 250 lbs. for 10 seconds changes 
the velocity of the body frona 8 to 24 feet per second. Find the magnitude 
of P. 

24. Two men, each exerting a constant force of 50 lbs. , set a waggon weighing 
5 tons in motion. The frictional resisf/ances amount to 10 lbs. per ton. Find 
the distance through which the waggon is moved from rest in 1 minute, 

25. A locomotive draws a train of ICK) tons with a uniform acceleration such 

that a speed of (iO miles per hour ‘is attained in 4 mijiutes on the level. If the 
frictional resistances arc 10 lbs. per ton and the resistance of the air, which 
varies as the square of the speed, is 120 lbs. at 20 miles per hour, find the pull 
exerted by the locomotive at 30 and at 60 miles per hour. [Inst.C.E.] 

26. Assuming that a train may be accelerated by the application of a force 

equal to one-fortieth of its gross weight, and be braked with a force equal to 
orie-tcnth of its gross weight, find the least time in which it may run from pne 
to another of two stopinng stiitions fit MX) feet apart. What is the greatest speed 
during the run? [In!3t.C,E.J 

27. In an eh-ctrio railway the average distance between stations is J mile, 
the running tnne from start to stop minutes, and the constant speed between 
the end of acceleration and beginning of retardation 25 miles an hour. If the 
aoceUiration and retardation be taken «as uniform and numerically equal, find 
their values ; and, if the weight of the train be 150 tons and the frictional 
resistance 11 lbs. per ton, fit id the tractive force necessary to start qn the level. 

[Inst.C.E.] 

28. A ]>rojectile weighing 100 lbs. Is fired from a gun weighing 5 tons with 
a velocity of 1000 feet per second. What is the velocity of free recoil of the 
gun ? 

29. A weight of 10 lbs. is suspended from a balloon by a cord. What is the 
tension in the cord when the balloon is ascending with an acceleration of 3 feet 
per second p<?r second / 

30. A weight of 5 lbs. hangs from the hook of spring balance .suspended 
within th(^ car of a balloon. Wluit is tlu^ vaatical acceleration of the balloon 
when the spring lialunce indic.ati's 5*.’j lbs. ? 

31. A e.ag(' w'cighing IdOO Ib.^. i.s being lowered down a mine by a cable. 

Fuel the t.eiision in the calilc (1) wlu*n the sjietul is increasing at the rate of 6 
b-et. per second per second, (2) v lien the speed is uniform, (3) when the speed is 
diminishing at t he rate of 5 feet per second per sec.ond. The weight of the 
cable itself may be neglected. [Inst.C.E.] 

32. 'Two masses weighing W and ?rlbs. respectively are connected by a fine 
string jiassing over a fnctionless jiidlev, as shown in Fig. 20. 

' 2W«t> 

Show tliat the tension in the string i.s , - lbs., and that the 

W f 

W - w 

accekTation is '/• Mass of pulley neglected. 

33. A locomol ive wt'ighing 60 tons runs on a horizontal track 
of 1000 f(!ot radius at a s]>eod of l.j miles per hour. What is 
the horizontal thrust e.xertcd on the outer rail ? 

34. Keferring to Fig. 20, W and w are weights of lOOf) lbs. 
and HOO lbs. resj)ectively. 'I’lie jiullcy over which the rope 
jiasses which connects W and w is 2 feet in diameter, measured 
to the centre of the rojie, il-s weight is SO lbs., and its radius of 
gyration is 10 inches. Assuming that tlu^ rope, is flexihle, and 
neglecting friction, find the torque which must he applied tvi the pulley to raise 
W and lower w with an acceleration of 5 feet per second per second. 




W 


a 


Fio. 2(). 




CHAPTER III 

WORK AND ENERGY 

38. Work. — When a force acting on a body causes that body to 
move, the force is said to do work. Also, if a body is moved against a 
resistance, work is done in overcoming the resistance. The amount of 
work done depends on the magnitude of the force and also on the distance 
through which it acts. 

" In measuring work the unit which is generally used by engineers is 
the work done when a force of one pound acts through a distance of one 
foot, this unit being called a foot-pounrl. If the unit taken be the work 
done when a force of one ton acts through a distance of one foot, it is 
called a foot-ion. The foot-ton is used in measuring large quantities of 
work. For measuring small quantities of work the inch-pound^ or the 
work done when a force of one pound acts through a distance of one inch, 
is frequently used. 

The work done by a force is found by multij>lying the magnitude of 
the force by the distance through which it acjts. ^ 

39. Work by an Oblique Force. — If a force acting on a body acts in 
a direction inclined to that of the body^s motioTi the force may be rest Jvod 
into two components, as explained in Chapter IV., one 
acting in the direction of the body’s motion, and the 
other perpendicular to that direction. The latter com- 
ponent does no work, and the work done by the former 
is its magnitude multiplied by the distance through 
which the body moves. For example, if a body A 
(Fig. 21) is dragged along a horizontal jdarie by a force P whose line 
of action is inclined at an angle 6 to the horizontal, the horizontal com- 
ponent of P is P cos 6 and the work done is S x P cos 0, where S is the 
distance through which A is moved. 

40. Work in Raising a System of Weights. — When a number of 

weights are raised through different heights, or when all the parts of one 
weight are not raised through the same height, the amount of work done 
is obtained by multiplying the total weight lifted by the distance through 
which the centre of gravity of the system is raised. The proof of the 
foregoing rule is as follows : — Let etc., be the weights of the 

parts of a system of weights, or the weights of the parts of a single body. 
Let etc., be the heights of these above a fixed horizontal plane 

Ixjfore they are lifted, and let A:,, 7r.,, etc., be their heights above the 
fixed horizontal jdane after they are lifted. Also, let H and K be the 
heights of the centre of gravity of the system above the fixed horizontal 
plane before and after lifting respectively, and j|,et W — the total weight 
of the system = + + etc. 
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Work done = - 7^^) + w^{k^ - h^) + « Ag) + etc. 

= w.k. H- + etc. ... - (wjAj + •), 

=. WK - WBl by a property of the centre of gravity 
= W(K-H). 

41. Diagram of Work. — If a straight line OC (Fig. 22) repreeento 
to scale the distance S through which a body moves under the action of 
a force, and if OB drawn at right angles to OC 
represents to scale the magnitude P of the force, then 
the area of the rectangle BO will represent to scale 
the work done by P in acting through the distance 
S. For, let the linear scale be 1 inch to m feet, and 
the force scale 1 inch to n lbs. ; also let OC be I 
inches, and let OB be J inches long. Then the magnitude P of the force 
is hn lbs., and the distance S is Irn feet. Work done = PS = hnlm = hlmn 
— where A is the area of the rectangle BQ in square inches. 

If the body moves along the horizontal p^th represented to scale by 
OC (Fig. 23) under the action of a force which varies in magnitude, and 
if the magnitude of the force at each point of the path is represent^ to 
scale by the height of th« diagram BC at that point, then the area of the 
diagram will still represent to scale the work done. Consider the work 
done from E to F, two points near to one another, and let the dimensions 
of the diagram be in inches, and let the linear and 
force scales be the same as before. At E the magnitude 
of the force is El) x lbs., and at F the magnitude of 
the force is FH x ?i lbs., and since E and F are near to 
one another DH may be considered to be a straight line, 
and the mean magnitude of the force between E and F 
is i(El-) + FH) X n lbs. The work done between Eand 



F is A(ED-}-FH) X 71 X EF X 7/^ foot-pounds. Bufc the area of EDHF 
is .J(El)-f FH) X EF square inches, therefore the work done from E to 
F i.‘ equal to the area of the vertical strip 1)F in square inches multiplied 
by f/i and by n. Hence dividing the whole diagram BC into vertical 
narrow strips, it follows that the work done in moving the body through 
the distance represented by OC is equal to Amn, where A is the area 
of tli^diagram BC in square inches. 

42, Turning Moment — Work in Turning. — When a force P acting 
on a body causes that body to rotate about a fixed axis, the line of action 
of the force being in a plane perpendicular to that axis, the product of P, 
the magnitude of the force, and the perj>endicular distance R of its line 
of action from the axis is called the fAi'tmmg moment or torque of the driving 
force P. If V i.s in pounds and R is in feet, the turning moment PR is 
in pound-feet or foot-pounds ^ ; but if P is in pounds and R is in inches, PR 
is in pound-inrhes or inch-pounds. If the lino of action of P is not in a 
plane perpendicular to the axis of rotation, but makes an angle d with 
that plane, then the turning moment is PR cos d, 

if R, the leverage of P, remains constant during the rotation of the 
body, and if the magnitude of P is also const^ant, then if o> is the angle in 
radians through which the body turns, the distance through which P acts 
is wR, and the work done by P is PojR, or Tw, where T is the turning 
momtuit. If the leverage R or the force P, or both, should vary, then if 
T is the mean turning moment the work done is Tw. 
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If the amount of turning ia given as n revolutions, then the distance 
tbroagb which F acta ia Sirlin, and the work done ia 2n-PRn, or 2TTn. 

43. Eate of Work— Horae power. —The working power of any 

agent depends on t/ie amount of uvrk wJiich it can do in a given time. 
Watt found that a good working horse could do il3,()00 foot-i)ounda of 
work in one minute, and lie introduced this as the unit for measuring 
the working power of steam-engines. steam-engine or any w'orking 
agent is said to be of one liorse-power when it can do 33,000 foot-pounds 
of work ill one minute, or 5.50 foot-]>ounds in one second. 

Evidently the simjde rule for finding the horse-power of any working 
agent or the liorse-jiower transmitted by any piece of machinery is to 
divide? the number of foot-pounds of work done or transmitted i)er minute 
by 33,000, or horse-power equals work per second divided by 550. 

Horse-power is a measure of the rate of doing or transmitting 
work. ^ 

44. Electrical Units and their Mechanical Equivalents. — The 

electromotive force, or elo(;tric pressure of an electric current, is measured 
in volts, and tlio strengtli of the current, or tlie rate of flow of the 
electricity across a section of the conductor, is measured in amperef^. The 
poioer of a current of 1 am]>ero at an elt'ctrical pressure of 1 volt is called a 
wait. Volts X amperes = watts. 1 horse-power -- 7 46 watts. 1 kilowatt 
— 1000 watts. 1 electrical unit or I Board of Trade unit ~ 1000 watt-hours. 


45. Machines. — For the purposes of tliis Article a machine may be 
defined as a contrivance for overcoming a force applied at one ]»oint by 
means of another force applied at anotlier point. In books on iiiechauics 
it used to be the practice to call the former force the ivevjhi and tlie 
latter force the pofrpj\ but since the force to be overcome is not nc'cessarily 
that of gravity, it is belter to call it the resist anre. and since the term 
power is used in connection '\Aith rate of work, it is better to ust? the term 
effort instead of ]>ow'er when referring to tlie driving force* in a machine. 
In this Arti(;le the oiTort will l>e denote.d })y P, and the rt'sistaucc by W. 


The points at whhfli the effort and re- 
sistance act may ]>e called the driviivj point 
and u'orkimf point respc?ctively. 

In machines wlmn the driving point 
moves through a definite distance, say a. 
the working point moves tlirough amdher 
definite distance, say and in many ma- 
chines the ratio of a to is constant iu other 
machines the ratio of a tr> if is difh-rent for 
dificrent positions f)f the driving and working 
])oints. Tn a simple w heel and axle (Fig. 24), 



for example, the displacenumt of P will bear a (*onstant ratio to the 


displacement of W, whereas in a toggle joint (Fig. 2-5) the ratio of the 


displacement of P to that of W will be different for different })ositioiis 
of tlie parts of the machine. 


In a machine in wdiich the di-splacenuMit of tlu‘ driving ])oint bears a 


constant ratio to the dis}»lacenient of the working ]>oint, this ratio (o//^) 
is called the vpiorify taiio of the machine. In a machiiK' in wliich tin’s 
ratio is variable, the velocity ratio of the m*achine for any given iiosithnis 
of its parts is the ratio of the displacement of the driving point to the 
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displacement of the working point when these displacements are in- 
definitely small. 

The ratio of W to P is called the mechanical advantage of the 
machine. 

In all machines a certain amount of work is wasted in overcoming 
friction, and the result is that Pa, the work done by the effort in a given 
time, which may be called the total work or the work put into the 
machine, is greater than W/>, tlie work done on the resistance in the same 
time, which may be called the useful work or the work got out of the 
machine, and the difference b(‘tween these two quantities of work is the 
lost work. 

The ratio of the useful w^ork to the total work is called the efficiency 
of the macliine. The efficiency must evidently \>e always less than unity. 
The recij>rocal of the effiidencv is called the rounler efficiency. If the 
machine V>c reversed so that W becomes the effort and P the resistance, 
the efficiency under this Cfuidition is called the rerer^ed efficiency. 

Let E ^ efficiency, AT v nicchanioal advantage, and V = velocity ratio, 
a W W/; AI 

then V = M = p , E P^/ ” V * work is Pa-W^, and 


assuming that the lost work is tlie same when the machine is reversed 
under the action of W as the effort, \\h must be greater than Pa — Wh, 
W/; 

or must be greater than J,. A niachine will therefore not reverse 

under the action of thii resistance \V unless its efficiency is greater than 
50 per cfuit. 


46. Usual Relation between the Effort and Resistance in a 
Machine. — If ('X]>erimonts made witli a rutachine by varying the 
useful resistance \V and finding th(‘ cc^rresponding values of the effort P, 
it is found tliat if the result s are plotted on i:ouarc'd paper the points 
thus ol)tainc'd gmiorally lie very iiearlj" in a straight line, cud if the 
straight line Avliieh most nearly c*oiitains all 
tlie points ])e drawn, the eipiation to this line 
is 1^^-- w/W 4-r*, where m and c are constants 
for the jiartieular maelunc. 

Iri Fig. 2G the dots ro]>resent points 
plotted as described above, the values of W 
being measured liori/.ontally from the vortical 
axis OY, and tlie values cjf P vertically from 
the horizontal axis OX. AW is the straight 
line wliicih most nearly contains the jioints. 

Take any point Q in AP>, draw QM parallel to OX to meet OY at M, and 
QN parallel to OY to meet OX at N. Then QM and QN represent corre- 
sponding values of W and P res])ectively. Draw A L parallel to OX to meet 
QN at L. It is evident that wlierever Q may be taken in AB the ratio 
QL -f AL will be the same. Let QL-“AL"'n?, and let OA=c, then 
_QL QN-LN V 
AL"' AK ■ ’ 



tliei-efore P — 'o/Vi H- r. 


In plotting it is not necessary that tlie scale for P be the same as 
that for W, but in determining the value in care must be taken to 
measure QL and OA with the scale for P, and AL with the scale for W. 
The relation betw’^een P and W is sometimes called the low of the 
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machine. When the law of a machine is known to be a straight line law 
it is evident that since a line is fixed when two points in it are known, 
the law of the machine can be found from two values of W and the two 
corresponding values of P. 

The quantity c is evidently the magnitude of the effort required to 
drive the machine unloaded. 

The effort to overcome a resistance W when the machine is friction- 
less is F “ W -r V, where V is the velocity ratio of the machine. The 
efficiency is obviously equal to the ratio of the effort without friction to 
the effort with friction, hence 

E = __ 1 


rV . . . 

As W increases the term ~ diminishes, and by making W large enough 


cV 

W 


will become so small that it may be neglected ; hence the limit to the 

efficiency of the machine is -i ; , assuming of course that the law of the 

machine, P = mW + c, remains true with the increased value of W, 

The mechanical advantage 


W W_ 

P ~ + c 



and reasoning as for the maximum efficiency, it follows that the maximum 

mechanical advantage is — . 

m 

Since M“EV, it follows that if an efficiency curve bo drawui this 
curve will also represent the mechanical advantage, but to a scale whose 
unit is 1/Y of the unit of the efficiency scale. 


Exercises Ilia. 

1. A man raises a weight of 25 kilogrammes to a height of 22 metres. A 

small steam-engine raises a weight of 98 lbs. to a height of h fefjt, and does the 
same amount of work as the man. Find A, having given that 1 kilogramme 
= 2-2046 lbs. and 1 metre = 69-371 inches. * 

2. A block of stone is pulled along level ground at a uniform velocity over a 
distance of 6 yards by a force of 450 lbs. acting on a rope attached to the stone 
and inclined at 45° to the ground. How many foot-pounds of work have been 
done ? 

3. A cylindrical column of granite, 2 feet in diameter and 5 feet long, stands 
with one end on the ground. If the weight of the stone is 170 lbs. per cubic 
foot, how many foot-pounds of work are done in tipping it over into the position 
from which it is about to fall over into a horizontal position ? 

4 . A wire rope 250 feet long, and weighing 1 lb. per foot, hangs from the 
drum of a winding-engine, and carries a weight of 15 cwt. at its lower end. 
Finxl the work done in foot-pounds in winding up the first 200 feet of the rope. 

5 . A rectangular tank, 7 feet broad, 8 feet long, and 6 fe<ft deep, is half full of 
water weighing 62-3 lbs. per cubic foot. How many foot-pounds of work will 
be refpiirod to raise all the water over the top of the tank? 

6. 250 cubic feet* of water are pumped from a rectangular tank, whoso base is 
5 feet square, into a cylindrical tank, whose base is 6 feet in diameter. The 
bottom of the cylindrical tank is 20 feet above the bottom of the other. Find 
the work done in foot-pounds, taking the weight of<,a cubic foot of water as 
62-3 lbs. 
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7. A weight of 1 lb., hoogiDg at rest on the book of a sprii^-lMlatooe, hS# 

stretched the spring one-tenth of an inch. How many foot-pounds of work mnst 
be done in stretching the spring IJ inches farther? ^ 

8. A weight of 60 lbs. is lifted 30 inches. The force which does this worfe 
acts through a spring-balance, which at the beginning registers zero and ^ the 
end 60 lbs. The stiffness of the spring is such that a weight of 20 lbs. gracraaliy 
applied stretches the spring 1 inch. Determine the work done l^y the lifting 

force. , ^ n 

9 . Kind the horse -power of a steam-pump which can raise IIQO gallons ot 
water to a height of 00 feet in 6 minutes. 

10. What weight will an engine of 8 horse-power raise to a height of 90 feet 

in S minute ? , . i 

11. Coal is raised from a mine 660 yards deep. The cage and its load weigh 
5 tons, and the rope weighs 24 lbs. per fathom. Find the horse-power of the 
winding-engine if the load is niisod from the bottom to the surface in 65 seconds. 

12. How many gallons of water may be raised per hour from a depth of 
140 feet by an engine of 200 indicated horse-power, the efficiency pf the engine 
and pump being 80 per cent. ? 

13. An electrically driven overhead crane raises a weight of 6 tons at the rate 

of 90 feet per minute* What is the horse-power ? Convert this into watts. The 
motor drives the lifting machinery, whose efficiency is 70 per cent. How many 
amperes of current must be supplied to the motor if the voltage is 220 and the 
efficiency of the motor is 87 per cent. ? If the current is supplied by a company 
which charges at the rate of 2id. per Board of Trade unit for power purjposes, 
what is the cost of lifting in pence per foot-ton ? [B.E.] 

14. Electric current is supplied to a certfiin motor plant at 220 volts, and 

150 amijores are taken. What H.P. does this represent ? How much would it 
cost if used for an average of 6*5 hours p^r day for a whole year of 313 days ? 
The power is supplied at 2*24d. per H.P. hour {i.e. 3d. per B.T.U.). * [B.E. 3 

16. A machine is concealed from sight, except that there are two vertical 
ropes ; when one of these is pulled downwards the other rises. If the falling of 
a weight A on one causes a weight B on the other to be steadily lifted, first 
when A is 12 lbs. and B 700 lbs., second when A is 7*6 lbs. and B is 300 lbs., 
what is A likely to be when B is 520 lbs. ? If B rises 1 inch when A falls 
70 inches, what is the efliciency of this lifting machine in each of the three 
cases? [B.E.] 

16. In a lifting machine an effort of 26*0 lbs. jusu raised a load of 2260 lbs. ; 

what is the mechanical advantage? If the efficiency ^is 0*765, v/hat is the 
velocity ratio? If on this same machine an effort of 11*8 lbs. raised a load 
of 580 lbs,, what is now the efficiency 7 What is probably the effort required 
to raise a load of lOOO lbs,, and what would the efficiency be? Explain why, 
when the efliciency is somewhat less than 0*6, a lifting machine dbes not 
ovarhaul. ^ ^ [B.E.] 

17. The law of a machine is P — 0*03W + 1, and its velocity ratio Is 210. 
Wh.'it is the mechanical advantage, and what is the efficiency when \V — 300 lbs. 7 
What is the maximum mechanical advantage, and what is the maximum 
efficiency ? Denoting that part of the effort which is used in overcoming the 
friction of the machine by F, find F when W = 300 lbs., and determine the 
relation between F and W for any value of W. Plot the effort, friction, and 
efficiency, on the resistance as a base, from W = 0 to W = 300 lbs. Scales.--Effort 
and friction, 1 inch to 2 lbs. ; resistance, 1 inch to 50 lbs. ; effioienoy, 1 inch to 


4 per cent. 

16. Referring to the machine of the preceding exercise, if Q is the effort to 
reverse the machine, or lower the load W, find the relation between Q and W. 

19. If B be the B.H.P. of a certain gas-engine and I the corresponding 
I.H.P., and the results of two tests gave B=57 corresponding to 1=73, ana 
B = 117 corresponding to 1 = 139, what would the B.H.P. be if the I. H.P* were 

36? Assume the law "i ‘ 

B = 3^,wherea;and ^ 28 56 84 112 140 168 196 

y are constants. 

[Inst.C.E.] p |2i J6 21 25i 30J 34i 

20 * Experiments 

were made with a . 

Weston differential pullev tackle having a velocity ratio of 16, and the results 
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h&re tabulated were obtained, W being the load and P the effort, both in lbs. 
Plot these results. Draw the straight line which most nearly represents the 
relafcicm between P and W, and find its equation in the form P^mWi-c. Draw 
thu cfSciency curve, and calcuJaLo the inaxirauin e/ficienCy, 

21 . A oraiui requireji the exj[>enditure of 30 foot-tons of work per second to 
lift 10 tons at the rate of 2 feet per second, and 20 foot- tons per second to lift 
3 tons at the raUi of 4 feet per second. Assuming that the law connecting the 
rate at whicli work is done on the crane (A) with the Kite at which the crane 
does work (B) is of the form where p and q are constants, find the 

values of p and 7 , and use the expression to calculate the efficiency of the crane 
for a load of 5 tons lifted at the rate of 2 feel per second. 


47. Energy. — In mechanics the term energy moans capacity for 
doing work. 

Potential Energy is energy due to the relative position of one body to 
another, <^r of one part of a body to another part when the two bodies 
or the parts of the same body are under the action of a force or forces 
tending to alter their relative ])Ositions. For example, a body which is 
allowed to fall towards the earth may be made to do work ; hence before 
it begins to fall it possesses potential energy, or energy due to its 
position in relatK)n to the earth. A comj)ressed spiral s])ring has 
potential energy, because if it is allowed to resume its unstraiiKjd form 
it can be made to do work. Likewise compr(\ssed aii* possesses potential 
energy. The energy stored in a piece of cc>al is potential energy, and 
under favourable conditions the atoms of the constituents oi the coal and 
the atoms of the oxygon of the air will rush together aiid produce heat 
which may be converted into work. 

Kinetic Energy is energy due to the motion of a body. A gallon of 
water at rest at a height of 100 feet above the level r)f the sea possesses 
1000 ft.4bs. of potential energy, and if this water is allowed to fall 
freely to the level of the sea, without doing work on the way, it wdll in 
every position of its fall possess 1000 ft. -lbs. ol energy, Imt as it 
descends its potential energy will dinjiui.sh, and tlie remainder of the 
1000 ft. -lbs. will be stored in the water as kinetic energy. When the 
gallon of water has fallen 20 feet its potential energy will be reduced to 
750 ft.-lbs., and its kinetic energy will then be 250 ft.-lbs. 

Tf a body of weight W 11 as. falls freely fnnn rest through a heiglit of 
li feet it will then have stored in it W/i hiot-lbs. of kinetic* energy, and its 
velocity will then be sj'l>gh feet per second. lienee the kinetic 


energy W/t, is equal to 



It is evident that the kinetic energy of a 


body weighnig W lbs., and moving with a velocity of r feet per second, 

Wr- 

will be the same, namely, , whatever be the cause of the velocity, 

'Ig 

whether, for example, the cause be the foretj of gravity, as in a falling 
body, or the force of an explosion, as in a gun. 

48. Kinetic Energy of a Rotating Body. — If an indefinitely small 
body of weight le lbs. be moving witli a lineiar velocity v fcii per second 
in a circle of radius r feet, then its angular velocity o in radians per 

second is equal to vji\ and its kinetic energy is ^ ft.-lbs. 

If a body of weight W, rotating about a fixed axis with an angular 
velocity cu, be divided into indefinitely small parts of weights 
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etc., wboae distaacBa from the axia of rotation are r^, r^, etc., feapeo 
tiveljr, then the kinetic energy of the whole body is 

2g + etc.) = - 2^ » 

where k is the radius of gyration, and I the moment of inertia of the body 
about the axis of rotation. If these expressions give the kinetic energy 
in ft.-lbs., then W must bo in lbs., k in feet, hnd I in lb. and foot units. 
0^49. Total Kinetic Energy of a Body. — If a body of w^eight W 
rotates about an axis through its centre of gravity with an angular 
velocity <»>, and if tlie radius of gyration of the body about that axis 

is kj then its kinetic energy duo to its rotary motion is . If the 

centre of gravity of this body has a linear velocity v, then its kinetic 

energy due to its motion of translation is . If the body has both 

kinds of motion simultaneously, then its total kinetic energy is 


'^0 * 

50. Mechanical Equivalent of Heat. — Heat and work are mutually 
convertible the one into the other. In a heat engine the heat produced 
by the combustion of the fuel used is converted into the work done by the 
engine. When the brakes are applied to the wheels of a moving train, in 
order to bring it to rest, the kin(‘tic energy of the train is conveHed into 
heat at the rubbing surfaces of the brake blocks and wheels, or if the wheels 
skid the lieat is pr(»duced at tlie rubbing surfaces of the wheels and rails. 

Careful expiMiincnts have shown that 778 ft.-lbs. of work are equiva- 
lent to one British thermal unit (fe.Th.U.) of heat, or the heat required to 
raise the temperature of 1 lb. of water Fahrenheit. The number 778 
is called the inerkaniral ei}%(ivnlont f>f heaL In Unns of the lb. -degree 
centigrade unit of heat the mechanical equivalent of heat is 1400 ft.-lbs. 

51. Analogies of Linear and Angular Motions. — The student 
would do well to study the analogies of linear and angular motions 
exhibited in the following table: — 


Quantity. 

Ljkeak. 

Angular. 

Tinjc . 

t 

t 

Distance or displucoiuent . 

8 

0 

Vcjlocifv ..... 

V 


Acceleration .... 

f 

a 

Inertia 

Mas.s, M= u'\q 

Moment of inertia, 1 

Eilort 

Force, M/ 

U'orque, T — la 

1 IMoincntuin ..... 

Mv 

l07 

1 InipiiLse ..... 

¥t - I 

Itj 

Work (lone — IT .... 

Ps 

T0 

P|uice average of effort 



Time average of effort 


l07-j-f 

Kinetic energy . . . . 

pii'2 

Ho7® 

Kinematicjal equations for uni- fj 

r ft 

07 at 

form acceleration from rest -j 


0 = \at^ 

in time t • | 

= lyif 

uj^=^2a0 


In this table I?=Mi:®- 


9 
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Exerdises mb. 

1 . A railway train has a speed of 30 miles per hour. How far will this train 

travel, after steam is shut off, under a resistance of 15 lbs. per ton ? Also, what 
additional resistance, in lbs. per ton, must be applied to stop the train in a 
distance of 100 yards ? ^ 

2. Through what distance ijEnuat a force of lbs. act on a body weighing 
20 lbs., in the direction of its motion, in order to change its velocity from 16 to 
25 feet per second ? 

3. What must be the magnitude of a force acting on a body weighing 60 lbs. 
through a distance of 10 feet^ in the direction of its motion, which will double 
the kinetic energy of the body, if the velocity when the force begins to act 
is 200 feet per minute ? 

4 . To draw a waggon weighing 10 tons up an incline 50 feet bigh requires 
the expenditure of 630 foot-tons of work. If the waggon is li\)erated at the top of 
the incline, what speed, in miles per hour, will it have when it reaches the 
bottom ? Assume that the frictional resistances are the same coming down as 
going up the incline. Further, if the brake is applied during the descent, and 
the velocity acquired at the foot; of the incline is 25 miles per hour, how many 
foot-tons of work have been absorbed by the brake 2 

6. How far will a train, moving at the rate of 40 miles per hour, run up an 
incline of 1 in *150 after steam is shut off? In addition to the resistance of 
gravity there is a mean resistance of 12 lbs. per ton in the direction opposite to 
that of the motion. 

6. A vehicle weighing 4 tons is proceeding at the rate of 10 miles an hour 
along a level road ; the pull on it is suddenly stopped : suppOv^^ing the whole 
resistance equivalent to 600 lbs. applied to the rim of one of the wbef’ls 4 feet 
in diameter, calculate how far the vehicle will run before stopping. [Inst.C.E.] 

7. A fly-wheel alters in speed from 99 to 101 revolutions per minute when 

its kinetic energy alters by the amount of 500.000 ft. -lbs. What is its 
moment of inertia? What is its kinetic energy when making 1 revolution per 
minute ? frnst,C.E.] 

8. A fly-wheel of a shearing machine has 150,000 ft. -lbs. of kinetic energy 
stored in it when its speed is 250 revolutions per minute ; what energy does 
it part with during a reduction of speed to 200 revolutions per minute If 
82 per cent, of this energy given out is imparted to the shears during a stroke of 
2 inches, what is the average force due to this on the blade of the shears ? [B.E.] 

9. A fly-wheel when running at 90 revolutions per minute has a stored 

energy of 3,000,000 ft. -lbs. By reason of additional load it is slowed down to 
86 revolutions per minute in two seconds. By how much will the stored energy 
be reduced, and what is the average HP. produced by the slowing down of the 
fly-wheel? , 

10. A machine is found to have 300,000 ft. -lbs. stored in it as kinetic energy 

when its main shaft makes 100 revolutions per mij-.ate. A similar machine (that 
is, made to the same drawings but on a different scale) i.s made of the same 
material but with all its dimensions 20 per cent, greater ; what will be its store 
of kinetic energy at 70 revolutions per minute ? If when at 70 revolutions 
per minute energy is being stored for a short time at the rate of 1 horse-power, 
bow does the speed alter during this time? [B.E.] 

11. When the fly-wheel of a certain traction engine lessens in speed from 

150 to 140 revolutions per minute there is a loss of kinetic energy (on the 
motion of the whole engine as well as the fly-wheel) of 26,000 ft. -lbs. If 
the speed is 160 revolutions per minute, how far will the engine travel up 
an ascent of 1 in 100, before coming to rest, if engine and truck together weigh 
30 tons, and there is a constant frictional resistance on a level road of 20 lbs. to 
the ton? [B.E.1 

12. Ah electric tram-car has a total weight of 10 tons. The driving axle and 
driving wheels weigh 1050 lbs., and the other axle and its wheels weigh 650 lbs. 
Each axle with its wheels has a radius of gyration of 1 1 inches. The diameter 
of the wheels at the tread is inches. What is the total kinetic energ^^f this 
car in foot-tons when it is trav-elling at 15 miles per hour ? What fmKion of 
the total energy of the car is due to the rotation of^he wheels and axles 2 
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13. A projectile weighing 12 lbs, has a linear velocity of 2500 feet per second 
and an angular velocity about its axis of 500 revolutions per second. If its radius 
of gyration is 0'75 inch, ^hat is the total kinetic energy of the projectile ? 

14. Apply the principle of the conservation of energy to find the velocity of 

a thin hollow circular cylinder after rolling a distance of 12 feet down a plane 
inclined at a slope of 1 vertical in' 5 horizontal. [Inst.C.E.] 

15. A fly-wheel (Fig. 27) mounted on a .horizontal spindle in bearings is 
rotated by winding a cord on the spindle, 
attaching a weight to the cord, and allowing 
the weight to fall to the ground. In an 
actual experiment the falling weight was 21 
lbs., the total height of fall, 5 feet ; the 
height, of fall of the weight for one revolu- 
tion of the spindle wtis 5 05 inches ; thej time 
taken by the Weight from starting from rest 
to n'uch the floor was 7 ‘6 se<ionds, the 
whole time of rotation of the fly-wheel 
starting from rest w^as 70*25 seconds, and 
the total number of rotations of the fly- 
win el was 100*9. Find — (a-) The energy 
in inch- pounds in the falling weiglit at the 
instant of striking the floor ; (/^) the energy 
in inch-])ound8 per revolution lost in fric- 
tion in the bearings of the spindle ; (c) the 
moment of inertia of the fly- wheel. [Ji.E.] 

16. Through what height must a weight 
of 10 lbs. fall freely from rest so that its energy at the end of the fall is 
equivalent to the heat required to warm K) lbs. of water I’^F. ? 

17. Two cylindrical tanks, A and B, of, respectively, 4 square yarAs and 

2 square yar<lH horizontal cross section, stand on the same floor and are 
connected near the bottom by a narrow pipe. A at first contains 8 cubic yards 
of water, ami B is empty. The w'utcr flows slowly into B. Find the amount of 
heat which will have been gene^rated wjien the W'ater has ceased to flow and it 
has all corrje to rest. [Inst.C.E.] 

18. Find the combined etllciency of a steam-engine and its boiler when the 
coal used is 1 J lbs. per horse -power per hour, the calorific v'due of the coal being 
12,500 B.Th.U. 

19. The balls on the arms of a, fly-press weigh 112 lbs. each, and they are 
moving with a velocity of 12 f eafe per second. How many ft. -lbs. of work 
must be expended in bringing thedfew rest ? If the die sinks inch into the 
metal while the balls are being broupit to rest, find the mean resistance to the 
motion of the die into the metal. 

I 20. A haiiuner used for driving a nail weighs 2 lbs., and at tlie instant of 
striking the blow it is moving wo’th a velocity of 10 feet per second ; the blow 
causes"tlu‘ nail to penetrate into the wood ^ inch. Find the mean pressure on 
tile head of the nail. 
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THE POLYGON OF FORCES 

52. Composition and Resolution of Forces. — The single force 
which would produce the same effect as a number of forces acting 
together is called the resvltant of these forces, and the forces are called 
covqKments of their resultant 

The single force which w ill balance a number of forces acting together 
is called the e^fuilihrant of these forces. The equilibrant has the same 
magnitude as the resultant, and acts along the same line, but in the 
oppoai to d ir ec tion • 

The process of finding the resultant of a number of forces is called 
the rompositinn of for cPSy and the converse i>roces.s of rejilacing a force 
by two or more components is called the vpi^oJutum of a force. 

The resultant of a num])or of forces acting in the same straight line 
is ec|ual to the algobrai(*al sum of the forces. If forces acting in one 
direction along a straight line arc j>ositive ( H- ), those acting in the 
opposite direction are negative ( ~ ). 

53. Parallelogram of Forces and Triangle of Forces.- -Tf Ol^ 
and OQ (l^ig- 28) represent in magni- 
tude and direction two forces acting 
at the point O, then the diagonal 
Oil of the parallelogram OPRQ W'ill 
represent the magnitude and the 
direction of their resultant. Con- 
versely, if a parallelogram OPKQ be 
described on OR as diag<»iial, OP and OQ will represent conijK)nents of 
the force represented by OK. 

In applying the oj forcefi OPRQ it should be rioti(*e<l 

that the forces OP and OQ must both act cither from O towards P and 
Q respectively, or towards O from P and Q resj)ectiv(*ly. Since the only 
(lifibronce between the resultant and the eqiiilibraiit of two forces is that 
the sense of the one is opi)ositc to the sense of the (»th(;r, the parallelo- 
gntin of forc(;s may bo ap])lie.d to find the ecjiiilibraiit of tw^o forces. 

If AB and BQ be drawn paralhd and e(|ual to OP and OQ respec- 
tively, and CA be joined, then it is obvious that the triangle ARO is cqtial 
in all respeefcs to the triangle OPR, and therefore AC is equal and 
]»arallel to OR. Hence the resultant or tJie e(|uilibraiit of two forces 
OR and OQ may be determined by drawing the iriamjlv of forc(*s AB( \ 
1 f arrow-heads be jdaced on the sides of the triangle of forces to show 
the sense of the forces, ^hen, when two forces and theur resultant are 
represetjted, the arrow-head for the resultant will point in the opposite 
direction round the triangle to that of the otner two arrow-heads. But 
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when two forces and their cqiiilibrant arc represented, the three arrow- 
h€?ads will point in the direction round the triangle. 

Referring to Fig. 1^8, Oil-'- ()?-' + + 20P * OQ cos POQ, also 
AC^ - AE-' + BC 2 ^ :^aB * BC cos ABO. 


54. Polygon of Forces. — If a number of forces OP, OQ, OR, and 
OS act at a i)oint O (Fig. 29), their resultant or their equilibrant may 


be found by repeated 
application of the 
parallelogram or tri- 
angle of forces. The 
pirallclogram POQT 
determines OT, the 
resultant of OP and 

OQ. The parallelo- 
gram TOIllJ (letcr- 
mines OU, the re-s 
sultant of OT and 

OR, and therefore 



the resultant of 0]\ oy. 

OQ, and OR. The 

parallelogram UOSV determines OV, the resultant of OU and OS, and. 
therefore the resultant of OP, OQ, OR, and OS. 

If AB bo equal and parallel to OP, and BC be equal and parallel to 
OQ, then AO will be (‘qual and parallel to OT ; if (T3 be equal and 
parallel to OR, then AD will be equal and parallel to OIJ ; and if DK be 
e(pial and parallel to OS, then AE will be equal and parallel to OV 
Hence if a polygon AIKJDE l>e drawn, having its sides respectively 
jjarallel and equal to the given force.s, the closing side AE will represent 
in magnitude and direction the resultant of the given forces, and EA 
will represent their equilibrant. 

If arrow-heafls be j)laced on the sides of the polygon of forces to show 
the sense of the forces, then when the sides of the polygon represent the 
given forces and their resultant, the arrow-head for the resultant will 
point in the opposite direction round the polygon to that of the other 
arrow-heads. But 
when the sides of the T 


polygon represent the 
given ff)rces and their 
equilibrant, all the 
arrow-heads will ]ioint 
in the same direction 
round the ]»olygon. 

When tlh' given 
forces do not all act 
at the same point, or 
Avhen their lines of 
action are not concur- 
rent and not all parallel, 
their resultant may still 



be doterndned by re- 

j>eated application of tfte parallelogram of forces, as shown in Fig. 30. 
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The lines of action of OP and intersect at O, and the paralleiogram 
POQT determines OT, their resultant. The lines of action of OT and 
O^R intersect at and O^T^ being made equal to OT, the parallelo- 
gram T^OjRU determines OjU, the resultant of OT and OjR. The lines 
of action of O^U and O 2 S intersect at Og, and O^Ui being made equal 
to OjU, the parallelogram U^O^SV determines O^V, the resultant of 
OjU and O^S, and therefore also the resultant of OF, OQ, O^R, and 
OyS. By this method the resultant of the given forces is completely 
determined. 

The polygon Qf forces ABODE may be drawn as before, and the 
closing line AE will represeTit in magnitude and direction the resultant 
of the given forces, but the line of action is undetermined. A point in 
the line of action of the resultant may however be found by drawing 
another polygon, called the funicular polygon^ which is discussed in the 
next Article but one. 


When the given forces are all parallel, the polygon of forces becomes 
a straight line. 

55. Lettering of Forces — Bow’s Notation. — Tn Fig. 31 the diagram 
(m) shows the lines of action of a numlxjr of forces which act at a pcant 
and which are in equilibrium. The 


diagram (;i) is the corresponding poly- 
gon of forces. In one system of letter- 
ing, each force is denot(;d by a single 
letter, as P. In vnfafion^ each 

force is denoted by two letters, which 
are placed 011 oj)j)osite sides of the 
line of action of tlie force in diagram 
(?7«), and at the angular points of the 



polygon in diagram (w). In Bow’s 
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notation the force P is referred to as 


the force AB. In like manner the force Q is referred to as the force BC. 
The diagram (?//), Avhich shows the lines of action of the forces, is called 
the sp<ic€ diagram^ and the diagram (//), which shows the polygon of forces, 
is called the force diagram, 

Jn this work, when Bow’s notation is used, capital letters will be 
placed on the space diagram, and the corresponding small letters on the 
force diagram. 

56. The Funicular Polygon.-- Let P, Q, R, and S (Fig. 32) be four 
forces which act on a rigid body, and which arc balanced by a fifth force 
T, which is at present unknown. Draw' the polygon of forces abcdcy 
then from what has already Ixjen shown the line ea wliich closes the 
polygon will represent the magnitude and direction of the fifth force T. 
Take any iK>int o and join it to u, 6, c, d^ and c. Take any point 2 in 
the line of action of T' and draw the line 2B3 parallf*! to off to meet the 
line of action of Q at 3. Draw 3C4 parallel to or to meet the line of 
action of R at 4. Draw 4D5 x)arallel to od to meet the line of action 
of S at 5. Draw 5E1 parallel to oe and 2A1 ])arallcl to oa. The latter 
two linos will meet at a point 1 on the line of action of T. 

Conceive that the lines, A, B, C, D, and E represent bars jointed to 
one another at the points 1, 2, 3, 4, and 5. Then these Vjars may be 
supposed to take the place of the rigid body upon which the five forces 
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P, Q, S, and T are supposed to act In the case under consideration 
(Fig. 32) it is obvious that the bars A, B, C, D, and E are subjected to 
tension. Consider the 2 )oint 2. Here there are three forces acting 
which balance one another, viz. the force P and the tensions in the bars 
A and B, and these three forces are represented in magnitude and 
direction by the three sides of the triangle Again, the three forces 

acting at the point 3 are represented by the sides of the triangle feo, also 
the three forces acting at the point 4 are represented by the sides of the 
triangle cdo, and the three forces at 5 by the sides of the triangle deo. 
Now in order that the tensions in the bars E and A may be balanced by 
the force T, the force T must act at the ])oint of intersection of the bars 
E and A. The point 1 is therefore a x>oint in the line of action of T. 

The i:>olygon 1 2345 is called the funicular polygon^ the link polygon 
or the eguilihrium polygon of the forces P, Q, R, S,’and T with reference 
to the i)oint o, which is called the pole. 

Since the pole o luay have an infinite number of 2)Ositions, there are 
an infinite number of funicular polygons to any system of balanced forces. 



If the diagrams (F) and (/‘) (Fig. 32) Ix) compared it will be seen 
th.at each line on the one is parallel to a corresponding line on the other. 
Also, if a system of lines on the one meet at a 2 )oiut, the oorres 2 K)nding 
Jint\s on tlie other form a closed iM>]ygou. From these jjr(> 2 >erties the 
<liagrains (1^^) and (/) are called reciprocal figures, 

Ko reference has yet been made to Fig. 33, but all that has been 
saiil with reference to Fig. 32 will also a]>}dy to Fig. 33, where the given 
forces are 2 Jarallel to one another, except th«at the bars E and A are in 
compression, the remaining bars !>, and 1) being in tensioTi. 

An examination of Figs. 32 ami 33 will show that the sim 2 >]e rule to 
be rcmtnnbere<l in drawing the funicular 2 )olYgon is, that any side of that 
polygon lias its extremities on the lines of action of two of the forces, 
anri that tliat side is jiarallcl to the H»ic which joins the 2 >ole to the 2 »oint 
of intersection of the lines which r(‘ 2 'resent th^se two forces on the [polygon 
of forces. ^ 

lleiorring to Figs. 32 and 33, it may be noted that the o< 2 tiilibrant of 
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P and Q is represented in magnitude and direction by ca, and that the 
point of intersection of the sides A and C of the funicular polygon is a 
point in the lino of action of this equilibrant. Also the equilibrant of P, 
Q, and R is represented in magnitude and <lirection by da, and the" point 
of intersection of the sides A and D of the funicular i)olygon is a jxnnt 
in the line of action of this equilil»rant. 

Having shown that the funicular polygon together with the polygon 
of forces may be used to determine the ctpiilibrant of a system of non- 
concurrent forces, it is obvious that the Ksame construction will also deter- 
mine the resultant of that system of forces, since the nssultant acts along 
the same line and has the same magnitude as the equilibrant, but acts in 
the opposites direction. 

57. Examples of the use of the Funicular Polygon. — Two examples 
will now be worked out to farther illustrate the use of tluj funituilar polygon, 

(1) Three vertical forces, AB, 1>C, and (IJD, act on a horizon tal beam, 
as shown in Fig. 34. Tlie bi»am rests on su])p(n*ts at its ends where there 
are vertical reactions DE and EA. It is required to detennino the 
magnitudes of these reactions. 

Since the forcijs are all parallel the polygon of forces will be a straight 



line abedea, and the reactions will be represented by de and ra, the 
position of the point c being as yet unknown. 

Choose a pole o. Join oa, oh, oc, and od. Draw OA, OB, OC, and 
OD iiarallcl to oa, oh, or, and od ^’e.sj)ectively as sliown. 'Flitvse four 
lines, OA, OB, OC, and OD, will form four sides of the funieiilai* polygon, 
of which OE will be the closing ^sidc. I)raw paralhd to OE to nu'ct 
(vl at e. This coni])letes the solution. It will be found tliat DE— 1’48 
tons, and EA — 1*27 tons. 

(2) A horizontal >K:vim AB (Fig. 35) is acted on by aTi incline<l 
force P—200 lbs., a vertical force Q==150 lbs., and an inclined force 
R 500 lbs., as shown. TIktc is also a vci tical for(‘(^ T, wliose magnitude 
is unknown, acting at A, and a force 8 aeting at B, wliosc^ magnitude 
and dirtH'tion are both unknown. These forces ))ei!ig in e(|uilibrium, it is 
required to det(^rmine T and S. 

By the polygon of forccts (a) and the funicular polygon 1234 the line 
of a(‘tion 4N of the resultant U of the fcjreea P, (^, and 11 is found. 
Replacing P, Q, and R by U, there are now only three forces acting on 
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the beam AB, viz. U, T, and S, and since these forces are in equilibrium 
and arc not parallel, their lines of action must meet at a point which 
must bo the point N where the lines of action of U and T intersect. 
This determines the line of action of S, and the polygon of forces being 
completed, the magnitudes of T and S are found to be, T = 31 2*6 lbs., and 



Fig. 35. 


S = 593*3 lbs,, and the angle which the line of action of S makes with 
the beam, is 3'. 

The forces T and S may, however, be found without the use of the 
j)oint N, as follows. Draw as much of the polygon of forces as the data 
of the pnjblem will pcrniit.* Choose a pole o and draw the funicular 
jKrlygon K5G78, tffarti?i(j at ihe jumit B, which is the only point in the 
line of action of S which is as yot known. 81 » is tht» closing side of this 
funi(;nlar judygon, and a lino uc drawn }»aral]i‘l to 8]i to meet that side 
of the polygon of forces which is parallel fo the line of action of T will 
(1eU‘rmine the nniiainijig angular point of the polygon of forces, and will 
therefc»re tix the magnitude of T and also the direction and magnitude 
of S. 

58. Analytical Methods. — The following cxam]>lcs illustrate the 
methods of solving, by ealeulation, ])roblenis on forces a(;tiiig in a jJano 
and at a point. 

(1) Two forces, P=20 Ib.s., and Q- 10 lbs., act as show’n at (rt), Fig. 
36, the angle l>etwi‘en their lines of action 
being 100°. It is r(‘(piirecl to find K, Ihe 
resultant, of P and Q. 

Drawing the triangle of forces shown 
at (/^), the angle o})]K)sito to 11 is Fig. 36. 

180°- 100° -80°. 

Then, R2 _ 2PQ cos 80° 

- 20" + 1 0" - 2 X 20 X 1 0 X 0*1 7305 - 430*54. 

Therefore, R - 430-54 - 20*75 lbs. 

The angle 0 which R makes with 1’ is found from the equation 

sbi • 

^ sin 80° R ‘ 
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Then^foro, sin 0 = x 0*98481 - 0*4746, 
and 0-28°2O\ 


( 2 ) The linens of action of four forces, P, Q, S, and T, are an shown at 
(a), Fig. 37. The magnitudes of P and Q are 10 and 20 units respec- 
tively, and the four forces are 
in equilibrium. It is required /ps\o ‘ 

to find the magnitudes and / 1 

senses of S and T. /\ I 

Drawing the polygon of f 30^^ I 

forces shown at (/;), the senses ' * jV. . . « 

of S and T are seen at once. -^*'^20 * y' 

Projecting the sides of ® \ | \ / * 

the polygon on to the hori- i^) L - J-. I 

zontal, it is evident that the 37 

projection of T is equal to 

the projection of 8 minus the ])rojer;tion of P jdus the i)roje(^tion of Q, 

or T cos 30° --8 cos 45° -10 cos 60^ 4 - 20 cos 30° . . . (i) 

Projecting the sides of the polygon on to the vertical, it is evident 
that the projection of T ]>lus the j)rojection of Q is c(iual to the in‘oje,c- 
tion of S plus the projection of P, 

or Tsin 30° + 20 sin 30° -.8 sin 45° -f- 10 sin 60° . . • (ii) 
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Solving the equations (i) and (ii), 

T - 10 (2 + ^3) = 37-32, and S - 20 ^^2 = 28*28. 

(3) etc., are forces acting at a 

point O (Fig. 38), and their lines of action 
are inclined to a horizontal axis OX at angles , 

^ 1 ? ^ 2 » respectively. Produce XO to ' 

Xt, and draw the vertical axis YOY;^. Pe- 
solve each force into two components, one 
along the horizontal axis aiid the other 
along the vertical axis. The horizontal 

components are, Pj cos 6 ^, P,> cos 0 ^, P^ cos e^.j, 
etc. ; and the vertical com])oiieiits are, P^ sin P,^ sin P.^ sin ftj, etf!. 

The resultant of the horizoiital comjK>nenis is, 

Pj cos + P. 2 COS 0^2 + = ^YP 0)- 

The resultant of the vertical components is, 

Pj sin ^i + P^ sin 62 + sin 6^3 + etc. . . . = ^(P sin 0 ). 

If R is the resultant of all the forces, then 
R2 — {w(P cos 0)}"^ + {w(P sin 0)}‘^, and the line of action of R makes an 

angle 9 with OX such that tan = 

^ 5:(P cos 0 ) 

If the forces P^.P^jPg, etc., are in equilibrium, then R = 0, S(P cos 6 ) — 0, 
and 2 (Psin 0 )-O. 

In applying the foregoing equations to numerical examples care must 
be taken to give the proper algebraical sign ( + or - ) to each quantity. 
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Exercises IV. 


It is intended that all the following exercises should he worhed graphioolly^ hut in 
ciid'dition the student ivHl find it advantageous to also calculate the results. 



Via. 39. 

In reproducing the above diagrams the sides of the small 
squares are to be Uiken equal to half an inch. 


the forces in the order given ; and (3) by means of tlie polygon of forces, taking 
tlic forces alternately, instead of in the order given. 

2. By means of the polygon of forces determine the resultant of the forces 
sTiown at Ex. 2, Eig. 31). Also, find the magnitudes of two fences, one acting 
horizontally and the other vertically, which will balance the given forces, 

3. Using a funit'-ular polygon, determine the resultant of the forces shown 
at Ex. 3, Eig. 39. 

4. Using a funicular polygon, determine the resultant of the forces shown 
at Ex. A, Eig. 39. 

6. Find the resultant of the forces shown at Ex. 5, Fig. 39. 

6. Find the resultant of the forces shown at Ex. fi, Fig. 39. 

7. The forces shown at Ex. 7, Fig. 39, are in equilibrium. Find the mag- 
nitudes of P and Q. 

8. A beam, loaded as shown at Ex. 8, Fig, 39, rests on supports at its ends. 
Petorniino the magnitudes (>f the reactions and R 2 at the supports. 

9. Determine the rc.sultant of the forces shown at Ex. 9, Fig. 39. 

10. 'J'he for(?es shown at Ex. 10, Fig. 39, arc balanced by parallel forces acting 
at A and B. Determine the forces at A and B. 

11. Find the resultant of the forces sJiown at Ex. 11, Fig. 39. 

12. TIjc forces shown at Ex. 12, Fig. 39, are balanced by two forces, one of 
which (P) acts along the vertical line through and the other (Q) acts in .a 
horizontal direction, petonniue the forces P and Q. 
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59. Moment of a Force. — The moment of a force about a point or 
axis, perpendicular to its line of action, is the measui-e of its turning 
power round that point or axis. The magnitude the moment 
(generally called the moment) is the product of the magnitude of the 
force and the perpendicular distance of its line of action from the ]>oint 
or axis. For example, the moment of the force All (Fig. 40) about the 
point M is equal to the magnitude of the force Al> multiplied by MN, 
the perpendicular distance of M from the line AJ>. If the unit of force 
is the pound, and the unit of distance is tlie inch, then the unit of 
moment is the inch-ponrut or poimd-i'nrh. Other units of moment in 
common use are the foot-j/emnd or jiarntd-footy the footdon or ton-foot, 
and the inch-ton or ton-inch. 


The construction shown in Fig. 40 is a very convenient one for 
determining graphically tlie moment i 
of a force about a point. AB is ^ v ^ 

the line of action of the force, and \. 

M is the point. The construction M" N 

is as follows. Draw ah parallel to \. 

AB, and make the length of ah to \i ^0 

represent the magnitude of the force. 

Through M draw a'M// parallel to B 

AB. Choose a polo o. Join oa and 
oK Take any point o' in AB. 1 )raw 
o'a' })arallel to oa to meet a'lSW at 
a\ and draw o7/ jxirallel to oh to 

meet a'^y/ at //. Then a'l/ measured with a suitable scale will be the 
magnitude of the moment of the force AB about the point M. 

Draw oh perpeiidicular to af), and o'l)' perpendicular to a'h\ Tlie 
triangles oah and da'h' are obvicandy similar, and ab : a'b' : : oh : o'/d. 
Hence ab x o'h' — a'f/ \ (th. But a/; is the magnitude of the force A B, 
and o'h\ which is equal to MN, is the porpeiidicular distance of M from 
AB. Therefore ah x o'h' \s equal to the moment of AB about M, and 
therefore a'l/ x oh is e(|ual to the moment of AB about M. 

If oh is made eijual to the linear unit, then a'f/ measured with the 
force scale will give the moment recjuired. For example, if oh is 1 inch 
and a'h' measures '20 lbs. on the force scale, then the retjuired moment is 
20 inch-poimtls. It is not always convenient to make oh e<|ual to the 
unit of distanc^e, but it should be made a simple multiple or sub- 
multi})! e of it. 

The following is the simjile rule for determining the moment scale. 
Let oft be 711 times the linear unit, and let the force scale bo n units of 
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force per inch* Then the moment scale will he mxn units of moment 
per inch. For example, let the linear unit be foot, and suppose that 
oh, metmired with linear acale, is 4 feet. Let the force scale be 
100 lbs. per inch, then the moment scale will be 100 x 4 = 400 foot-povmis 
per inch. 

It may be pointed out that the figure a' o' 1/ is the funicular polygon 
of the force AB with reference to the pole o. 

60. Resultant Moment of a System of Forces. — The resultant 
moment of a system of forces about a point is equal to the algebraical 
sum oi the moments of the separate forces about that point, and it is 
obvious that this sum must be equal to the moment of the resultant of 
the system about the same point. Hence the graphical determination 
of the resultant moment of a system of forces about a point resolves into 
constructing the resultant of the system, and the determination of the 
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momont of this resultant about the given point by the construction of 
the }irecediTig Article. The two constructions may, ho^vever, be com- 
bined ill one, as sliowm in Figs. 41 and 42. AB, BC, and CD are three 
given forces, and M is a given point. It is required to determine the 
resultant mennent of tlie given forces about the given point. 

ahrda is the force polygon \ ad, the closing line, gives the magnitude 
and direetioii of the rcisultant of the three given forces. A pole o is 
taken at a perjiendieidar distance oh from ad, wliicli is a simple inultiide 
or sub uiulti])le of the linear unit. Tlie funicular polygon ot the forces 
with reference to the pole o is next drawn, and the intersection of the 
closing sides OA and OD determines a ]»oint on the line of action of the 
resultant force AD. A line tbrougli Af parallel to ad intersects the 
closing sides OA and OI) of the funicular polygon at a' and d'. The 
moment nujuired is equal to a'd' x ok. The triangle oWd' is obviously 
similar to the triangle oad, and therefore,* as shoAvn in the preceding 
Article, the moment of AD about M is equal to a'd' x oh. 
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It may be observed that the moment of any one of the forces, say 
BC, is obtained by drawing through M a parallel to BC to intersect the 
sides of the funicular polygon which meet on BC at f/ and c ' ; b'c' x oh 
is the moment of BC about M. 

61. Principle of Moments. — When a number of forces acting on 
a rigid body are in equilibrium, then the moments of all the forces about 
any given axis being taken, the sum of the moments of those forces 
which tend to turn the body in one direction about the axis is equal to 
the sum of the moments of those forces which tend to turn the body in 
the opposite direction about the same axis. 

62. Couples. — A covph consists of two equal parallel forces acting in 
opposite directions. The arm of a couple is the perpendicular distance 
between the lines of action of the two forceii. The monunii of a couple 
is the product of the magnitude of one of the forces and the arm of the 
couple. A couple tends to cause a body to rotate. 

Two couples will balance one another when (1) they arc in the slttie 
])lano or in parallel planes, (2) they have equal moments, and (.S) their 
directions of rotation are 02 )posite. 

63. The Centre of Parallel Forces. — If a sy.stem of j>araliel forc(iS 
acts at fixed points, the resultant will act through another fixed 
called the centre of the system. This centre is independent of the 
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direction of the forces so long as the .3onse of each in relation to the sense 
of one of the forces is unaltered. 

Tn Fig. 43, P, Q, R, and S are parallel forces acting at the fixed 
points A, B, C, and D res[*ectively in a plane. By means of the force 
and funicular polygons the line of action LK of the resultant is deter- 
mined. Let the direction of the forces be changed so that they act as 
shown by P', Q', K', and S'. The lino of action MK of the resultant is 
determined as before. The point K, where LK and MK intersect, is tlie 
centre of the parallel forces Q, K, and S acting at the ]>oints A, B, C, 
and D res^iectively. If tlie construction be reijeated with the forces 
acting in any other direction, it will be found that the new resultant 
will act thi'ough tlie same jidint K. 

In Fig. 43 the forces P, Q, R, and S have* all the same sense, and 
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therefore P', Q', B', and S' must have the same sense. But if the sense 
of Q were opposite to that of P, then the sense of Q' would be opposite to 
that of F. 

In applying the above method to the determination of the centre of a 
system of parallel forces, it is usually most convenient to take the two 
directions of the forces at right angles to one another. 

In determining the centre of a system of parallel forces by calcula- 
tion, it is most convenient to apply the ])rinciple of moments. Thus, let 
Pj, Pg, Pg, etc., be parallel forces in a plane acting at fixed points 1, 2, 3, 
etc., in a rigid body ; choose a point X in .the plane of the forces, and let 
the perpendicular distances of X from P^, Pg, Pg, etc., be Xg, Xg, etc., 
resj)ectively. Let R be the resultant of the forces, and x the per- 
pendicular distance of its line of action from X, then 

, Re = + IVa + etc., and x = . 

Jl; 

Caro must be taken to give the proper signs to the products 
PgXg, etc. If one force tending to turn the body in one direction about 
X be considered a.s Imving a positive moment, then another force tending 
to turn the body in the opposite direction about the point X is to be 
considered as having a negative moment. A line parallel to the direc- 
tions of the forces and at a distance x from X will be the lino of action 
f)f R. •Turning all the lines of action of all forces through the same 
angle in the original plane, and repeating the calculation with reference 
to the same point X, or any other j)oiiit in the plane of the forces, a new 
line of action of R is determined which intersects the first at the centre 
of the given system of forces. ** 

If the fixed ]>oints, and therefore the lines of action of the forces, are 
not in the same plane, the jrrocedure may be as follows. Select three axes, 
X, Y, and Z, perpendicular to one another. Take the lines of action of 
tlie forces in turn parallel to the axes Y, Z, and X, and in turn take 
moments about the axes X, Y, and Z to determine 2, x, and y the 
(listan(*es from X, Y, and Z res])ectivo]y of three planes parallel to 
XY, YZ, and ZX respectively. The point of intersection of these three 
planes is the centre required. 

64 . Centres of Gravity or Centroids.-- The particles of which any 
Ijody is made up are attracted to the earth by forces which are ])ropor- 
tioual to tlie masses of these particles. For all j)ractical pni'poses these 
forces may be con^sidered to be parallel, and their resultant will act 
through the centre of these parallel forces. In this case the centre of the 
parallel fc^rces is (tailed the centre of gravity or centroid of the body, and 
the determination of a centroid resolves into finding the centre of a 
system of parallel forces. 

The centre of gravity of a body may also be defined as that point 
from which if the body is suspended it will balance in any position. 

When the term centre of gravity is applied to a line, the line is 
.su])ppsed to bo made of indefinitely thin wire ; and when the centre of 
gra\ity of a surface is spoken of, the surface is supposed to be made of 
indefinitely thin substance. • 

The following result^, which are not diflScult to prove, should be 
noted : — 
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The rontroid of a straight lino is at its middle point. 

The centroid of a triangle is at the intersection of its medians. 

The centroid of a j)arallelogram is at thti intersection of its diagonals. 

Tf a j)lane figure is syjnmetrical a])out a straight line, the centroid of 
the figure is in tliat straight line. 

65. Examples on the Determination of Centroids.— (1) AllC is 
a triangle AB — BC — 2^ inches, AC==3J inches. D is a point within 
the triangle ABC 2| inches from A and 1-i inches from B. fSmall bodies 
are placed at the i)oints A, B, C, and D, their masses being proportional 
to the numbers 3, 3*5, 2*5, and 5 respectively. It is required to find the 
(centre of gravity of the four bodies. 

The graphic method of working this exami)le is fully exjdained in 
Art. 63, and is illustrated by Fig. 43. The dimensions in Fig. 43 are, 
howev^er, not the same as given above. (If 0 be the required centre of 
gra\dty, then AG = 1 *94 inches, and BG 1*21 inches.) 

(2) A jnece of wire of uniform thickness is bent to the foi-m ABCL> 



(Fig. 44). Tlie parts AB, (.1), and DA are straight, and the part IKJ is 
an arc of a circle whose ceutre is A. AB — 2^ inches, CUJ- I inch, 
DA— 2 inches, and the arc BC subtends ati angle of GO' at A. It is 
required to find the centre of gravity of the frame AliCD. 

The arc BC is divided into four equal i)arts, and the centre of gravity 
of each of these is assumed to be at its middle point. This assumption 
only involves a small error, because tlie arcs are small conq>ared with the 
radius of the circle. ft may also be assumed that the w^eiglits of those 
small arcs of wire are [>ro[)m*tioiial to the length of their chords. Tlic 
weights of the straight sides are proportional to their lengths, and their 
centres of gravity are at their middle points. The weight of each part 
into which the frame is divided may bo supj)f)sed to ac4 at its centre of 
gravity, and the problem becomes similar to the preceding one. G is the 
required centre of gravity. 

Scales to be used. — For*the frame, full size. For the forces, 1 inch 
equal to the w^eight of 2 inches of wire. • 
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(3) A plane -figure is formed by removing from a triangle ABC 
(Fig. 45) triangles ADE and FHK. It is required to find the centroid 
of the figure. 

The centroids of the triangles AIK^, ADE, and FHK are first deter- 
mined by the intersections of their medians. Conceive that the triangle 
ABC is made of very 
thin sheet metal, and 
that it is suspended 
from its centre of 
gravity by a string. 

The tension B in the 
string would be equal 
to the weight (or area) 
of the triangle. The 
upward force R would 
be balanced by the 
downward forces AV, R, 
and Q, where W is the 
weight (or area) of the 
shaded figure acting at 
its centre of gravity G (as yet unknowm), V is the weight (or area) of 
tlie triangle FHK acting at its conlre of gravity, which is known, and 
Q is the wciglit (or area) of the triangle ADE acting at its centre of 
gravity, which is known. The jnirallel forces R, P, and Q are completely 
known, and (*, their centre, is the centroid required. The force and 
funicular polygons for finding G are not shown. 

To work this exam pie by calculation proceed as follows : — 

R - area of ABC — J x x :2j — Siiuare inches. 

P - area of FHK ^ li x 'I square inch. 



Q = aroa of ADE 
W — shaded art\a — R 


yj! — n*, S(]uare inch. 


r-Q = :i~rV 

Distance of centroid of ABC* from P>C = 

Distance of centroid of FHK from BC — I J - j? x 1 J 12 inches. 
Distance of c(‘ntroid of ADE from BC'=41 - x It =31 inches. 


== I inches. 

?. X 4 J = 1 1 inches. 


Distance of centi'oid G from B(<=^.r. 

Take forces parallel to BC, ajid take moments about B, then 
1- X 1 ^ = Trt I + y Hence .r - 11 inches. 

Taking the forces j)arallcl to AB, and taking moments about B, the 
distance ?/ of th(' centroid G from AB is found to be ^ inch. 

Further examples on the determination of centroids will be found 
later on in this chapter in connection wnth moments of inertia. 

66. Centte of Pressure and Centre of Stress. — If a ])laiio figure be 
subjected to fluid j»ressure, tlic point in Ihc ])laue of the figure at which 
the resultant of the pressure acts is called the rejitre of ] pressure. If 
a ‘plane figure be a section of a bar which is subjected to stress, the ])oint 
in the plane of the section at which the resultant of the stress acts is 
called the centre of 

If the pressure or stress be uniform over the figure, then the centre 
of pressure or centre of sftress coincides wdth the centroid of the figure. 
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A general construction for determining the centre of pressure or 
centre of stress of any plane figure when the pressure or stress varies 



uniformly in one direction is illustrated by Fig. 40. AllNCHlMA is a 
plane figure supposed to be vertical, and A13 and (U.) arc horizontal, AA^ 
is the altitude of the figure, and the pressure or stress is aui)posed to 
vary uniformly from an amount reju'esented by AF at the levtd AB to an 
amount represented by A^Q at the level CD. AP and A^Q are horizontal. 
Join QP and produce it to meet AjA ij)roducod at O. Draw any 
horizontal SKMN to cut the given figure. Draw tJie horizontal find 

the verticals MMj and NNj. Through K, tln^ middle point of MN, <lra:\y 
the vertical KF. Join FM^ and FK^ cutting MN at and n, Tf this 
construction bo repeated at a sufficient number of levels, and all ])ointvS 
corresponding to ?/i be joined, also all points corresponding to a figure 
a/mCl) 2 na is obtained, and the centroid of this figure will be the ciuitre 
of i>ressure. or centre of stress of the original figure. 

The proof is as follows, Su])})Ose that the line MN is tin* ciml.ro line 
of a ?;er/y narrow horizontal strij> of the original figure, and let the width 
of this strip be denoted by u\ The magnitude of the resultant jircssure 
or stress on this strip is equal to MN x to x R8, and it w ill act at K, the 
middle point of MN. 

Since SRMN is parallel to QA^DO, 

MjNj : via : : OA^ : OR, 
and, MN : rii7i : : A^Q : RS, 
therefore MN x RS = i/m x A^Q, 
and MN x ?/; > RS = mn y to x A 

that is, the resultant of the pressure or stress on the strip of length 7nn 
when subjected to a pressure or stress AjQ will have the same magnitude 
as the resultant of the pressure or stress on the strip of length MN when 
subjected to a pressure or stress RS, and it will act at the same point K, 
which is also the middle point, of vin- 

It follows that the resultant of the pressure* or stress on the figure 
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abnGDma when subjected to a uniform pressure or stress AjQ will be 
the same as the resultant of the varying pressure or stress on the original 
figure. But when the pressure or stress on a plane figure is uniform, the 
centre of pressure or centre of stress is at its centroid. Therefore the 
centroid of the figure ahnCUma is the centre of pressure or centre of 
stress of the original figure. 


Exercises Va. 

The following exercises may he worked graphicaUy, or by calculation, or hy a 
combination of ihe$e methods. ^ ^ 

1. .^CD is a square of 6^ foet side. A force P = 5 tons acts from A to I>, and 
a force Q -dj tons acts from B to C. Determine the moment (in foot-tons) of 
the resultant of P and Q about a Mint within the square and 4 feet from AD 

la. Same as preceding exerciSe, except that the force P acts from D to A 
instead of from A to D. 

lb. ABO is a triangle, AB^IJ inches, BC = 2J inches, and CA = 2 inches. 
A force P has a moment of -12 inch-Jbs. about A, a moment of -30 inch-lbs. 
about B, and a moment of +20 inch-lbs. about C. Determine the magnitude 
and line of action of the force P. 

2. Six parallel forces, having the same sense, act at the angular points A, B,' 

C, D, E, and F of a regular hexagon of 2 inches side. '^Plie magnitudes of the 
forces, taking thorn in the order A, B, C. etc., are 2, U, 2.V, 3, 1, and U. Find 
the centre of these parallel forces. ' “ 

^ 3. ABC is a right-angled triangle having the right angle at C. AB=r 2J inches, 
AC/ = 1J inches. Dotertniiie the centroid of the tliree squares described on the 
three sides of this triangle. 

3a. Determine^ the centroid of the three equilateral triangles described on 
the sifles of the triangle given in the preceding exercise. 

4. A wire is bent into tho zig-zag form ABCD shown at Ex. 4, Fig. 47, and 



In reproducing the above diagrams the sides of the small 
squares are to be taken equal to lialf an inch. 


is suspended by a string attached to the wire at the point A. Draw the direc- 
tion of the string. 

5. Determine the centroid of the figure shown at Ex. 5, Fig. 47. 

6. Determine the centroid of the figure shown .at Ex. 6, Fig. 47. 

7. The intensity of the load at any point of tho beam AB, Ex. 7, Fig. 47, is 
proportional to the height of the diagram above the beam at that point. The 
length of AB is 16 feet. Determine the |X)sition of the resultant load. 

8. Determine the centroid of the figure .shown at Ex. 8, Fig. 47. 

9. Determine the centroid of the figure shown at Ex. 9, Fig. 47. 
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10. GAB is a quadrant of a circle, the radii OA and OB being 2 i inches long. 
CD is a straight line cutting OB at C and OA at D. 00 = 2 inches, 0D = 1J 
inches. Determine the centroid of the figure AI50D. 

11, The figure shown at Bx. 11, Fig. 47, is subjected to fluid pres.sure, which 
varies uniformly from I lb. per square inch at the level A 15 to 1 J lbs. i>er square 
inch at tin.* level CD. Determine the position of tlic centre of pressure of the 


The adjoining table 


figure, 

12, The figure shown at Ex. 12, Fig. 47, represents the section of a bar 
which is subjected to tensile stress. The stress varies uniformly from nothing 
at AB to li ions per square inch at CD. Determine the position of the centre of 
stress of the section, 

13. A vertical wall is 80 yards long and 42 feet high 
gives the pressures of the 
wind on it, p pounds per 
square foot, at various heights 
h feet above the ground. 

Draw a diagram showing 
the relation between p and 
h. Find the mean pressure 
on the wall in 1V)S. per square 
foot, and the total wind force on the wall in lbs. Find the line of action of 
this force. Employ scales of 1 inch to 10 feet, and 1 inch to 10 lbs. per square 
foot, [B.K.] 


h 

4 

10 

18 

25 

3:5 

42 

p 

1 

9 

•12 1 

IC*7 

20-3 1 

1 _ _ ; 

2;i*5 

2« 


67. Moment of Inertia. — TIjc sum of tlie ])roducis of the mass of 
each elementary part of a body and the septare of its distance from a 
given axis is called the vioitient of inert i<i of the body about that axis. 
.Thus, if m 3 , etc., be the masses of the })arts of the body, and 

etc., be the distances of these parts respectively from th(‘ axis, 
then the moment of inertia — +etc. , . . 

The 7noNient of ine^'tia of an a^'ca and the Qnomevt of inertin of a. hne 
are defined in a similar manner ])y substituting area, or leiujih for 
But since areas and lines have no inertia, they have, strictly s[>eaking, no 
moineut of inertia. 

The 'fthorimit of interim of a force about an axis por])endi(nilar tf> the 
line of action of the force ivS the ]»rodnct of its magnitude and tlie stjuare 
of the distance of its line of action from the axis. 

The graphic mctliod of determining tlie moment of inertia, of a planti 
area, or of a system of parallel forces, will be understood from the two 
examples worked out in Figs. 48 and 49. 

Fig. 48 shows the apj)lieation of the method to finding the moment 
of inertia of a force AB alxnit a point 
M or about an axis tlircmgh M and 
perpendicular to the plane of the })apei . 

Through M draw MY ]>arallel t*.> AB. 

Draw MN perpendicular to AB. Aj)- 
plying the construction explained in 
Art. 59, a7/ x oh = AB x MN. Choose 
a pole o' at a distance o' It from a'//, 
wdiich is a simple multiple or sub* 
nmlt^’[)]o of the linear unit. From a 
j>oint w" in AB draw 71" af' parallel 
to o' a' and 7 ^' 7 /' parallel to o'h\ Since 
the triangle a"h"7\!' is similar to the 
triangle a'h'o\ it followsthat a'b" x o'K 
= a'b' X A/ A', and therefore«"^" x o'h* x oh = = a'l/ x oh x A/iV. But a'// x oh 
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AB y, MN. Therefore «'7/' x y. oh AB x ifN^ =s moment of inertia 
of AK about M. a^h'n' and a*'h'^n" are funicular polygons, of which the first 
detenm’nes the moment AB x MN, 
and tlie second determines the 
moment of this moment, namely, 

(AB X MN) X MN. The lengths 
al/ and ci'7/' must be measured 
with the force scale, and thelengths 
oh and o'h' with the linear scale. 

Fig. 49 shows the application 
of the method to the detenniiia- 
tion of the moment of inertia of 
the shadcMl figure about an axis 
aV//' in the plane of the fignj^e. 

The area is divided into parallel 
strips, and parallel forces AB, 

BC, CD, 1)E, and EE are sup- 
j>osod to act at tlio centres of 
gra\nty of the^se strips, the tuagni- 
tudes of the forces being pro- 
portional to the areas of the 
strips. The sum of the moments 
of these forces about the given 
axis is equal to a f v oh, and the 
sum of their inoments of inertia 
is (squal to a[f' v oil x oh. The lengths a'f and u"/" must be measured 
Avith the area scale and the lengths oh and <>1/ with the linear scale. 

68. Moment of Inertia — Theorems. — A knowledge of certain 
theorems, wliicli will iioav be proved, will be found of great use in solving 
}>robleins oyi moment of inertia. 

^'^Theorem /. — If and arc the moments of inertia ; f a plane 

figure (Fig. HO) about axes OX and OY in its plane and perpendicular 
to one another, and if is the monuait of inertia 
of the figure about an axis OZ pi^rpeiidicular to 
the plane XOY, llien — + 1,,. 

(k)nsider a small clement P of the figure, 

Avliose distaiice from OY is whose distciiice 
from OX is //, and whose distance fnnn O is '/*, 
and let a denote thti area of this small element. 

Then r- = + y\ ar^ ^ u./*“ + ay-, 

~ therefore T, ^ I,. + 1^. Fig. so. 

CoroUary 1. — If OZ is a fixed axis perpen- 
dicular to the ])lane of the figure, and if OX and OY^ are any two 
axes in that ])larie and perpendieular to one another, thenl^-hl^, being 
equal to 1, is constant. 

(hwllary 2 . — Since is constant, it follows that if is a 

maxinium, 1^ is a miiiiinuni. 

^T/ieorc 7)1 TI. — Tjct T - the moment of inertia of a surface EF (Figs, 
ni and 53) or a body HK (Fig. 52) about an axis XX passing through 
its centre of gravity C ; Ij ^ tlie nanneut of inertia of tlic surface or body 
about an axis paraSol to XX and at a distance r from it; A = area 
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of surface ; W = weight of body ; then Ij = I + Ar^ for the surface, and 
for the body. 

Consider a small element P of the surface or body, and let on denote 



Fig. 61. Fig. 52. Fig. 63. 


its area or weight. Referring now to Figs. 51 and 52, h*t PM and PN 
be perpendiculars from P to the axes XX and respectively, and let 
PQ be the perpendicular to MN from Then, 

PN2 = MN2 + pm2 - 2MN ‘ MQ 

^ - 2M q; 


but 2m MQ — O, therefore 1^ = 1 + Ar^ for the surface, and Ij=rl + Wr- 
for the body. 

The case which is of most importance, on account of its frequent 
occurrence in practice, is tlie simple one in wliieh the surface EF is 
a plane figure (Fig. 53), and the parallel axes XX and XjX^ are in the 
plane of the figure. In this case P and Q coinckhj, 

K^Corollannj 1. — If k and are the radii of g>'ration about the axes XX 
and XjXj respectively, I — AJc^ or W/t*-, and I^ = A/r‘i or Hence 

CoroUary 2. — The radius of gyration aixait a givi*n axis passing 
through the centre of gravity is less than the radius of gyration about 
an axis parallel to the given axis, and the axis alxait wliicli the ladius of 
gyration is least must pass through tlie centre of gravity. 

69. Moment of Inertia — Fundamental Examples. — Tlie graphical 
method of finding moments of inertia was explained in Article 67, p. 50. 
The analytical method will now be used, and in 
practice this is generally the most convenient. | 

(1) Straight line, or straight and uniform *i — x-^ — H i 

slender rod (Fig. 54) about an axis per- ^dx 

pendicular to it, and passing through one end. 

Consider an element of length dx at a dis- <• o • 

tance x from the axis. Let w denote the weight of the rod ]>er unit 
of length. The weight of this element is wdx, its moment of inertia 
is and the total moment of inertia 




wx^dx -■ 


x^dx^ ^ 


where W is the total weight of the rod. 

• ^ p 

Radius of gyration squared = * 
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If the axis passes through the centre of the rod instead of throueh 

w/2 n 

one end, it follows that I = - - - and /fc 2 _ __ 

12 12 

(2) Rectangle or parallelogram (Fig. 55) base of length and 
altitude 5, about an axis XjXj, coinciding with the base. 

Consider an element of width dx parallel to the axis, and at a 



Fig. 65. 


Fjo. 66. 


distance x from it. I’he area of this element is wlx, its .moment of 
inertia is ou^dx, and the total moment of inertia 

I, = f ax-dx = a\ j?dx = and — * 

Jo Jo o ,i 

If the axis jiasses through the centre of gravity of the rectangle or 
parallelogram and is parallel to the base, then it follows that 

^ ah^ , ,, 

1 - 13 ’“"' 

(3) Triangle (Fig. 56) base of length a, and altitude h, about an 
axis coinedding with the baso. 

Consider an eloinent of width dx parallel to the axis, and at a 

iliJ) — X^d'X 

distance x from it. The area of this element is — ' — . ' . ’ .'IS ^ its moment 

b 

of inertia is and the total moment of inertia 

h 

If the axis XX i)asses through the centre of gravity 0 of the triangle 
and is parallel to the baso, then by Theorem IT., Art. 68, p. 51, 




/A2 


Therefore 1 = 


M’ 


If the axis XjXg passes through the vertex of the triangle and is 
parallel to the base, then 



54 


APPLIED MECHANICS 


(4) Circle (Fig. 57) of radius Jl about an axis passing through its 
centre and j>eri>eiidioular to its jJane. 

Consider an elejnent of the form of a ring con- ^ ^ 

centric with the circle and having a wddth dr and / ^ \ 

a radius r. The area of this element is ^irrdr^ Iff ^ ^ \ 
its moment of inertia is 27rrMr, and the total J 

moment of inertia \ J 


lo = l”* ^m^dr = 27r j r^dr = 


Kio. o7. 


(5) Circle of radius R about a diamt'ter. If I is the nioment of 
inertia of the circle about a diameter XCX, then I will also be the 
moment of inertia of the circle about a diameter YOY at right angles 
to XOX. Rut the moment of inertia about ai^ axis through the centre 


O and perpendicular to the plane of the circle is by 'Jlieorem J, Art. 
08, p. 51, equal to 1 + 1=^21, and by the preceding example this is 

equal to , therefore 1 = 

2 4 


(6) A right prism or right cylinder of any (u-oss-section about an 
axis XiXi (Fig. 58) in the plane of the 
base and passing through Cj the centre 
of gravity of the base. 

Let a == area of base, 7 = length of 
solid, Io~ moment of inertia of ]>ase 
about axis X^Xj, Consider a thin 
parallel slice of thickness dx j)arallel 
to the base and at a distance x from it. 

The centre of gravity (i of this slice 
will lie on the line joining the 

centres of gravity of the ends. Take 
an axis XX through G and j)aralk*l to X^X,. 'Idicri, moipent id 
inertia of slice about XX“I,/7.f, and moment of inertia of slic;e about 
= JTence Ip the moment of inertia of the whole 

solid about X^X^, is 

I, — f !(/?./’+ f ax^dx — T„f + a f x-(fx=^ J,/ 4* 

Jo Jo Jo Jo 

(7) A solid of revolution abouc its axis. Fig. 59 sliow's the section 
of a solid wheel or pulley. Take a parallel strip of this section parallel 



to the axis XX of the solid. Tho 
distances of the outside and inside of 
this strij) from XX are R and r re- 
s])ectively, and its mean width is 
AB — X, Consider this strip as the sec- 
tion of a ring whose axis is XX. The 
moment of inertia of this ring about 

XX is approximately ^(R^ — 

If the ends of the ring any 

its moment of inertia is exactly 
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not parallel the error in the above value for its moment of inertia is less 
the smaller the difference R - 7\ The moment of inertia of the whole 
solid is the sum of the moments of inertia of all the rings into which it 
is divided. 

Fig. 60 shows how to convert the section of Fig. 59 into an equivalent 
section symmetrical about an axis perpendicular to XX. 

ah = AB, and CD + EF. 

70. General Method of finding Moments of Inertia of Irregular 
Plane Figures. — Taking a standard rail section (Fig. 61) as an example,* 
lot it be required to find the moment of inertia 1 of the section about an 
axis XX passing through its centre of gravity and perjj^endicular to its 
one axis of symmetry YY. Divide the section into a number of parallel 
strips, preferably of equal width, })erpendicular to YY, and draw the 
centre lines, shown dotted, of these strips. In Fig. 61, 15 strips, each 
f-inch wide, have been t^ken. Take an axis X^X^ per})endicular to YY 
and touching the lower end of the section. Let x be the length of any 
one strip measured at the centre of its width, and let y be the distance of 
its centre line from XjX^. To avoid fractions in this example the linear 
unit is taken in the first instance as one-sixteenth of an inch. The area 
of any one strip is its width multiplied by x, and is denoted by a. Let 
y denote the distance of the centre of gravity of the section from X^Xj, 
Tlicn ==-«?/, and the moment of 
inertia about X,X^ = = wuy-. The 

work of finding ^ay, and 

should be ta])ulatecl as shown below. 


, 


a 

«.V 



87 

38 

6 X 

38 

I8x 1J02 

54 X 

3 1958 

81 

42 

Ox 

42 

IHx 

1134 

54 X 

30018 

75 

42 

0 X 

42 

18 X 

1050 

54 X 

2G250 

(-.9 

41 

0 X 

41 

18x 

943 

54 X 

21689 

(ill 


0 X 

‘>0 

18x 

4G2 

54 X 

9702 

57 

n 

Ox 

U 

18 X 

209 

54 X 

3971 

51 

11 

0 X 

11 

18 X 

187 

54 X 

3179 

t5 

11 

0 X 

11 

18x 

105 

54 X 

2475 


11 

() X 

11 

I8x 

143 

54 X 

1859 

:v,\ 1 

11 

() X 

n 

18x 

121 

54 X 

1331 

27 

11 

0 X 

11 

ISx 

99 

54 X 

891 

21 

11 

6x 

11 

18x 

77 

54 X 

539 

15 

23 

0 X 

23 

ISx 

115 

54 X 

575 

0 

41 

0 X 

41 

18x 

123 

54 X 

309 

3 

31) 

Ox 

39 

18x 

39 

54 X 

39 

! ' ■■ 

j Totals . 1 

G X 3G5 
=Sa 


r)4x 135445 
= Xaf 



Fio. Gl. 




^af/ 18x51)69 * 4.1 ^ • t 

"^-19 sixteenths of an inch. 

Za () X rlof) 


■* 

* Fig. 61 is half full size. 
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. . * A ^ X 365 ^ . . 

Area oi section = A ^ ’ '' square inches. 


1 1 1 *6 - 8*55 X jgg « 31 *4 in inch units. 


(Radius of gyration)^ 


: - : 

^ 8*55 


« 3*67, and A = ^3*67 =? 1*92 inches. 


71. 'Moments of Inertia of Plane Figures made up of Rectangles. 

— A largo number of beam and column sections are made up of rectangles 

whose sides are either parallel or perpendicular to the axis about which 

the moment of inertia is required. In such cases the procedure in 

finding the jiosition of the centre of gravity and moment of inertia is as 

follows. Referring to f^ig 62, let th(3 rectangle of 

breadth h and depth d be one of the rectangles of which T 

the section is made up, and let be an axis parallel i 

to the side b. Let y be the distance of the centre of [ [ 1 } 

the rectangle from X^X^. The area of this rectangle is hd, 

and the area of the whole section is ^hd. The moment , 

of the area of this rectangle about is bdy^ and Xj[ *-X|^ 

^hdy , . , , - 

y = where y is the distance of the centre of Fiu. (»2. 

gravity of the whole section from XjXj. The moment of inertia of this 
hd^ /d^ \ 

rectangle about X^X^ is = + j and the moment of 

inertia of the whole section about X^X| is ld)d ^ J9 + ^ 

The iiioment of inertia of the whole section alK)ut an axis jiassl.’ig 
through its centre of gravity and parallel to XjXj is 1^ - Tf-Xbd. 

The particulars for each rectangle and the results of the calculations 
shcnild be tabulated in a form such as is sliowm 1k‘1ow. 


Fiu. (»2. 



\J72. Transformation of Moments of Inertia — Principal Axes of 


Inertia. — Let EF (Fig. 63) be a plane 
figure, and OA and OB two axes at 
right angles to one another in the 
plane pf EF. Let A and B denote 
the moments of inertia of EF about 
the axes OA and OB respectively. 
Let OP and OQ be two other axes in 
the plane of P]F, perpendicular to one 
another, and inclined at angles 6 and 
90® + ^ respectively to OA. Let P 
and Q denote the moments of inertia of 
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EF about the axes OP and OQ res|)ectively. It is required to find the 
relations between P and Q, and A, B, and 6. 

Consider a small element of the figure EF at L, the area of thia 
element being a. Draw LM perpendicular po OA, LNK and MH per- 
pendicular to OP, and MK parallel to OP. Let OM = x, and LM = y. 
LN = LK — KN = LK — MH = y cos 6 — x sin d, and' 

LN* = y2 cos^ 6 + sin® 6 — 2xy sin 6 cos 6 
= cos® d-t-a:® sin® ^-a:y sin 20. 

The moment of inertia of the element at L about the axis OP is 
equal to ay® cos® 0 + ax^ sin® 0 - axt/ sin 20, and thb moment of inertia 
of the whole figure EF alsjut OP is 

P = 2ay® cos® 0 + -a.r® sin® 0 - 2aary sin 20, therefore 

P =>A cos® 6* + B sin® 0 - C sin 20. where C = Saa^w. 

sin 20. 

Hence P - Q (A - B) cos 20 - 2C sin 20, 

moment of inertia of the figure is a inaxiiuum about the axis 
OP, than P will be a maximum and Q a minimum, also P - Q will be a 
maximum: 

])ifferentiating, =- _ 2(A - B) sin 2^—40 cos 20, and when 

P - Q is a maximum, - 2(A - B) sin 20 - 4C cos 20=^0, and 

2G- -(A~B) tan 261. 

Hence when P - Q is a maximum 

P - Q = (A - B) cos 26^ + (A — B) tan 20 sin 20^ therefore 
A — B = (P — Q) cos 20.^ But A + B = P + Q, therefore 

A = p(l±-°L?^j + = P cos® 0 + Q sin® 0, and 

[{ = P(1 - Q (.1 + 20^ ^ p ^ Q <9. 

The axes OP and OQ, about which the moments of inertia are a 
maximum and a minimum respectively, are called the prmdpal axes of 
inertia of the figure for the 
]K)int O. When O is the T 
centi’e of gravity of the figure • 
the axes OP and OQ are then w 
called the axes of 

inertia of the figure. 

If a plane figure is sym- 
metrical about ^an axis in its 
Iilaiie, it is obvious that that 
axis is one of the principal 
axes, and if the figure is 
symmetrical about two per- 
])endiciilar axes in its plane, 
these will bo the priricij>al 
axes, 

73, Inertia Curves and [ j 

Momenta! Ellipse- — Let OP C 4 

and OQ (Fig. 64) be ^ the 
principal axes of inertia of the plane figure shown bj- dotted lines. 
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Let the moments of inertia of the figure about OP and OQ be OP = P 
and OQ==Q respectively, and let the moment of inertia of the figure 
about an axis O A making an angle 6 with OP be OA ^ A. Then by the 
formula proved in the preceding Article, A ~ 008 *-^ ^ -h Q sin^ 6. If P 

and Q are known, and A be calculated for different values of 6 and the 
results plott6)d, a curve PAQ, willed an inertia curve, for the given figure 
is determined. 

Let a denote the area of the given figure. On OP make OP'*=rj 
= OQ' = , and on OA make OA' = r = 

Draw A'N perpendicular to OP. Let ON = jr, and A'N = y. 


1 A. P >} Q • 4, £1 

~ = — = COS-^+ 

a a a 



, therefore 


r\ 



r., 


== 1 , 


and therefore the locus of A' is an ellipse whoso princi])al axes are P'OP' 
and Q'OQ'. This ellij»se is called the vioitivnia/ of the given 

figure. It will ])e noticed that any semi-dianicter of the inoineiital ellij)se 
of a given figure is the reeijirocal of tlio radius of gyration of the figure 
about that diameter. 

74. Determination of the Principal Axes of Inertia of an Unsym- 
metrical Plane Figure. — There art*, cases in practice in whidi it is im- 
portant to know the least moment of inci*tia, or h‘ast radius of gyration, 
of an uiisyirimetrical plane figur<*, a conimoii exainj)h‘ being tliat of the 
section of an angle-bar 
used as a strut, and this 
form of figure will be 
used to illustrattj this 
prol Jeni. Fig. 05 shows 
an L-sectioii 3 inches x 
2 inches x | inch, made 
up of two rectangles. 

In an actual angle-bar 
section there is a fillet 
at the inside angle, and 
the outer inside corinus 
are rounded, and these 
modifications of the 
section shown in Fig. 65 
can te allowed for if 
necessary. 

Find O the centre 
of gravity of the section, 
and draw axes OA and 
OP> jiteillel to the sides of the section. Deternune A and R, the 
moments of inertia of thi^ section about OA aiul 01> respectively. 

Take another axis, GO inclined to OA, ]»ref(‘i’a,bly at an angle of 45^. 
Find the moment of inertia C of the section about OC. If I) is the 
moment of inertia of the seg;tion about an axis Ol) per]>eiidicular to OO, 
then D = A 4- R - O, 

Let OP and OQ be the principal axes of inertia, and let $ denote the 
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angle POA and the angle POC. Let P and Q denote the moments of 
inertia about the axes OP and OQ respectively. 

By Art. 72, A - B ~ (P - Q) cos 2^, and C - D — (P - Q) cos 2<f>, 


Therefore 


A-B 


Hence 


cos 2</) 0 — D * 


If ^ + <^ = 45^, then cos 2^ = sin 20. 


Having found 0, I^-Q = ^ and P-t-Q = A + B, 

cos Ju 


Hence P and 


0 f;an be found. 

If OA, OB, OCJ, OD, OP, and OQ be made equal to A, B, C, 1), P, 
and Q respectively, the iiuTtia curve for the section may be drawn. If a 

is the area of the section, and (^P' be made equal to and OQ' be 

made equal to /y/^ » fhen OP' and OQ' will be the semi -principal axes 

of the niomenhil ellijise of tlic s(‘ction. 

In the example illustrated in Fig. G5, P- 2‘17 and Q = 0‘42, in inch 
units. The student should work out tliis example, and draw the com- 
plete inertia curve and the momental ellipse. 

75. Bending Moment and Shearing Force Diagrams for Beams. — 

When ti horizontal beam is acted on by vertical forces or loads, these 



forces tend to bend the beam, and the bendijig action at any transverse 
section is measured l>y the algebraical sum of the rnomeiits of the forces 
on one side of the section about a horizontal axis in that section. For 
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example, the beams shown in Fig. 66 are acted on by forces P, and R 
to the right of the transverse section XY, and the bending moment at 
X Y is equal toPx^ + Qxm-Rx?^. 

The loads on a beam also tend to shear the beam transversely, and 
the shearing action at any transverse section is equal to the resultant of 
the transverse forces on one side of the section. For example, the 
shearing action at the section XY of the beams shown in Fig. 66 is 
equal to the resultant of the forces P, Q, and R which set to the right 
of the section, and this resultant is equal to P -f- Q - R. 

The drawing of the bending moment diagram for a beam is simply 
the application of the con.struction explained in Article 59. In Fig. 67 
is shown a horizontal cantilever carrying vertical loads AB, BC, and CD. 
ahed is the line of loads, or polygon of forces. A pole o is chosen so 
that the ix)le distance oft is a simple multiple or sul^multiple of the 
linear unit. The funicular polygon ad'n is then drawn. It is easy to 
show, as in Article 60, that the bending moment at any section XY is 
equal to x oft, i.e, the depth of the fianicular polygon under the 
section multiplied by the pole distance. The depth of the funicular 
polygon is measured by the force scale, and the pole distance by the 
linear scale. It follows that, since the pole distance is the same for 
all parts of the funicular polygon, the depth of the funicular polygon 
under any section of the beam is a measure of the bending moment on 
the beam at that section, the scale for measuring the bending moment 
being found as explained in Article 59. 

The shearing force diagram is constructed by drawing horizontals 
across the spaces A, B, C, and D at 
the levels a, />, c, and d respectively. 

The depth of this diagram under any 
section of the beam, measured with ^ 
the force scale, gives the vertical 
shearing force on the beam at that 
section. For example, at the section 
XY the shearing force is the resultant 
of the forces to' the right of XY, and 
is equal to BC -h CD = + cd = hd. 

Another example is illustrated in 
Fig. 68. The beam in this case is 
supposed to rest on supix)rts at its 
ends. There are three forces AB, 

CD, and DE acting do^vnwa^ds, a 
force BC acting upwards, and the 
reactions EF and FA at the sup- 
ports acting upwards. The bending 
moment and shearing force diagrams 
are drawn as already explained. It 
will be noticed that the forces DE and EF are equal, and therefore 
there is no shearing force on that part of the beam in the space D ; also, 
the bending moment on that part of the beam is uniform. The thick 
line HKLM shows roughly tow^ the beam will bend ; the points K and L 
where the bending moment changes its sign are ^points of inflexion. 

In the examples illustrated by Figs. 67 and 68 the loads acting on 
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the beam are stipposed to be concentrated loads, Le, loads acting at 
definite points. When a load is distributed over the whole length or 
a i>art of the length of a beam the bending moment and shearing force 
diagrams are determined graphically by dividing the part of the beam 
carrying the distributed load into a numter of parts, and assuming the 
loads on these parts to be concentrated loads acting at the middle points 
of these parts, and then proceeding as for concentrated loads. 

Bending moment and shearing force diagrams are further considered 
in Chapter VIL 


Exercises Vb. 

1. Referring to Ex. 5, Fig. 39, p. 41, determine the moment of inertia of the 
given forces about a point 1 inch to tlie right of A. The forces are in lbs. 

2. Determine the moment of inertia of the figure shown at Ex. 6, Fig. 47, 
p. 49, about AB as an axis. 

3. Determine the moment of inertia of the figure shown at Ex. 9, Fig. 47, 
p. 49, (a) about AC as an axis, (h) about an axis parallel to AC and jjassing 
through the centroid of the figure. 

4 . Find the greatest and least moments of inertia of a section of a 

stanchion built up of an I and two channel joists, as shown in 
Fig. (>9. For the I section the over-all depth is 8 inches, the 
greatest moment of inertia is 111*6 inch units, and the least is 
22 inch units. For the channel the over-all width of base is 
12 inches, the flange width is 31 inches, and the thickness 
throughout is ^ inch- Neglect the rivets. [U.L.] 

6. A cast-iron beam section is shown in Fig. 70, Find y, the 
distance of the centre of gnivity of this section from the bottom, 
and determine I, the moment of inertia of the section about an 
axis passing through the centre of gravity and perpendicular to FiG. 69. 
the web. 

6. Fig. 71 shows the section of a Carnegie Z-bar column. The web plate 
and the Z-bars are ^ inch thick throughout, l^'ind the square of the least 
radius of gyration of this section, 

7. The cross section of a built up column is shown in Fig. 72. The angles 
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are 3 J inches x 3 J inches x | inch, and the plates are J inch thick. Find the 
square of the least radius of gyration of this section. 

8 . The cross section of a Phoenix column is shown in Fig. 78. Find the 
square of the least radius of gyration of this section. 

9. Calculate the greatest and least moments of inertia of a T-iron section 
.5 inches wide, 4 inches deep, and J inch thick. Construct the inert^ curve 
and momcntal ellipse for this section. Linear scale, full size. Inertia scale, 
^ inch to 1 unit of moment of inertia, the moment of inertia being in inch 
units. 

10. A Z-bar section has a total depth of 5 inches, each flange is 3 inches 
wide over-all, and the thickness throughout is 8 inch. Find the principal axes 
of inertia, and construct thq inertia curve and momental ellipse for this section. 
State the value of the square of the least radius of gyration. 
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11. Calculate the square of the least radius of gyration of an angle-iron 
section 5 inches x 3 J inches x | inch, and construct the 
inertia curve and momeiital ellipse for this section. 

12 . Show that the momenta] ellipse foi^ any regular 
polygon is a circle. 

13 . A column is built up of two channel irons 12 
inches x inches x J inch, and two plates each J inch 
thick, as shown in the section Fig. 74. Determine the 
dimension sc in order that the greatest and least moments 
of inertia about axes through the centre of gravity of the 
flection may be equal. 

14 . Fig. 75 shows the British standard section for 
No. 1 standard rail for tramways, a rail which weighs 90 lbs. per yard. Deter- 
mine (1) the area of the sectiem, (2) the distance of the cciitre of gravity of the 
section from the bottom, and (3) the moment of inertia of the section about an 
axis through the centre of gravity and parallel to the underside of the bott om flange. 




15 . The section of a small cast-iron fly-i^^diecl is shown in Fig. 70. Find (!) 
the weight of the wheel in lbs., laking the weight of 1 culnc inch of cast-iron 
t=0-2r» lb,, and (2) the radius of gyration of the wheel about its axis. 

16 . A beam of 20 feet span, supported at the (mds, is loaded at points 4, 9. 

and 17 feet from one end, the loads being 21, .SJ, and 4J tons respectively. 
Construct, graphically, the bending moment and shearing force diagrams, and 
measure the bending moment and shearing force at tlie middle of the beam. 
Linear scale, J inch to 1 foot. Force scale i inch to 1 ton. Pole distance, 10 
feet. ^ 

17. A beam of 20 feet span, supported at the ends, carries a load of 20 tons 
uniformly distributed over its length. Determine, graphically, the bending 
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momeiat and shearing force diagrams, and state the values of the bending 
moment and shearing forcje at a section 5 feet from one end. Linear scale, J 
inch to 1 foot. Force scale, J inch to 1 ton. 

18. A horizontal lever 10 feet long Ls hinged at one end and supported by a 
vertical chain at a point 7 feet from the hinge. The lover carries a load of 
1 120 lbs. at a point 4 feet from the hinge and a load of 1400 lbs. at the free 
end. Determine, graphically, the tensicjn in the chain, and construct the bending 
moment and shearing force diagrams. 

19. A beam AB, 30 feet long, rests on two intermediate supports at points 
C and D, which are 9 feet and 19 feet respectively from the end A. The beam 
carries a load of 20 tons uniformly distributed over its length, besides concen- 
trated loads of 2, 5, and 3 tons at points 1, 12, and 2S feet respectively from 
the end A, Determine, graphically, ihe reactions of the supports at C and D, 
and constTuct the bending moment and shearing force diagrams. State the 
values of the bending moment and shearing force at tlie centre of the beam. 



CHAPTER VI 

SIMPLE STRAINS AND STRESSES 


76. Load. — The combination of external forces acting on any piece 
of construction is called the load on that piece. The following are 
examples of forces which may constitute the load on a piece : — (1) Forces 
arising directly from the purpose for which the piece is designed, and 
which constitute the useful load. For instance, the useful load on the 
chain or rope of a crane or hoisting engine is the weight to be lifted. 
(2) Forces due to the weight of the piece, or of pieces connected with it ; 
thus, in the chaiii or rope mentioned above the load partly consists of the 
weight of the chain or rope, and in winding engines for deep mines the 
weight of the wire rope used forms a considerable part of the load which 
the roj)e has to carry. (3) Forces due to the inertia of heavy moving 
parts when their velocities vary ; thus, the thrust or pull on the piston- 
rod of a steam-engine is not simply tliat due to the pressure of the steam 
on the piston. When the velocity is increasing the effect of the inertia 
of the piston is to diminish the thrust or pull due to the steam pressure, 
and vice versa. (4) Centrifugal forces, as in the arms and rim of a 
rotating wheel or pulley. (5) Forces due to friction. ((>) Forces due 
to the unequal expansion or contraction of parts following variations of 
temperature. 


77. Strain and Stress. — The effect of a load acting on any piece of 
construction is a change of form or dimensions of the piece, and this 
change of form or dimensions is called strain. The combination of 
internal forces which are called into yday in the material of any piece of 
construction to resist or balance the load is called sti'ess, ^ 

There are three kinds of simple strain and stress : — (1) Tensile strain 
and tensile stress. (2) Compressive, strain and compressive^^stress, (3) 
Shearing strain and shearuig stress. 


H. X 


78. Tensile Strain and Tensile Stvesa ^ — If a bar All (Fig, 77) be 
pulled in opposite directions by forces 
PP acting at its ends the bar becomes 
longer, and a tensile strain or elongation is 
I)roduced, If I is the length of the un- 
strained bar, and x the increase in length 
produced by the action of the load, then 
the tensile strain is measured by the 
fraction xjl. If any imaginary section of 
the bar bo taken at right angles to its length, say at C, the internal 
forces Q at this section will balance the force P at B, and the internal 
forces K will balance P at Ai These internal forces, which are distributed 
over the whole of the section at C, resist tli^ tendency of the forces 



B 


C 

A 

Q:"3R 


k 

-“-tX -i-x 

- -H 


Fig. 77. 
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PP to pull the bar asunder at C. This system of internal forces is called 
tei^sile stress. 


Since ^stress is a distributed forcei its intensity is measured in the 
pamo way as that of fluid pressure, viz. by the number of units of force 
on a unit of area, such as pounds per square inch, tons per square inch, 
or tons per square foot. 

If the stress at the section C be uniformly distributed over the section, 
and its intensity bo denoted by f (say in lbs. per square inch), and if 
a denote the area of the section (say in square inches), and P denote the 
load (say in lbs.), then it is obvious that P = a/. 

79. Compressive Strain and Compressive Stress. — If the external 
forces acting on the bar AB (Fig. 77) be reversed in direction, the bar 
becomes shorter by an amount a*, and a compressive strain is produced 
whose amount is xjl. At any cross section C there is conlp^ressive stress 
which resists the tendency of the forces PP to crush the bar at C. 

As in the case of- tension, if the stress is uniformly distributed over 
the cross section, P = a/, * but f now denotes compressive stress. 

It should be mentioned here that unless a bar which is subjected to 
compression by a load acting in the direction of its length is short com- 
pared with its transverse dimensions, it has a tendency X/j bend, and the 
compressive stress at a transverse section is not uniform, hence the formula 
p af only applies to short pieces, or to long pieces if special means are 
adopted to prevent the bending of the latter. Long pieces in compression 
are considered in Chapter X. 

80. Shearing: Strain and Shearing Stress. — Suppose a rectangular 
block of india-rubber ABOD (Fig. 78) to have its face BC cemented to 
a vortical wall, and that it ha«? a rigid plate cemented to its opposite face 


AD. The face ABC^D being vertkal, let a 
vertical force P bo applied at the middle point 
of the lower edge of the plate. The force P 
will evidently tend to make the plate slide on 
the face AD of the rubber. The force P will 
also tend to make the face B(' of the rubber 
slide on the wall, and it is also evident that if 
aj)y verticiil transverse section XX be taken 
dividing the block into two parts, the force 
P will tend to make the part AXXD slide on 



the part BXXC along the interface XX, as Fig. 78* 

shown to the right of Fig. 78, In each case 

the tendeiH'y to slide is resisted by a tcmyential or shearing stress acting 


along the face. 

The load P will cause the bloc'k ABCD to become distorted so that 


the rectangle ABOD will become a parallelogram aJjCd, and the sheaHmf 
strain produced is measured by tb(5 fraction Art All or xjl. 

If the area of a transverse section XX is deiioted by o, and if the 
shearing stress is uniformly distributed over the section and is denoted 
by/, then as in the case of tension P = «/. 

81. Volume Strain. — If a. bo<ly be subjected to pressure all over its 


surface, as w’'hen immersed in water under ])ressure, it w^ill suffer a change 
of volume, and if V is the original volume the body, and the altera- 
tion of volume due to the pressure, t hen ^>/y jjs called the volume atrain. 
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If I is the length of the edge of a cube, which, when j)laced under 
pressure all over its surface, l)ecomes / — a:, then the new volume becomes 
P - and the change in volume is 4- 

or 3/V — 4- but since x is always a very small quantity, the second 

and third terms of this latter expression may usually bo neglected ; 
hence the change in volume is very approximately and the volume 
strain is SPxjP or which is three times tlie linear strain. 

82. Elasticity. — Strain is produced in a body by tlie action of a load 
on it, and if, when the load is removed, the strain disapjiears, the body 
is said to be j>orfectly elastic up to tliat particular load, or up to the 
particular stress corresponding to that load. If when the load is removed 
the strain does not entirely disappear a pemmnent set has been produced, 
and the .elastic limit is reached when the load is the largest which will 
not cause a permanent set. 

It W£is discovered by Robert Hooke that so long as the clastic limit is 
not passed the strain produced is directly ])roportional to the lo0,d pro- 
ducing it, and since the stress is directly }>roi)ortional to the load causing 
it, it follows that stress 4- strain is a constant ratio up to the elastic 
limit for a given material, or more correctly for a given piece of material. 
This is known as Hooke's law. 

The value of the constant ratio stress -f- strain is called the modal as 
of elasticity or the coetficicat of elasticity. 

When a body is sulyeeted to simple tension or simple compression, 
there being no external forces acting to prevent the exceedingly small 
lateral contraction or lateral expansion of the body, the c()efficient of 
elasticity is the coefficient of direct elasticity^ and is called Yoamfs 
modidus. The letter E is generally used to denote Young’s modulus. 

When the strain is a shearing strain, and tlie stress of course a 
shearing stress, the ratio stress ^ strain is culled the coefJcient of irans- 
f^erse elasticity or the coejficieat of riyidity. In this work the coefiicierit 
of rigidity will be denoted by the letter 

When the strain is a volume strain the ratio stress strain is called 
the coeficieat of elasticity of volavie or the coefficient of cubical elasticity. 
In this work the coefficient of ehisticity of volume will be denoted by 
the letter K. * ^ 

ySZ, ApplicatigglS^of — If a har of length /, whose 

area of cross section is a, suffers ai* alteration of length amounting to ,r, 
under the application of a load W acting In tlie line of the axis of 
the bar, and if f is the stress jiroduced, then by Art. 78 or Art. 79 

W = af Also by Art. 82, — From these two equations 

-- — f ^ strain x ^ 

the following results are easily obtained : — 


E aE ’ 


,.r nE.r j ^ Ej[1 


If the bar mentioned above be heated or cooled so that if free to 
expand or contract it would expand or contract liy an amount x, then 
the forces which must be ajiplied at each end of the bar, to prevent tlio 
expansion or contraction, will be each equal- to W, and the equations 
above will apply to this cdse if ^ be substituted for 1. But since x is 
very small compared with Z, the error introduced by using I instead of 
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l + xTCifiy be neglected. Tlie quantity x will of course be determined 
from the change of temperature and the coefficient of expansion of 
the bar. 

If a comi^ound bar he made up of two bars of diiferent materials, 
firmly united at their ends, so that the component bars must suffer the 
same alteration of length when the (*omj)ound bar is placed in tension or 
compression by a load W', tlien if and be the areas of the cross 
sections of the comj)onent bars, and the stresses produced in them 
by thti load W, Ej and E.^, their coetlicients of elasticity, I the original 
length the coiji])ound bar, and x the alteration in length produced 
by the load W, then the following equations ^\ill obviously apply : — 


E 


->/i^ 


X 


i 40 — , 


>2 k; 


and 


If the foregoing 'is understood, the case of a compound bar made 
up of more than twn bars u\ different materials presents no difficulty. 

Considering further the com})ouud bar ^ made up of two bars of 
different materials ; sujipose that the coin})ound bar is heated or cooled, 
so that the com]»onent bars, if entin^ly free, would ex]>and or contract by 
amounts x^ and respectively. Assuming that the two materials have 
different coefficients of cxqainsion, thtm x^ and would not be equal. 
Let x^ be the greater. The first bar will tend to lengthen or •shorten by 
an amount but will be ])r<;ventod by tlie other bar, which tends to 
alter Ixy the amount x.^ by the change of tempfu’aturc. Tlie first bar will 
then'ioro drag the other in one direction, while the second will drag the 
first in the ojipusitc direction. •‘The result will be that the alteration in 
length of the com})ound bar will be an amount .r, which will lie between 
.fj and x.y. Also tlie stress jiroduced in one b' r will be tensile, while 
in the other it will be coiii|>ressive. Losing the same mutation as 
befon^ — 

Strain on first bar — E. 

/ 4- ./*! ‘ Xy - 


Strain on second bar 


X “ X., 

I + X., 


+ X^) 


and since the [mil on the one lar must balance the thrust on the other 

. 

Since .r, and x„ aix* very small compared with /, tlu' error introduced 
by ] fitting I instead of and I x,, iii the a]>ove equations may be 

n(‘glectt^d. 

I'he ni(*tho<l indicatcMl above may (‘asily be extended to determine the 
relations betxveeri the various ({nantitics when the com[)ound bar is made 
up of iriore tliaxi two ]>ars of differmit matt ‘.rials. 

84. Bars of Varying Cross Section. — If at any point in the length 
of a bar which is in tension the cross seetion sudtlt'idy changes, tlien the 
stress at tliat section will not be uniformly distributed over the section ; 
and at setdions for some distance on (*ai*h side of that section the stre*ss 
wull not be uniformly distributed, and, the rules already demonstrated in 
this cliajitf.u' wn’ll not apply. Ibit if the several parts of a bar betw’cen 
the [joints Avli(‘re sudden (ffianges of section ficcur be long compared with 
their cross sections, the elongations of these several parts of the bar may 
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be determined without great error hy assuming that the stress is every- 
where uniformly distributed and given by the formula /«= P/a, whore /is 
the stress at a cross section whose areads a, and P is the load. 

The effect of sudden changes of section on the behaviour of a loaded 
bar is further considered in Article 165, p. 174. 

85. Strength and Factor of Safety. — If the load on a piece which 
is in tension or shear be continuously increased, the piece will ultimately 
fracture or break in tw'o, and the smallest load which will do this is 
called the brealxing load^ and the corresponding stress or breaking load 
per unit of original section is called the ultimate stress or ultimate 
strength of the. piece. All solid materials have an nUimate tensile and 
ultimate shearing strength, and many have an ultimate crushing strength, 
but for ^certain ductile materials, such as wrought-iron and mild steel, 
there is no definitt' load which will cause complete fracture when they arc 
subjected to compression. 

When a piece is loaded up to the clastic limit, the stress produced is 
the elastic strength of the piece. 

The largest load, rc'peaiedly applied, which a piece will carry without 
taking a permanent set is called the proof load, and the corresponding 
stress is the proof stress or proof strength. 

The proof strength, as above defined, is less than the lilastic strength, 
because experiment has shown that a load less than that required to 
produce permanent set> may, if repeated a suflicacnt number of times, 
cause i^crinanent sot, and a load just under the elastic load will, after 
one or two ai)plications, generally cause ]>ermanent set. This ])roof 
strength is difficult to detcrmiiie, and in ]>racti(*c the term j»n>of stnmgth 
is often taken to mean elastic stnnigth. Also, the elastic strength is 
frequently taken to moan the stress when the first decided sot has taken 
place, as in mild sk^cl, when the yield point is re^ac'Iicjd. 

The load put upoTj a piece in ac’tual use is the, working load, and the 
corresponding .str(*ss is the worthing stress or workimj sii'cngth. For 
safety the working stress must bo less than the pr(W)f stress. The 
working stress is usually determined by dividing the ultimate stress by 
a number called a factor of safetg, but it may also bt^ fixed by dividing 
the proof stress by another factor of safet5^ • 

The value of the factor of safety to be u^ied in any particnilar case 
must be determined by experience ^nd judgment. Some of tho’' con- 
sidoratioiis which influence tlje value of the factor of sab'ty ani — (t) tlu^ 
dc.grec of certainty as to the inagiiitiuh* of the greatest load which is 
likely to act on the ]>iece ; (2) the character of the load, iw. whether it 
is a fixed or constiint load, or a constantly changing load ; (3) the 
consequences of a breakdown; (4) the reliability of the material usr^d ; 
(5) the aniount of dt^tcri oration or wear which may take ]dace In the 
X)iece wlieu in use, 

86. Stress-strain Diagrams. — If the strains and corresponding 
stre.sse<? on a loaded bar be jilotb^d in the usual way (Fig. 79), then since, 
stress^-r strain is a consUnt up to the elastic limit, the diagram up to 
this ]Kjhit will be a sloping straight line OA. After the elastic limit 
is roac1i(;d the strains increas#e more rajudly than the stresses, and the 
results ar<^ r(jpres(3Tited by a more or less irregidarty curved line AH 

So long as the cross section of *a loadfed bar does not sen^i^ly alter, 
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STRAIN 
Fio. 79. 


the stress is sensibly proportional to the laad, but ductile materials, such 
as wrought-iron and mild steel, alter considerably in 
cross section when loaded in tension or compression 
beyond the elastic limit, and the stresses are there- 
fore no longer proportional to tho load. For 
example, if a bar in tension has an area of cross 
section at the fracture equal to hall its original 
area, the actual stress at fracture will be twice 
the nominal stress, the nominal stress being equal 
to load — original area. If, therefore, tho diagram 
(Fig. 79) is a true stress-sti'ain diagram, it wdll 
not be a true load-ntrain diagram. In practice it 
is the IcwuFstrain diagram wTiicli is actually drawn 
by the autographic apparatus on a testing machine. The diagrams are, 
however, often spoken of as stress-strain diagrams wdien they should be 
called load-strain diagrams. ^ 

The actual form of the stress-strain diagram or load-strain diagram 
varies greatly for different materials. Different forms of the diagram are 
considered in Chapter XL 

87. Work done in Producing Strain. — 'J'he load-strain diagram is 
also a diagram representing tlie work done in j^roducirig the strain. In 
previous Artiiiles of tliis chaj»ter strain has been 
d(‘noted by xjl. Hence referring to Fig. 80, it fol- | 
lows that if OX represents a jiarticular amount of 
strain it wull by altering the §cale also represent 
tlio (juantity ./'. Lengths along ON then represent 
distances through whiclx the load acts, and the 
heights of the line OAT> above ON reiavsent the 
variation in tlio load as the bar is deformed. It 
foll(>w\s that thi^ w'ork done in deforming the bar, ^ STRAIN 
say by the amount OX, is rej ‘resented by the ai’ea 
of the iigure OAYX, where XY is per[>endicular 
to ON. (See Art 41, p. 25.) 

O 88. Rgsilianct ap d Shficfa^-Tlie work done in a barjii^ 

the elastic limit Is calle d t h e re^I tnf ce of iheji>ax* ITefermig to Flg^, 80, 
the aareti of the riaaiigle TJaS? rcjWsents tlio work done in strairiiqg the 
bar Up to the elastic l^nit. Jf the bar is in tension or compression, 
O.M " .c, the amount of extension or comprtjssieii, and AM is the load W 
at the elastic limit. Hence the resilience — wLere a is 

the area of the, cross section of the bar, and / tho stress at the dastic 

fl 

limit. Tint it lias been showui (Art. 88) that therefote 

but al is tho volume of the bar, therefore, putting V aZ, 


r 


jtd 1 

X 


a 


resilience ^ 

resilience ^ 
If tlie 


aJf^ 
2E ' 

V/2 

2‘e 

Taf 


strained to some point below tlio elastic limit the 

expression for the work done will still 1)6 but the stn^ss/ will not 

now be the stress at tho clastic limit, but 'will correspond to the strain 
produced.' 
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If w is the weight of a unit volume of the bar, then the weight of the 
bar will be Vw. Let k equal the height tlirongh which this #eight must 
fall in order to accumulate an amount of energy equal to the resilience of 
the bar, then ^ 

. - and li = - - -- . 

2E’ 2w;E 


Yioh. 


T 

» 

I 


U' 


The resilience of a bar is a measure of its Pow gr to resist a blow o r 
s^ck^mthou±.tak^^^ s^t- 

'^Buppose a bar AB (Pig. Bf) of length I and area 
of cross section a to be suspended from one end, and 
lot it have a weight W threaded on it as shown. If 
the weight is allowed to fall freely through a height h 
before striking the head formed on the lower end of 
the bar, the bar will longtlien an amount and the 
total fall ol^ the ^voight will be h + x. At the end 

of the fall the resistance olTerc<^ by the bar to 
further stretching will be af^ where / is the maxi- 
mum stress. The diagram of work done on the bar, 
assuming that* it is not strained beyond the elastic 
limit, will be a triangle whoso area h\fx will ef|ual 
the work done in stretching the bar, and this must 
equal the work done by the falling weight. 

Tiaorefore W(7i. + 



Imt 


E‘ 


Hence 




Solving this quadratic equation, ^ -• 

If = then ^ 

a 


"WTien the load W is ap]»lied gradually, as when tlie bar is stretched 
in a ttisting machine, tlu^ maximum stress, when tlie load is all oh, 
W 

becomes — , but if the full load is jnit on at once the luaxinuiiu stress, as 
2W 

shown above, is — . The effect ol a suddenly ai>]>liGd load is therefore 

to produce a stress double that produced wlieii the load is applied, 
gradually. 

Exercises Via. 


1. A steel wire 0'08 inch (iiainetor and TjO feet long is subjected to tension 
by a' load of 112 lbs. Determine (1) the stress in lbs. per square inch, (2) tlie 
elongation in inches, (3) the strain, and (4) Die work done, in inch-lbs., in pro- 
ducing the strain. E = 30,000, 000 H>s. j>or square inch. 

2. A steel x^iston-rod 2 inches diameter is subjected to a pull and thrust alter- 

nately. The tensile and qompressive stresses arc each HOfK) lbs. jicr square inch. 
Two points A and B axis of the rod are 4' feet apart when the rod is 

unloaded. Determine (I) the effective load on the piston, (2) the difference 
between the greatest and least distances between A and B. E — 30,000,000 lbs, 
per square inch. 
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8. A ferro-ooncrete column is 12 inches square. The principal reinforce- 
ment consists of four longitudinal steel bars placed near the angles of the 
column, and having an aggregate cross sectional area of 11 square inches. The 
load carried by the column is 50 tons. Determine the compressive stresses in 
the concrete and steel, in lbs. per square inch, assuming that the modulus of 
elasticity of the concrete is one-tenth that of the steel. 

4. A steel tube, 1'25 inches internal diameter, 0*104 inch thick, and 12 feet 
long, is covered and lined throughout with copjier tubes 0-08 inch thick. The 
three tubes are firmly united at their ends. This compound tube is subjected 
to tension, and the stress produced in the steel tube is 9000 lbs. per square inch. 
Determine (1) the elongation of the tube, (2) the stress in the copper tubes, and 
(3) the load carried by the compound tube. E = 30,000,000 lbs. per square inch 
for steel, and l(i,000,0(X) lbs. per square inch for copper. 

6. The coTupbund tube in the preceding exercise is raised in temperature 
200® F. Find the stresses in the steel and copper, and the increase in length of 
the tube. Also, wliat must be the magnitude of the forces, which, applied to the 
ends of the tube, will prevent its exjmnsion? Coefficients of expansion of steel 
and copper O’OOOOOC and 0*0000095 respectively per degree F. 

6. If a thin circulaV hoop is strained and remains circular, prove that the 
circumferential strain is equal to the dmmetrical strain. 

7. A cylindrical steel hoop has an mternal diameter 20 inches, thickness 4 
inch, and breadth 1 inch. A second steel hoop has an internal diameter 21*97 
inches, thickness 0*7 inch, and breadth 1 inch. The second hoop is expanded 
by heating and is then shrunk on to the first h()Op. Determine (1) the new 
internal diameter of the first hoop, (2) the tensile stress in the second hoop, and 
(3) the compressive stress in the first lioop. E = 30,000,000 lbs. Tier square inch. 

8. Referring to the hoops of the preceding exercise. Find 4hat^must be the 
internal diameter of the second hoop so that the stress in it when it is shrunk 
on to the first will be 10,000 lbs. per square inch. Then determine the stress 
in the first hoop and its new internal diameter. 

9. Calculate the length of a bar of uniform section whose density is 0*28 lb. 
per cubic inch, and whose ooeflicient of elasticity is 28,000,000 lbs. per square inch, 
which wlien hung from one end causes a maxiniuiii tensile stress in it of f ton 
per square inch. Find also the increase in its length duo to the tension. 

10. A vvrought iron bar 25 feet long is 2 inches liameter fflj^ of its 

length, Ij inches diameter for 7 feet of its length, and inchesn^’^iaillfeter for 
the remainder of its length. This bar is in tension, and the stress on the smallest 
sections is 12,000 lbs. per square incdi. Taking E — 28,000,000 lbs. per square 
inch, find the total elongation of the bar. 4 

11. In testing t o destruction a piece of mild steel, 0*937 inch diameter, in 
t ension, a. load-strain diagram was taken. The diagram showed the elongations 
full size, and the loads to a scale of 5 tons to 1 inch. The length of bar under 
ob.servatioii was 10 inches. The total elongation after frattLure vras 2*40 inches. 
The area of the diagram, meaMired with a planimeter, was 7*47 square inches. 
Detcnnine («) Mie amount of work rejireseiitcd by the diagram, (6) the work 
done in straining the bar up to the elastic limit, taking the length as 10 inches, 
having given, load at elastic limit 9 tons, and modulus of elasticity 29,900,000 
lbs. per square inch. Also^c) express (<i) as a multiple of (/j), 

12. Calculate the resilience, in fl.-lbs., of a cubic inch of steel, in tension, 

faking the clastic limit at 20,0()0 lbs. per square inch, and the modulus of elas- 
ticity at, 30,000,000 lbs. per square inch. ^ 

13. A steel bar 1 inch diameter and 6 feet long is put in tension by a force 
of 3 ttins applicfl suddenly. Determine the maximum stress and the maximum 
elongation prodiicerl. E .30,000,000 lbs. per .square inch. 

14. Tf a bar h inch in diameter si.i etched J (>f an inch under a steady load of 

1 ton, what stress would be produced in tbe n>d by a wtdght of ir)0 lbs. falling 
through 3 inches before commencing to stretch the rod. The rod is initially 
nnstressofl. (U.L*"] 

16. A steel rod, 2 inches diameter and 30 feet long when unloaded, is sus- 
liendod from one end, and has a weight of lOtK) Ibj* threaded on to it. The 
weight is allowed to fall freely from a height A=^ %ich on to a head formed 
on the lower end of the rod. Find the maximum stress produced in the rod. 
Also, find h so that the maximum stress may be 10,000 lbs. per square inch. 
E— 30,000,000 lbs. per square inch. 
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Takizlg tho streets at the elastic limit as Hi, 000 lbs. per square inchi oal- 
oulate the rcjsilience of the bar referred to in Exercise 10. 

X7. Be- work Exercise 15, assuming that there is a steady load of 1 ton banging 
from the lower end of the bar before the blow is applied. 

18. IP the maximum crushing stress of a punch is four times the maximum 
shearing stress of a plate, show that the smaUest hole which can bo punched in 
the plate has a diameter equal to the thickness of the jjlate. 

t/89. Eiveted Joints. — Considering first a simple form of riveted joint, 
such as the double riveted lap joint shown in Fig. 82. When this joint 



Fig. 82. 


is subjected to tension it may give w’^ay (1) by the tearing of the ]»late8 
betw'(‘eii tho*rivets, as slioun at (o) ; (2) l)y the sluiaring of the rivets, as 
shown at(/^) ; (?*) by the crushing of the rivets f>r of t])e parts oi llie jdates 
in couta(tt with them ; (4) by the breaking of tlio plates between their 
outer edges and the rivet ]i(»l(‘s, us shown at (c). 


= pitch of rivets. ^ tensile stress in plates. 

I?" = diameter of rivets. shearing stress in rivt‘ts. 

^ — thickness of ]>lates. = crushing stress in rivets or plates. 

Considering a strip of the joint ecjnal in wddtii to the j)itch^>, 
Resistance of this strip to tearing (p — 

,, ,, „ sliearing-*- x 2. 

„ ,, „ crushing - X 2. 

Tn the Iasi of th(\se expresj^oiis the bearing area of the riv<'t on the 
]»late is taken as its jinyected ar('a on a plane containing the axis of the 
rivet and j)erpendicnlar to thc^ direction of the jiressiire. 

If the valur^s of tho strea«(.*s /,, /,, and be given, then tlie three 
expressions above must be equal to one anotlxer. This gives two equations 
to determine p and cL Solving these equations, 




Wr 

Kf. 


and 2^- 





} 


The stresses and can usually be definitely settled, but for materials 
used in rivtded j<»ints the valin* of the stress /, is more difficult to decide. 

Very often the diameter of the rivets is fixed empirically, and the 
yiiaistiaBue to'fearmg is then equated to the resisti\ncb to shearing to de^r- 
mine the pitch, in tlial case the crushing stress should then be calculated 
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by equating the resistance to crushing to either the resistance tee^rwe 

oTt&rresfes^^^riM. ' 

thoffliao^O^iga^pt a riveted Joint to the str^h of the solid 


%.iafao of ti^S^g^pt a riveted Joint to the stren^h of the sphd 
plate is^cMled The eflSciency is ^Jed oxiher 
ttie tearing, IbKe shearing, or tfie crushing efficiency, according to the kind 
of resistance wliich is taken as the strength of the joint. The resistance 
of the solid plate being pff^^ the various efficiencies for a double riveted lap 
joint are 

Tearing efficiency = * 

Shearing efficiency • 

Crushing cffiidency = ^ 

' . P¥i Pfi 

It is usual to express the efficiencies as i)ercei)tagos by inultiplyi 4 g 
the above by 100. 

The lowest efficiexxcy ia the real effideucy of. thejoint 

To r esist tlic rupture of the plate l>etwccn its edge and the rivets, 
as shown at (c), Fig. 82, it has been found by experiment that if tbi^^ 
least distance between the edge of the plate and the nearest rivet i^ 
(Miual tf) the diameter of the rivet this is sufficieut, and this is the rule 
followed in practice. • 

For simjtlo hip joints other’ than the double riveted joint which has 
been considert‘d, tlie multiplier 2 wdiicli w^as u.sed in the expressions for 
the resistance to shearing and the resistance to crushing must bo changed 
to n, wdicre ?i denotes the number of rows of rivets in the joint. 

Tlie dett^rmi nation of the strength and proportions of riveted joints 
other than sijn]»le. lap joints i>re8ents no particular difficulty, but a few 
cases will now bo consid(i*ed briefly. 

Fig. 83^ shows an ordinary doiilde riveted butt joint with two cover 
straps. Considt'.ring a strip of the joint equal 
in wiilih to th(; pitch and using the same 
notation as before. 

Resistance to tearing == (}) - d)fft . * • (1) 

„ ,, shearings 2 x 2 ^ . (2) ' 

„ ,, crushing— X 2 ... (3) 



2 //* 

Equating (2) to (3) = . ... (4) 

2iff f ^f\ 

Equating (1) to (3) and substituting from (4) V — ^ 


If d is given, or fixed empirically, equate (1) to (2), thou 


and equating (2) to (3) 
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Of the two factoFK 2 x 2 in expression (2), one is for two rivets 
and the other is for two sections of each rivet, the rivets being in 
double shear. Exj>eriinont has shown that the strength of a rivet in 
double shear is twice that of the same rivet in single sliear. The 
Board of Trade, however, only allow a load on a rivet in double 
shear equal to I ’875 times the load allowed on tlie same rivet in single 
shear. 

If each cover strap carries half the load on the joint, it is obvious 
that each sliould have a thickness equal to 
Itf but in practice the straps in an ordinaiy 
butt joint have a thickness equal to 

Fig. 84 shows a treble riveted butt joint 
with two cover straps, in which the pitch 
of the rivets in the outer rows is twice tho 
pitch of the rivets in the other rows. In 
this form of joint, and in all joints where 
there are fewer rivets in the outer row^s 
than in the others, there is another “way 
in which the joint may fracture in addi- 
tion to those already t‘onsidered, viz. the 
outer row' of rivets may shear, and at the 
same time the plate may tear between tho rivets of tlio next row. 

Considering a strip of the joint equal in width to the greatest 
pitch « 

Resistance to tearing btitween rivets of outer rows — Q)- • . (1) 

„ „ shearing = p- X 5 X 2/.-= ^2) 

Resistance to shearing of rivets in outer row and tearing between 
rivets of next row — x *1J\ + {p - ^ 

Resistance to crushing— -W//). (1) 

These four exprcissions yield three equations to dcteruiine p and d if 
all the strc'sses are giveJi, and this is more than sufficient. 



Equating (1) to (:^) . (5) 

Equating (1) to (2) and substituting from (5) ^ (k/. 

Equating (2) to (4) an5 substituting from (">) /r 
►Since the safe crusliing stress is always greater than the safe tensile 
stress, it is evident that, with tlie i)ro£)ortions deduced above, the joijit 
will have an c'xcess of crushing strength. 

The combined resistance to tearing of the two cover straps is 
2(/> - where f , is tho thickness of eacli cover strap. Equating 

this to (p - d)tf ^ , the resistance of the plates to tearing, In 

practice this woutd be made ^ y Making p = then . 
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Fig. 85 shows a tie-bUr joint. Here a bar of width h and thick- 
ness i has a lap joint in it containing 
nine rivets arranged as shown. This 
joint may give way (1)^ by tearing at 
A or E ; (2) by shearing of all the 
rivets; (3) by tearing at B or T), and shear- 
ing at A or E ; (4) by tearing at C, 
and shearing at A and B or at !> and 
E. The values of these various resistances 



Fig. 85. 


are- 


ih-d)ff, . 

• . (1) 

+ 

(3) 

4 

. • (2) 

(?> — Sd)fft + 

(4) 

The strength of the Aolid bar 

is btfiy and the various efiiciencies 

are 

h~4 

h ■ 

- . (1) 

{h^2d) 7rd% 

h 

(3) 

{iTTdrf, 

M>tft ' ■ 

. . (2) 

(h - M) ?>Trd% 

7. "a /'y /• 

(4) 


Then* is only one diinension to determine, viz. and a value of A 
may be found l)y (Hpiating any two of the four expreSvsioiivS which give 
the resistance oi tlie joint. Six possible values of d may be found in 
this way, but generally there is only one value which will give the highest 
inininium efficiency of joint. 

The most satisfactory way of finding the ]>est value of d, is to ]>lot the 
various t‘fficicnci(\s for difibrcnt values of dy as .‘.bowm in Fig. 86. In this 
case h has been taken e(jual 
to 10 inches, t—\ inch, and 
f, The best diameter of 

rivet jnust bo urnhu' the inter- 
section (»f a pair of effi<*iency 
ciirvt',s, and an inspection of 
the figure sliows that the dia- 
nu‘tf^r wiucli gives the best 
(‘ificiency is under the inter- 
section of (2) and (3). This 
diameter is 1‘23 inches, and 
the minimum efliciency is 85T» 

])er cent. Tn plotting the elficiency curves it only necessary to show 
the j)arts in the ncighb(»urh(wd of their intersections. 

A butt joint wdth two cover straj^s, sncli as is shown in Fig. 87, is a 
more satisfactory joint for a tie-bar than the .. 

la]> joint, because in tlu'. casc^ of the butt joint c ^ ^ 

the pulling forces on opposite', sides of the 
joint an* in the*- same i)]ane, whereas in the ) 
case of tlie lap joint the jailling forces are in j 
different planes, and in conset]uence there w | 
a beudiiig action on the bar in the neigh- \ 
bpurhood of the joint piQ, gj, 
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Thin Osrlindrical Shells. — A thin cylindrical shell or pipe (Fig. 88) 
of internal diameter d, thickness 

and length I in exi>osed to internal .yfV* 

fluid pressure of intensity p. Let I ^ 

the shell be divided into two equal ^ ^ i U 

parts by a piano of section contain^ 1 J ^ Fft- "s 

ing the axis. The resultant R of j H 

the pressure on cither of these 

parts is evidently independent of i 

the shape of the other part. Let „ 

the otlier part l>e replswccd by a flat ^ 

plate, as shown in Fig. 89. Then the resultant j^rcvssure on the flat 

plate is S=p^?/. But S must balance R, therefore R = S— 

If ./i is the stress in the material of the shell at the plane of secthui, 
then 11 =pdl 2f/ff or pd = 2//}. 

If the shell has longitudinal riveted joints whose efliciency is c, then 
2)d^2ffte. 

The assumptions made in determining the last two (X|uations are, 
(1) that the stress /^ is uuifoniily distributed over the section of the shell, 
and this is justified if the shell is thin compared with its diameter; (2) 
that the shell <lcrives no assistance from the ends, and this is justified 
if the cylinder is not very short compared with its diameter. 

The resultant pressure on the ends of the shell is I'he 

resistance of the shell to tearing at a section perpendicular to the axis 
is therefore ^<frp — Trdf/] or 2^d^ iifty which shows that the resist- 

ance to tearing at a circumferential sectum is twice th(^ resistance to tearing 
at a longitudinal s(?ction, the ctfect of the riveted joints being neglected, 

91. Thin Spherical Shells. — By the method of the preceding Article^, 
and using the same notation, the resultant pressure on one half of the 

shell is and the resistance to tearing is Trdf/f^ therefore 

4 4 

or d2f^4:tfi, 

^92. Centrifugal Tension in a Revolving Hoop. — Each ]>art of a 
hoop revolving about its axis t<mds to fly outwards because of centri- 
fugal force, and as that of au 

fluid pressu re acting on it , 

EeFcThe the area of the cross section of tlie hooj> in s(]eiare inches ; 
w the weight of a cubic inch of the material in , 

pounds ; v the linear velocity of the hoop in feet 
per second ; and d the diameter of the hoop in | 

inches. The hoop is supposed to be thin conq^ared ^ j 

with its diameter, r ^ [ J r 

The weight of a portion of the hoop 1 inch j 

long is aw lbs., and the centrifugal force q of this i 

qK>rtk>n is 2iaw&^ jgd. Each incli of hoop will 
have the same amount of centrifugal force acting 
on it, and the result is a uniformly distributed ' ' 

radial force acting on the hoop, as shown by the small arrows in Fig. 90, 
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Prom the analogy between this case and that of a thin cylindrical shell 
under fluid pressure (Art. 90) it may be concluded that R, the resultant 
of the centrifugal forces qq .... on one half of the 
hoop, is equal to dq = and equating this to 

thcresistanceof the hoop to bursting, 2a/^ = 2^:auw^jg^ 
therefore = 1 'Iwv^lg^ wliere ft is the stress (in lbs. 
per square inch) due to centrifugal force. 

The foregoing result may be demonstrated in 
another way. Consider a small j)ortion of the hoop 
(Fig. 91) subtending an angle 6 at the centre. 

This is in equilibrium under the action of the 
centrifugal force P and the tensions TT. The 
w eight of the jwrtion under consideration is \awd0^ 
and F - X^awQi^lg. From the triangle of forces 
Y ^ TO, since 0 is a very small angle. Also T = fa, 
tlierefore T6==^fta6^ l'2cttc0d-!g, and == 

‘ 93. Gottered Joints. — Fig, 92 shows two bars of diameter d joined 
together with their axes in the same straight line. The upper bar is 
enlarged at its k)wer end to form a socket, which fits over the enlarged 
upper end of tlie lower bar. A cotter passes through the two as shown. 
It will be assumed in what follows that the two 
bars are made of the same material, and that they 
are iu tension under a load T. 

For the parts of diameter d, 







0) 


The w’^eak(!st cross section of the part of diameter 
(7^ is at the cotter hole; where the area of ilio cross 

section is very nearly and therefore 





(•^) 


i 


The weakest part of the socket is the cross section 
at the cotter hole, when', the area is 
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therefore 




(3) 


The cotter will shear at two .sc«tioiis, therefore 

T-2W/, (0 

Tlie bearinj^ area of the cottc'r on the. lower bar in d^f, therefore 

T = .V/« (5) 

The bearing area of the e,otter on the socket is (Dj — thwefore 

T-(i)i-^fiy/c (®) 

Assuming T and the .stresses to fw known* the foregoing six eciuatioua 
arc sufficient for determining the dimensions d, d^, 1), D^, 6> and t. 
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Exercises VIb, 

Tn the following exorcises on riveted joints, i=r thickness oC plates, dia- 
meter of rivets, p — pitcli (or greatest pitch) of rivets, all in inches. In all oases 
where p has to be deterniined the result is to ho stated and taken to the nearest 
eighth of an inch, and where d has to be found, the result is to be stated aifd 
taken to the nearest sixteenth of an inch. 

Unless otiicrwise stated the tenacity of tlie plates is to bo taken at 28 tons 
per square inch, and the resistance of the rivets to shearing at 2B tons 
square inch. 

1 . In a single riveted lap joint andp = 2. Oalcuhite the efliciencies, 

and find the crushing stress on the rivets when the joint gives way by tearing, 

2. A treble riveted laj) joint has the following dimensions J liV, 
and p = 3J. jCalculate the efficiencies, and find the crushing stress on the rivets 
when the joint gives way by tearing. 

3. Find p for a double riveted lap joint in which and Then 

calculate the riffioiencies. 

4 . Design a double riveted lap joint for plates -J inch thic,k, and find the 

efficiencies, having given /f = ()-8/^ and/ff= l*3/f, ^ 

6. In the treble riveted lap joint shown in Fig. 93, ^ and yr 4®. 

Calculate the efficiencies of the joint. 

6. Having given t-]h d('termiiie d and p for 
the joint shown in Fig. 93, so that the three 
Xirincipal efficiencies shall be as nearly equal as pos- 
sible (d being to the nearest sixteenth, and p to 
the nearest eighth of an inch), then calculate the 
efficiencies, 

7. Plates 1 inch thic'k aie counocti'd bv a Ireblo 

riveted butt joint with two cover straps. Tln^ pitch 
of the rivets in the outer rows is twice the ] fitch of 
those in the other rows, and the dianufier of tlu' 
rivets is 1 inch. Taking the rcsistanec of riv<'ts‘ in 
double shear equal to 1*75 times their resistance FiiJ. !)3 

in single shear, determine p (to nean ^t eighth of an 

inch) foi evqaal tearing and slu'ai ing resistances, "then dot<‘rniine the efficienci(‘s. 

8 . Same as preceding exercise, except that the resislance of rivets in double 
shear is to be taken equal to twice tlunr resistance in single sh(‘,ar 

9 . In a riveted joint of the form shown in Fig. 94, ond ;> 7. 

Taking the shearing resistance of rivets in double 
shear tiqual to 1*75 times iheir resistance in single 
shear, determine the efficiencies of thw joint-, 

10 . Determine p and d for liar joint shown in 

Fig. 94 wc) that the eflicicne.ies maybe as 

nearly as possible equal to one anot.h.T, taking p to 
the nearest eighth, and d to the noaiesl- sixltumt h 
of an inch. Tiike shearing resistance of rivets in 
double shear equal to 1*75 time« their resistance to 
single shear. Grive tlio efliciencies. 

11 . In a double riveted lap joint J, d-=l, and 
p=:2J. Find the effieiemdes. This joint is streng- 
tliened by the addition of a cover strap, as shown 
in Fig. 95. The rivets at A and B being J- inch 
diameter, and 5J inches jiitcli. Calculate the 
efficiencies of the altered joint. 

It, The tie-bar lap joint shown in P'ig. 96 lias rivets } inch diameter. The 



Fkj. 94. 




Fig. 95. 


Fig. 96. 


Pig. 97. 
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bar is 6 inches wide and J inch thick. Determine the lowest efficiency of this 
joint, and describe how it will give way, 

13, A tie-bar 5 inches wide and } inch thick has a lap joint in it, as shown in 
Fig. 97. The rivets at A and B have a diameter d, and those at C and J) have a 
diameter Find the best values of d and (to the nearest sixteenth of an 
inch) so that the eflicioncies may be as nearly as possible equal tQ one another. 
Give the officieiicies. 

14 . Taking the joint referred to in the preceding exercise, but making all 
the rivets of the same diameter, jjlot on squared paper the various efficiencies of 
the joint fgr different sizes of rivers up to 1 J inches diameter. 

16. Determine the best diameter of rivets (to the nearest inch) for a tie- 
bar butt joint wdtli double coyer straps, aud 12 rivets in all, arranged as in Fig. 
87, p. 76. Width of bar, 9 inches; thickness, f inch. fg=0-Hft* Hesistance 
of rivets in double shear =1*75 times their resistance in single shear. Find the 
lowest efficiency of the joint. 

16. A cylindrical boiler shell is 7 feet in diameter, and the plates are f inch 
thick. The longitudinal riveted joints have a tearing ofhciency of 70 per cent. 
Find the steam pressure which will cause a tensile stress of 6 tons per square 
inch in the plates betwyien the rivets. Also, what tensile stress will this steam 
pressure produce in t he plates between the rivets of the eircumferentaal joints 
which havtf a tearing efficiency of (10 )>er cent. ? 

17. The end plates of a boiler shell are inch thick, and are di.shed to 
a ra<Uus of (1 feet. Find the tensile stress in these plates due to a steam 
pressure of 150 lbs. per square inc.h. If the thickness is altered from inch to 
A inch, to what rarlius must, the end plat(?s be curved so that the stress .shall be 
unaltered under the same steam pressure ? 

18. Find the centrifugal tension (in lbs. per square inch) in the rim of a 
cast-iron tly-wheel 25 feet in diameter when running at 250 revolutions per 
minute. Weight of cast-iron = 0*20 lb. jru* cubic inch. 

19. Determine the speed, in revolntions per minute, of a cast-iron fly-wheel 

20 feet in diameter when tiie centrifugal tension in the rim 
is 4250 lbs. per square inch. Weight of 1 cubic inch of cast- 
iron =02(1 lb. * 

20. Fig. 98 shows the lower end of a foundation bolt ; 
the part A is round and of diameter the part B is squaie 
in cross section, s being the side of the square. The cifective 
width of the cotter is h, and its thnikness t. Taking 

H'Ud /=I5, all in tons per .‘?<juare inch, oxiiress 
the dimensions />, and t in terms of </. 

21. Keferring to the bolt of tlie preceding exercise, if 

f( , /s" fr- 5 tons ][Ter square inch, and P— 10 tons. 

Find the dimension^ (/, h, and t in inches. Frc. 98. 

22. Referring to the joint shown in Fig. 92, p. 77, if 

,f< l5,/^=8, and ^^.= 0, all in tons per square inch, determine du h, t, D, and Di in 
terms of d. 



- 94. Simple Torsion.- — If two erjual and opposite paralltd forces P 

and Q act at opposite ends of a straight lev(*r (h’ig. 99) which is fixed 


to ii shaft 8, and which lie.s in a 
])lane at right angles to the a.vis 
of the shaft, then, tlic forces P 
and Q (cannot be balanced by any 
single force, 7.c. they have no 
single force for their resultant, 
from wdiich it follows that the 




forces P and Q will only tend to 
rotiite the shaft about iLs axis. 

If the lines of action of P and Q bt at )tu*]»endicular distances a and h 
respectiv ely from the axis of the sln/ft, then tlft‘ him mg vtomert f^ tvnsting 
moment^ or toniue will be measured by Pa + Q^ = T, But since P — Q, 
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then T = V(a := PR. If P is in pounds and R is in inches, then T will 
be in inrJtrpmmdft. Tlie inch-pound is generally the most convenient unit 
for the torque on a shaft, but the foot-pound^ foot-ton^ and incMon 
are also used. 

If T is the torque on a shaft in inch-pounds, N the number of revolu- 
tions per minute, and H the h'orse-]x>wer transmitted, then it follows that 
„ 27rRPN ttTN . 

12x33000 6x 33000’*^ 

95. Angle of Twist of a Shaft. — Let a shaft of length f, radiuf 
or diameter d ho subjected to pure torsfion by torques each equal tc 
applied at its ends, as shown in Fig. 100. A straight line AM drawn ^ 
the surface of the shaft and parallel to the axis when the shaft is 
unstrained, will become a helix when the shaft is twisted. This follows 
from the following consideration. If the shaft be diyide<l into a number 
of parts each of unit length by planes perpendicular to the axis each j)art 
■will be subjected to the same torque, and the angular movemctit of one 
end of each ]>art of unit length relative to the other end will be the same, 
and therefore the angular movement of one el^d of the shaft relative to 
the other end will be the sum of the angular movements due to each 
part, and therefore the movement of A relative to M, namely, the arc 
AB, will be projiortional to /. 

If a small square MN be drawn on the surfaSce of the shaft when the 
latter is unstrained and having a side on* AM, this square, shown 
enlarged to the left of Fig, 100, will become a parallelogram. If this 



square bo the outer face of a thin layer of materia] on tlie shaft, then the 
edges or narrow faces of this V^yor are subjected to shear strtjss of, say, ai 
intensity/, and the shear strain is xjV = xll where x is the length of the 

arc AB. But shear strain == — therefore :vfl^f/C or 

modulus of rigidity 

X ] f d is the. angle of twist in circular measure, then 6 = x/r = 2x/dj 

but X = /?/C, therefore 6 - - > 

If n is the angle of twist in degrees, then since 0/7^=*?^/18O, 
360// . 
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In stating that tho shear strain on the small square element or thin 
layer MN is equal to x*ll\ it 'is assumed that only the edges of that 
layer are subjected to shear stress, and that there is no stress on the 
square faces. It is obvious that there cannot be any stress on the outer 
square face, and since the angular movement of each particle of the shaft 
about the axis of tho shaft is proportional to its distance from that axis, 
particles Avhich are on the same radial line when the shaft is unstrained 
dll remain on that line as the latter revolves ; there cah therefore be no 
j Native movement between the layer MN and the layer next it within 
le shaft, and therefore there cannot be any stress on the inner face of 
ulie layer MN. 

96. Moment of Resistance of a Shaft to Torsion. — It has been 
shown that the angle of twist of a circular shaft is 0 = 2/Z/Cri or fljCr, 
Hence f~ 0Cr//, and for given values c>f 0, C, and /is j)roportional to r. 
Now for all parts of a^given shaft subjected to a given torque, 6, C, and I 
are the same, therefore if a circular shaft be concoivocl to be made up of a 
number of thin tubes, tlj^ shear stniss on any one of them will be pro- 
portional to its radius. Let be the mean radius of one of these tubes, 
the area of its cross section, and /^ tho shear stress on it. Then fjf- 
or/j = rj//7*. The total shear stress on the cross section of this tube is 
/^a^, and the moment of this about the axis is Hence the 

moment of resistance of this tube to torsion h^a^r{ 'sphere L is 

r r 

the polar moment of inertia of the cross section of the tube about its axis. 
In like manner the moiiient of resistance to torsion of each of tho other 
tubes is the factor fjr multiplfed by tho p(^lar moment of inertia of its 
cross section about the axis. Hence M, the moment of resistance of the 
wliole of the tubes, or ot tho solid shaft, is fir multiplied by the sum of 
the j)olar moments of inertia of the separate annular parts of the cross 
section, which is LMjiial to f/r multiplied by the jxJar moment of inertia 
of the whole cross section. But the polar moment of^a circle of radius r 

. . 7rr^ 

about an axis through its centre and pcrpeiidicular to its plane is — , 
thcT«-foro M = ^ry=--;</=y. 

Tlie following is another way of determining the moment of resistanco 
of a circular shaft to torsiem. Coiisidc'T a small sc(‘tor OAB of the cross 



section of the shaft (Fig. 101). The full seetbn of the shaft is shown 
at (a). The part in the neighbourhood of the sector is shown enlarged 
at and an oblique view of this is shown at {(*). Let / denote tho 
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intensity of the shear stress along AB. Let perpendiculars to the sector 
be erected all over its surface to represent the intensity of the stress at 
each point, and consider for the moment that the str(?ss is perpendicular 
to the i>lane of the sector. These perpendiculars will be enveloped by a 
pyramid OAHFH, in which AH and BF are each ecjual to /, The 
volume of this pyramid will be the magnitude of tlie resultant 11 of the 
stress over the sector, and Ihis resultant will act throngh (i, the centre of 
gravity of the pyramid, and its line of action will be perpendicular to 
OAB, meeting the latter at The real line of action of B is in the plane 
of OAl^ and perpendicular to O^, as shown at (a). The moment of 
resistance of the s(^ctor to torsion is R x O^. But R is equal to the 
volume of the pyramid OABFH = ABx/x Jr, and Of/=5r. Therefore 
R X 0.7 = AB X \frK The moment of resistance of the whole section will 
be R X O7 multiplied by the nuuilxT of times that the circle contains the 
sector OAB, that is, by the number of times tliat the circumference of 

2'7rr 

the circle contains the arc AB, wdiich is Therefore 


M = ABx 


27rr 

"" AM 



\a 


dlf. 


If the first method adopted in this Article for finding the moment of 
resistance of a solid circ-ular sliaft to torsion be applied to a hollow 
circular shaft (Fig. 102), it follows that the moment 

f 

of resistance of the hollow shaft is -- nmltipliisl by 

1 1 

the* polar moment of inc'rtia of the section, i.e. 
f i\ '7r/D^—cP\, 

The moment of resistance of the Imllow shaft 
may, howev(T, bo deduced directly from the Tuoniont 
of resistance of the solid shaft as folloMs. Tlie mo- 
ment of resistance of a solid shaft of tlianieter D is 

TT - 



The moment of resistance of a solid shaft of dlanii'-ter r/ /r/w/i it 


16 


forms the eeniral ‘portion of the other is ^ '^'^here./j is tJio shear stress 

at radius r bixt Hence tlie moment of resist- 

,,t the hellett eheft is ''')/• 


anco 


97. Formulae for Shafts subjected to Simple Torsion. — It will be 
convenient to collect here the formulie which have been pro veil in the 
three preceding Articles, and give several additional formulie easily 
deduced from them. 

T = torque or twisting moment on sliaft in incli-iiounds, 

N = number of revolutions of shaft ])er minute. 

H = horse-pow^(!r transmitted by shaft. 

I = length of shaft in inches. 
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d =s diameter of solid shaft <yi* internal diameter of hollow shaft in 
inches. 

D=i external diameter of hollow shaft in inches. 

• maximum shear stress on shaft in lbs. per square inch. 

C = modulus of rigi<lity of .shaft in lbs. per square inch. 

0 = angle of twist of shaft in circular measure. 
n == angle of twist of shaft in degrees. 


For both Solid and Hollow Shaft s — 


„ 27rTN' 

12 X 330U(j ■ 

,p_12x 33000H 

27rN 

For Solid Shafts — 


1! 

f IGT 

•' 'tt#' 

. 2//' 32T/ 

C,r7rCdi' 

3G0/Z 360xl6TZ 
” IrCd ■ ' 

For Hollow Shafts — 


™ TT /!)■* -r/'X . 

IGV ■■ if A' 

f IGTD 

Q 2/1 32TZ 

~CD Tri !(IJ* - ■ 

360// 360xl6T? 

'' ;rCD 7r-'(:(J)^-f/*)’ 


'^'^98. Helical Springs.- It lias already been shown that it* a shaft or 
wdre of diameter d. and length / be sulgectod to a torque T, the angle 

of tAVUSt is 6^ = 


Also, if f is the maxhinmi shear stress, T= 

1 0 


Tri^il^ 


and 0^ 


2fL 

Oi' 


Noav suppose the wire to bo bemt round so that its axis forms a semi- 
circle of ra(iius II, and lot tw^o radial arms All and CD be connected to the 



Fici. 103. 



Fio. 301. 


free ends of the wire, as shown in Fig. 103. If forces PP be applied to 
the inner ends of those arms, the fences acting through the centre of the 
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semicircle and perjiendicular to its plane, the wire will be under a torque 
equal to PR. The length of the wire is irR. Hence the total angular 

movement of the two arms is 0 = -- , and the relative movement of 


A and C is 




. The half ring shown in Fig. 103 corresponds very apjiroximately with 
a half coil of a helical spring (Fig. 104), in which the slope of the coils 
is small. 


Extending the above formulae for the half ring (Fig. 103) to the 

helical spring (Fig. 104), if n is the number of complete coils, then siiicii 

. 1, ir 1 32PIl» ^ f -1*5 64PR% 

for one half coil , the extension for n coils is 6= — . 


Also, 


Therefore also, 3 == 


Cri ' 


and P = 


IGli GiUhi' 


The length of wire, I = 27rR?i, nearly. 

The above formulaj also ai)})ly -when the load is reversed, so that the 
spring as a whole is in compression. 

Helical springs are also called cylindrical spiral springs 


Exercises Vic. 

1. Find tlio twiS'ling nunnent in inch-pounds on a shaft which transmits 
50 horse-power at a speed of 120 re-volutions per minute, and calculaio its 
diameter, taking the maximum stress at 9000 lbs. per square inch. 

2. The turbine shaft of a 5 horse-power Do Laval steam turbine is 0*2J ^5 
inch in diameter, and its sjiecd is 30.000 revolutions per minute. What is the 
maximum stress on this shaft when transmit.ting 5 horse power ? 

3. A shaft transmits JOO horso-power at 120 revolutions per minute. The 
/maximum torque is 1'4 times the mean torque, and the maximum stress is 

9500 lbs. per square inch. Find the diameter of the shaft.. 

4 . The diameter of a shaft is 9J inches. Determine the hor.se-power trans- 
/mitted when the maximum stress is 9000 lbs. per square inch, and the speed is 

130 revolutions per minute. Xlie couplings of this shaft have each six bolts 
2| inches diameter, whose centres lie on a circle If^ inches diameter. Find the 
average shear stress on the bolts. 

6. A cast-iron flanged shaft coupling has six bolts IJ inches diameter. The 
axis of each bolt is 72 inches from the axis of the shaft. Diameter of shaft, 

inches. When the maximum shearing stress on the shaft, due to the twisting 
moment, is 10,000 lbs. per square inch, what is the average shearing stress on 
the bolts ? 

6. If a shaft 2 inches diameter safely supporls a torque of 15,000 inch- 
pounds, what torque would a shaft of the same material 5i inches diameter 
support with the same factor of safety? What horso-j lower would the former 
shaft transmit at 1.50 revolutions per minute, and what should hf3 the speed 
of the latter to transmit flOO horse-iiower. 

7 . Determine the horse-power transmitted hy a hollow steel shaft whoso 
external diameter is 18 inches, and internal diameter 12 inchiis. The speed 
is 90 revolutions per minute, and the maximum stress 10,000 lbs, per square 
inch. 

8. A hollow steel shaft, external diamet er f/, internal diii meter Id, is subjected 

to pure twisting, and transmits 8000 horse-power at a spee<l of IJO revolutions 
per minute. Taking the maximum shear stress at 9000 lbs. per square inch, 
find d, ^ 

9. A hollow steel shaft is made to replace a solid wrought-iron one of tho 
same diameter, the material being 35 per cent, stronger than the iron ; find 
what fraction of the outside diameter the internal diameter may be, and. 
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neglecting the couplings, find the percentage saving of weight by the substitu- 
tion, assuming that the steel is 2 per cent, heavier than the wronght-iron. 

10. A steel shaft 2J inches diameter, which is subjected to pure twisting, is 
60 feet long, and is driven at one end, while the power is taken off at the other. 
One end of the shaft moves 30° in advance of the other. Find (1) the maximum 
shear stress, (2) the torque, and (3) the horse-power transmitted at 180 revolu- 
tions per minute. C = 13,000,(X)0 lbs. per square inch. 

11. A wrought-iron shaft 3 inches diameter and 40 feet long is subjected to 

pure twisting by couples at its ends. The maximum shear stress is 9000 lbs. 
per square inch, and the speed is 120 revolutions per minute. Determine the 
horse-power transmitted, and the angle of twist in degrees. 0 = 10,500,000 lbs. 
per square inch. ; 

12. Find the diameter of a steel shaft which will transmit 15 horse-power at 
130 revolutions per minute with an angle of twist amounting to 1° in a length 
equal to twenty times the diameter. Find also the maximum shear stress. 
C ™ 13,000,000 lbs. per square inch. 

18. Determine the diameter of a solid shaft which shall have the same stiff- 
ness, under the same twisting moment, as a hollow shaft of the same material 
whoso external and internal diameiers are 9 inches and 6 inches respectively. 
Find also the ratio of the maxirauni shear stresses in the two shafts. 

14. A steel sViaft 2^ inches in diameter is driven by a 20 horse-power gas- 
engine at 100 revolutions per minute. The shaft is supported by three, bearings, 
sX)acod 15 feet apart between centres, and the centre of the driving pulley is 
0 inches beyond the centre of one of the end bearings. Pulleys are arranged, 
as shown on the sketch (Fig. 105), to work certain machines, and the horse- 



power taken off each of these pulleys is shown on th<^ sketch ; in addition, each 
bearing absorbs horse-power. Assuming that all t.he loads are applied at the 
centres of the respective pulleys and bearings, calculate the angle of twist in 
the shaft at each these i)oints, reckoning from either end of the shaft. The 
modulus of rigidity is 12,500,000 lbs. per square incli. [B. E.] 

15 . — Two closely coiled spiral sf>rings were made out of round steel wire 
^ inch diameter. The one spring. A, had a mean diameter of coil of 4 inches, 
and the othtT, B, had a mean diameter of coil of 5 inches, both springs had 12 
(minplete coils. These two sjirings were tested by loads exl<ending them axially, 
and tlie nisults of the tests arc shown in the table bedow • 


w 

2 j 

1 ^ 

0 

8 

10 

12 

11 

1(> i 

IS 

20 


0'2(: 

0-52 

0-7i» 

1()(! 

1-32 

1*59 1 

1-85 

2-12 

2-39 

2*66 

X>2 

O-G] 

1-02 

1 ’5;i 

2 •04 

2-55 


3-57 

4 -on ^ 

4-OU 

5-12 


Where W is the axial load in pounds, and u’l and are the extensions in 
inches of the springs A and B respectively. 

Plot the results on squared })apor. . . ^ 

Given that the law ooimeoting the extension of these springs with theu mean 
diameter of coil is of the form 

Extension of B_/niean diam eter of c o il o f _B\” 

Extension of A \inean diameter of coil of A/ 
what is the probable value of n ? 

Determine from these experiments the average jaluc of the modulus of shear 
elasticity 0 for this quality of steel wire. ^ [B.E.J 

16. A closely coiled helical spring is made out of round steel wire J inch in 
diameter, tiio coils having a mexin diameter of 3 inches. What axial pull will 
produce a shear stress of 20,000 lbs. per square inch? If the modulus of 
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rigidity of the wire is 11,000,000 lbs. per square inch and the spring has 20 
coils, how much will the spring extend under this pull, and how many ft. -lbs. 
of work must be done in producing this extension ? 

17. What is the stiffness, in lbs. per inch of axial deflection, of a close coiled 
helical spring having 10 coils whose mean diameter is 2 inches, diameter of 
wire 0-128 inch, and modulus of rigidity 11,000,000 lbs. per siiuure inch? 

18. W’hat length of wire 0*232 inch in diameter will be necessary to form a 
closely coiled helical spring which shall extend 0 05 inch per lb. of axial load if 
the mean diameter of the coils is 3*5 inches, and the modulus of rigidity of the 
wire is 11,500,(X)0 lbs. per square inch? 

19. It is required to design a close coiled helical spring which shall deflect 
1 inch under an axial load of 100 lbs, with a shear stress of .50,000 lbs. per 
square inch. The spring is to be made out of round steel wire having a modulus 
of rigidity of 11, 000, 000 lbs. per square inch, and the mean diameter of the coils 
is to be 10 times the diameter of the wdre. Find the diameter and length of 
the wire necessary to form the spring. 



CHAPTEll VII 

BEAMS AND BENDING 


99. Bending Moments and Shearing Forces on Beams. — In 

general the lines of action of the external forces acting on a beam are 
})erpendi(-ular to the length of the beam, and they may be considered as 
l)eing in oiKi plane, and tliis plane, in what folh)ws, will be taken as the 
])laue of tlie pajXT. The -external fc^rccs acting on a beam must of course 
balance one another if the Ijfiam is at rest. 

Consider the ca.s(i of a horizontal beam ABC (Fig. 106) acted on by 
any nuni})er of vertical forces Pp (jtc. Take any cross section YY 
dividing the ])eam into two parts AB and BC. Consider the equilibrium 
of the part llC. Let the distances of P,, P 2 , etci., from YY be .r^ etc. 
Let K (Fig- P17) be the r(\sultant of the external forces l\, P.,, etc., 
acting on BC. Tlie magnitude of R will be the algebraical Sum of the 
f<n-ces Pt, P.M etc., acting on IKJ. (For th(^ forces shown in Fig. 106, 
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It - P, — P„ -- P.j). 1''li(! distance <1 of R from YY must be such that the 

moment of R about a liorizontal axis in ^ V is ccpial to tLvi algebraical 
sum of tlie moTiumts of P„ P.,, etc., about the same a^i.s. (For the 
forc(*s shown in Fig. 106, Ihi"— 1 " Fy\, -- 1 Expressed in another 

way, R----P and lhr =^^\P.c). 

The force R bnids tolnrii BC alioui a horizontal axis in YY ; in other 
■words, ll hmds to bend the beam a,t W (Fig. lOS), and the Inmding 
moment is Bn — YP.c, R also tends to make BC' slide on AB at YY ; in 
other words, R temds to shear the l)eam at YY (Fig. 109), and the shearing 
force is R=^^-P. 

The Ijeiidiiig and shearing ctTec.ts of R on BO may perhapvS be made 
more ajiparent liy the artifice of a]iplying at YY^ two o])posite forces 
R^ and Jb,, each equal alid ]>arallel to B, as shown in Fig. 110. The 
addition of the forces R, and Tb> will evidently not affect the equilibrium 
of BC. The forcuvs R and R, ]»eing e(]ual and acting in opposite 
parallel directions, form a couple wliich can •only jiroduce a turning or 
bending action oh BC, while the remaining force R 2 can only make or 
tend to make BC shMe on Y"Y. 
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To make the existence of the turning or btinding and the sliding or 
shearing actions more evident, consider the case of a block BC (Pig. Ill) 
resting on a liori' ' 




B 
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L B ' 

LRa RlJ 
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Fig. 110. 


Fig. 111. 


Fig. 112. 


zontal piano YY. 

Lot this block be 
pushed by a hori- 
zontal force K as 
shown. If the rc- 
sistiirice to sliding 
on YY bo not too 
groat the block will 
slide to the left into, say, the pt»sition shown by the dotted lines. But 
if the resishxncc to sliding is great enough the force H will cause the 
block BC to tilt over, as .shown by the dotted lin<\s in Fig. 1 12, provided 
the resistance to tilting is not too great. 11 j is tlio resistance to sliding 
at YY, and Rg is the effect of R transmitted, by reason of the rigidity 
of BC, from section to section dow'iiwrards to YY. 

It is evident that the magnitude of the shearing tiction at YY dt‘pends 
only on the magnitude of R, and not on the distancti of R fnmi Y Y. 
But the turning or bending action at YY depends on both the magni- 
tude of R and the distance of R from YY. 


100. Positive and Negative Bending and Shearing. — Wlien a 
horizon ttil beam is bent by the action of the loads on it, it will either 
“ sag'’ or “ hog,” that is, it will either become concave or convex on the 



Bending, —Bending. Slicarimj. —Clearing. 


Fig. n;b Fj({. 114. Fig. llT). Fjg, 116. 

toj), and it w'ill l»e convenient to call one of these, say the first (Fig. 1 I."!), 
pffsitlve hendirti/, and the oth(‘.r (Fig. Ill) 

Again, in considering tlie shearing action at a section of tlje beam the 
loads will tend either to cause the portion to tlie right of the s(.‘ction 
to* descend and the portion to tlie left to a.scend, rn- vivv and it w’ill 

be convenient to (;all one of the.se, say the first (Fig. WT)), positive {-{-) 
sfiearinfjy and the other (Fig. 116) riPijaiive shearing. 

101. Bending Moment and Shearing Force Diagrams. — If the 

bending moiueiit.s and shearing forces at a sufficient nuinl)er of sections of 
a beam be determined and the results plotted to scale at right angles to 
a base line representing the length of the beam, diagrams are obtained by 
joining the points ] dotted, which are called the bonding moment and 
sluiaring force diagrams. In cases where there is both positive and 
negative bending, or positive and negative sliearirig on the same beam, 
it is necessary to distingui.sh between the positive and negative quantities 
by measuring them on opposite .sides of the base, line, and it is desirable 
in all cases to measure positive bending moments and positive shearing 
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forces above the base line, and negative bending moments and negative 
shearing forces below the base line. 

102. Examples of Bending Moment and Shearing Force Diagrams. 

— Two examples of bending moment and shearing force diagrams 
have already been given in Art. 75, pp. 59-61, where the graphic 
method of constructing these diagrams was explained. In this 
chapter the bending moments and shearing forces will te found by 
calculation. 

In what follows M'^will denote the bending moment and F the 
shearing force at a section which is at a distance x from some fixed 
j)oint, generally the free end of a (cantilever, and cither the centre or 
one end of a beam. will denote the maximum bending moment, 

and the maximum shearing force. XX will denote the base line 
upon which the bending moment diagram or shearing force diagram is 
] dotted. 

y Example I. — Cantilever (Fig. 117) with loads and Wg. 

Between A and B, M — — which is the e(iuation to a straight 
line. = - W^a at B. F - 

Between B and C. M — — {W^iC + - a)}, which is the equation to 

a straight line. ]\1„, = - \W,(a 4- h) + W/>}. F - + Wg. 



Fjo. 317 . 11^' 


. Example Tl.— Beam (Fig. IIS) supported at' the ends and carrying 
a load tv per unit of lengtli uniformly distributed. 

Beaetions at siqiports ^ 

■ Beiu-cen A and B. M =»«;/(? - -r) - w{l - x)^^' = |(/2 - x^), which 

is the equation to a parabola whose axis is the vertical through B, 

wlP' 

M = 0 at A where x — l. M becomes where .r = 0. Hence M«= — 

at B. • 

F ^ wl — = wXifl which is the equation to a straight line. F = 0 

at B where ir 0. F becomes F,n where x=l. Hence F^ = at A. 
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Betioeen B and C. M = the same as between A and B. 

F w (I - x) inXj 

wliich is iiuinerically the 
same as betw een A and li, 
but of the oppovsito sign. 

v ExamvleIII. — B eam 
(Fig. Ill)) supported at 
two points equally dis- 
tant from the ends, and 
carrying a load w })cr 
unit of length uniformly 
distributed. 

Beactions at sup- 
ports = + Z^). 

Between A and I). 

M = which is the 

equation to a ]>arabola, 
vertex at A and axis ver- 
tical. M = 0 at A w here 

x^O. at D. 

F = - wx^ w'hich is 
the equation to a straight 
line. F = 0 at A where 

— 0. F„j:== 

Between 1) and B. 

m=k/, + z,)(/, 

which is the equation to a ]>arabola Avh<;sc axis is tlio vertical through B. 
At 1) where M— • before. 

At B where x ~ 0, M -- - /^ ). M = 0 where x~l>- -A_ ^sj ft - Zj ■ 

F = + /^) — ir(ly + Z^ — ./■) -- tr w^hich is the equation to a straight 

line. F 0 at B wh(u*e x = 0, F,„ trl,, at 1 ) where .r --- Z... 

Between B and tln^ bending muinent dhigrain is the sanu' as 
Kitweeii B and A, and the only ditierence in tlu' slnNiring foree diagrams 
is in sign. 

The maximum bending inoniont on the heam will be least when th(' 
bending moment at B is equal to the bending moment at 1), that is, wlnm 

or/,-/, ir /-/i + /,, then /,=/( ^/2 - 1) - O'^ 1 4/. 

This sliows where the supports should bo j)lae.ed wlien the l)eam is 
uniforndy loaded. An exanq)lo of this is found in the floats of a paddle- 
wheel. , 

^ Example IV.^ — Two equal cantilevers (Fig. 120) carrying a beam 
with a load W at its centre. 
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Tlcactions at supports of beam = loads at free ends of cantilevers 
-- JW. 

For the heavi AB. 

M-W,-x). A ! ! A ! 

M = 0 at A and B where ^ ^ 

= ^X^X^ le^x-s ^ 

centre ^ 

0 where a? — 0. 1 } [ ! 

F== JW between A and C • ] ||])]v j J 

and F — -AW between C X[| m]iii(im|m(^ i »<tmllllll l llll [ll l l ^ 
and B. piFl 

For the cantilever AD, | [ J 

M =- - a straight line i i j ^ 

w^hich is a contuiuat ion of "^thti M|||||||{|||||]||| |||]||||^ i ! 

bending moment line for A(^ || sro ' * 

A1 = 0 at A where (t TTnir mi i i ii n iiii n if m i mm ii m i nm iX 




S.F.D. 


- JAV/j at D wdicre 

F-iW. illllllllllilllliJilli^ 

For the cantilever BE. Pkj. 120 , 

-- - •‘^traiglit line 

whicli is a eontimiation of the bendin moment line h)r BC. 

M = 0 at B whore = 0. -- - A W/j at E where o' - F = - J W, 

If M„t for the l)cain = M,„ for the cantilevers, then or 

t} l\* 

V 103. Shearing Force at ^ Section where' there is a Concentrated 
Load. — Lot AC^^ and HI) (Fig. 121) bo cross sections of a beam on 
o[)[)osito sides of a concentrated load 


Lot IL 


resultant of all 


the h)ads to the right of C^), and IL A t. B A j. B 

tl)e re.siiltant of all the loads to the • } ' | J 

left of (j. The slioariug force at BD t c< J |d j c| | 'd 1" 

is cMpial to 11^, and tl^*. slu'aring force iRg 1 ' ' IR^ ‘ • 1 IRi 

at AC is equal to Ito. In moving x 1 

llie soctioti BD towards Q the slicar- i fjz ' | 1 (tt) 

ing force remains e(]ual to U. s<> long 1 * • Ri \f Vj(//Jsr/i x 

as the section is to the right of y x , ^ 

and hofverer near if 'may he io Q. ^ ' 1 ' . . y i | ^ 

In like manno]', in moving the section T ! (b) 1/W 

A(^ towards (j the shearing forc(’ ^2 I ^ y 

remains equal to B.^, so long as the ^ .q/. y X 

section remains to the left of Q and 

however near it may he to Q. I^he jtig. 121. 

question then is, what is the shear- 
ing force at Q ? is it (^qual to Bj oi* is it equal to B^? The answer is that 
it is pro])ably near the algebraical mean of the tw^o. In practice there is 
no such case as a load acting at a point or line. What is called a concen- 
trated load must act over a certain amount of surface, even if it acts 
through what is called a “knife edge.” At (u) (a) (Fig. 121) are shown 
example^’ of shearing force diagrams as usually drawn in the neighlxiur- 
hood of a concentrated load. At (/;) (h) the diagrams arb shown cor- 



92 


APPLIED MECHANICS 


rocUid on the assumption that the Joad Q is distributed over the sprface 
AB. Generally the distribution of the load on 
AB would not be uniform. The point just dis- 
cussed is of little practical importance, but some- 
times students find it to be a difficulty. 

104. Relations between Bending Moment and 
Shearing Force Diagrams. — Let M be the bending 
moment and F the shearing force at a section AC 
of a beam (Fig. 122). The section AC may be 
anywhere except at a point where there is a 
concentrated load, hut it may he as near to that 
point an is desired. Take a section BD at an 
indefinitely small distance djr from AC, and let 
be the bending moment at BD. Let Q 
be the resultant of any loads which there may 
be on the beam between the sections AC and BI), 
and let its distance from BD be 7iJjr where n is 
a fraction. 

Let 11 be the resnltiiiit of all the external forces acting on the beam 
to the left of the section A(^, and let its distance from AC be .r. TJien, 
M = llr, F == B, M 4- (/M B(.r + d.r) - Qndx ~ Ikr + lldx - Qndx^ there- 
fore, and = R - Qn = F Q?i. 

ax 

If Q is the resultant of a load which is distrilnited over AB, then, 
since dx is indefinitely small, Q vnll be so small that it may be neglected, 

and then = F. 
dx 

Again, if Q ivS the resultant of loads concentrated at jxnnts in AB, 
these loads may be avoided by taking dx small enough, and then as 

before 

dx 

The sliearing forex' F at the section AC is therefore a measure of the 
slo 2 )e of the bending moment line at the point cor r(\s 2 X)n ding t<> AC!). In 
other words, the shearing force at any sc?ction is ccpial to the rate of 
increase of the bending monKint at tliat section. 

Again, dM^ Fdx^ therefore ti.o difference between the bending 
moments at two sections indefinitely near to one another is e<|iial to tlie 
area of the shearing force diagram between these sections, and, in ])assing 
from one section to any other section, it is obvious tliat the sum of all the 
increments dM will be equal to the sum of all the increments Fd.r, and 
therefore the difference between the bending moments at any two sections 
is ccpial to the area of the shearing force diagram between these sections. 

These results are very intere.sting and very useful. For examj)le, 
referring to a horizontal beam, if the bending moment line is horizontal 
at any ]>oint its sbqfe is nil, and there can therefore be no shearing force 
at the corresj)onding section. Agfiin, at the highest point of the bending 
moment line tlui sloj)e changes from pof^itive to negative, and therefore 
where the maximum bending moment occurs the shearing force must 
change its sign, and the shearing force line will cross the base lino. The 
converse this is not always true, and all that can be said about the 
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bonding moment at a section where the shearing force is zero or changes 
from positive to negative is that at that section the bending moment has 
ceased to increase or ceased to decrease, but in seeking for the section 
where the bending moment is a maximum, the shearing force diagram is 
very useful. 

105. Traviftlling Loads. — By a travelling, moving, or rolling load is 
in^nt one that comes on to a girder at one end, moves along the girder, 
and comes off at the other end. It is evidently necessary to know wliat 
the maximum bending moment and the maximum shearing force are at 
any section of the girder, and the l)ending moment and shearing force 
diagrams are constructed so as to show the maximum bending moment 
and maximum shearfcg force at every seetwm. 

The first step is to find the position of the travelling load in relation 
to any section selected which will 
make the bending moment a maxi- 
mum at tliat section ; then an ex- 
pression is found for that liending 
moment in terms of the load and the 
distance of the section from a fixed 
selected point, and from this expres- 
sion the bending moment diagram 
can be constructed. The positive 
and negative shearing force diagrams 
are determined in a similar manner. 

Example I. — A single load W 
travelling along a girder AB.(Fig. 

11^3) sui»ported at its ends. 

When the load W is to the right 
of a section D which is at a distance 
jr frcmi A the bending moment at 
D Is and is greater the 

nearer W is to D. Again, when W 
is to the left (jf 1) the bending moment at 1> is and Kg is 

greater the nearer W is to D. Hence the bSiiding moment at D is a 
maximum when W is at D. 

Placing W at D, 11^ = ^ and the maximum bending moment at 



Fia. 123. 




= ]M If D Ikj referred to the vertical through C, the 


W/P 2 \ 

e(‘, litre of the span, so that CD - j\, then .since ir - U — ^ ^ ^ j )> 

whicli is the equation to a parabola whose axis is the vertjc,al tlirough G. 
l^lie lieii^lit of tlie vertex above the base line is the maximum value of 

^ - -Cl V which is obtained by putting :/q = 0, then The 

bending moment for the travelling load is showm at (a). This bending 
moment diagram is the same as for a uniform dead load of w per unit of 

length, where or The loa& w per unit of length is 

8 4 I 

called the equivalent uniform dead had. 
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When W is to the right of D, the positive shearing force at D is equal 
to the reaction at tht^ left-hand support, and this increases the nearer 
W is to I). When W is to the left of D, the shearing force at D is nega- 
tive and eciual to Rp. Hence the maximum positive shearing force at D 

W 

occurs when W is at JJ. Placing W at D, R^ == O' “ maxi- 

V 

W 

mum positive shearing force at any section I) = ¥ - x), which is the 

equation to a straight line. = W at A where x = 0, and F = 0 at B 
where x = 1. 

It is also evident that the maximum negative shearing force at 


D-F = 


W^ 


^ , which is the c(]uation t,o a straiglit line. F,,, =•- W at B where 


and F^O at A where ^*=0. The complete shtiaring force diagram 
for the travelling load is shown at {h). 

In designing the section of a plate girder to resist the shearing force, 
it is the maximum numerical value of the shearing force which must bo 


known, its sign being of no conse- 
quence. Hence it is convenient to 
.place the ( + ) and (-) shearing 
force diagrams on the same side of 
the base line, as shown at (r). If 
however latticework takes tlie place 
of the web plate, the lattice work 
must be designed so that it will 
take eUlier the maximum positive 
shearing force or the maximum 
negative shearing force, hut not loth 
at the same time. 

Examplk If.- -A uniform load 
of 'in ]:)er unit of length travelling 
along a girder AB (Fig. 
siipj)orted at its eTid>s, the length 
of the load being not less than the 
span 1. 

As the load advances over 
the girder it is evident that the 
bending moment at aiiy section 
D will con ti Tine to incrojiso until 
the girder is cov(;red by the load. 
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because a load placed anyw'here on the girder will add to the bending 
moment at D. The bending moment diagram for this case is tlmre- 
foro a j)arabola having for its axis the vertical through C, the centre of 
the s])an as shown at (c), the height of the vertex above the })ase lino 


XX being 


wl^ 

8 * 




The loixd being in the j)osition shown at (a) or {h), the reaction 
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When the load is in the position shown at (a), the positive shearing 
force at D is ° 


V^-C-- 

•wWa 

Z2l B 


kb** 

'0 c 

) c 


.J 

i 



D 

: JW2 

1 

J 

^ (c) ! 

B 

2i: 

l21c 


which shows that F in- 
creases as u\ decreases. 

When the load is in the 
position shown at (/<), the 
positive shearing force at 
I) is F = Kj - w{jr. - x‘j ) 

= (Z“ + which 

Jjlf 

shows that F decreases 
as decreases. 

It is therefore evi- 
dent that the positive 
shearing force at D is 
greatest when = x, 
that is, when the left- 
hand end of the load 
is at D. The shearing 
force at D is then 

F - a:)-, which is 

the equation to a parabola 
haviiig for its axis the 
vertical through lb the 
rightliand endof thesi)an, 
the vertex ]»eing on the 
base lino XX, as shown 
at (/Z). The maxinniin 
positive shearing force is 

at A where .r “ 0. 

In like inannor it can he shown that the negative shearing force at D 
is greatest when the right-hand end of the load is at J). 'I’he shearing 

force at T) is then F— — , which is the equation to a ])arabola having 

for its axis the vertical through A, the left-hand end of the s})an, the 
vertex being on the base line XX, as shown at (fZ). I^he niaxinmin negative 

shearing force is at B where x — Z. 

The positive and negative shearing force diagrains are shown plotted 
on the same side of the base line X K at (e), 

Examvle III.- -Two loads and Wo at a fixed distance c 
aj)art, moving along a girder AB (Fig.« F2b) supi>orted at its 
ends. 

Let W, the resultant of W^ and W^ , act at a distance a from W^ and 
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a di^ftauca b from Wg, then e^a + b^ W=W^-hW2, Wia«=W^^*, and 

When both loads are to one side of any section D, which is at a dis- 
tance X from A, the bonding moment at D will evidently increase as the 
loads move towards D. Hence the bending moment at D will be a 
maxinmm, either when is at D, or when Wg is at D, or when 
and Wg arc on opposite sides of D. It will noAV be shown that when 
and Wy are on opposite sides of D, the bending moment at D has a value 
which lies between the values of the l>ending moment at D when and 
Wg are in turn placed at D. 

At (a) W| is placed at D, at {h) Wg is placed at I), and at (c) Wj 
and W*j are placed on opposite sides of D, the distance of from 
D being in the latter case. Let Mj, and bo the bending 
moments at D, corresponding to the positions of tlie loads shown at 

Wx 

(rr), (/>), and (e) respectively. It is easy to show that Mj = - a), 

Wx Wr 

Mj, + h) ^ W6, and M3 = + W^x^. 

Wx Wx 

If than (l~x~a-hx^) -Wyi\>—^-{l'--x-~a)9 

therefore ^^>W‘3^. 

Wx Wr 

M.-Mg- -^-( 7 -^x^h)^Wh^'~-{l^x^a + x,) + W^x^ 
fW^x __ \ , 

Since is less than a + ^, the quantit}^ a-\-h — Xyi^ positives, and if 

Wx Wx 

M3>Mj, y >Wj, therefore the quantity j — 'W^^is posHive. Ht^nce 

is positive when M3>Mi, that is, M.^>M3 when M3>M^. In 
like manner, if M3>M2, M, >M3. Therefore Mg lies between and 
Mg, and the bending moment at 1) is a maxiiniim either when Wj is at 
D or when Wg is at D. 

"Wfl* Wr 

If Mg>Mpthen-yX;^-r-h ^ 


therefore ;r > — or r > -^vr , ii'Tid if M^ > Mo, then r < — or r < ,,7 . 

c W * 1 c W 

IlencH; if the span bo divided into two parts, the fum to the left, AK, 

W I Wol 

having a length =="^i 5 and the other to the right, EB= the 


maximum bending moment at any section in AE will (M^cur w^hon W^ is 
at that section, and the maximum bending moment at any section in EB 
will occur when Wg is at that section.* AE may be called the field of W^^, 
and EB tlie, field of Wg. , 


Wx 

M^= -^“ (Z-u5-a). Mj = 0 when a: = 0 or a;~/--a = AH* The 
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0 

curve tor Afj is a parabola whose axis LN bisects AH at right angles. 

I — (I . l-^CL , Wp? * 

AL= 2 • Putting x = —^ in the equation — -j- {I - x ~ a), 

■VHT/ 7 

LN 


Wil -- a)2 
4:1 


In like manner it can be shown that the curve for Mg is a i)arabola 
KOB wliose axis PO bisects KB at right angles, AK being equal to A, 
W{1 - hf 

and PO -j, — . These two paralx)las intersect at a point S on the 


vertical through E, which divides the field of from the field of Wg , 
and the bending moment diagram for the whole girder is ANSB. 

A parabola, whoso axis is the vertical through C, the middle of the 
span, and which touches the larger of the two jiarabolas at the base line, 
will be the bending moment curve for the equivalent uniform dead load. 
L(3t^ANH be the larger of the two jiarabolas ANII and KOB. Produce 
the axis LN to T, making NT = LN, then AT is the tangent to the 
j>ara):)ola AN H at A. AT will also be the tangent to the circumscribing 
parabola at A. Produce AT to meet the vertical CQ at U. Bisect QU 
at V, then V'is the vertex of the circumscribing parabola. 

It is easy to show that QV : LN : : AQ : AL, and therefore that the 
point V may be found by joining AN and producing to meet CQ at V. 


LN X AQ W(/ - a)^ I l~a W{7-a) 

2 "" '4' • 


If the equivalent uniform dead load is w per unit of length, then 

'/r/2 WQ^a) ' , , 2Wn-a) 

— g- = - j~‘ ? therefore w -- — ^2 * 


When both loads are to the right of D the ]) 0 .sitive shearing force at 
D — Kj, and as the loads move towards D, R, increases, and is greater the 
nearer is to I). When passes to the left of I), the positive shearing 
fierce at D is suddenly diminished by the amount W|, and is then equal 
to R| - W^, but as Wj moves to the left, Wg being still to the right of D, 
Rj increases, and therefore Rj — increases until Wg is at T). When 
both loads ai*o to the left of J> there is no positive shearing force at L. 
Hence the positive shearing force at D is a maximuTn, either when is 
at JJ or wlien W., is at D, or, more correctly, w^hen or Wg is just to 
the right of D. 

Placing the loads so that W, is at D, or just to the right of I), as shown 

W 

at {a)y Fig. 125, the positive shearing force at L = Fj = Ri = {I - x - a). 


Placing the loads so that Wo is at D, or just to the right of D, as shown 
. . . “ W 

at (/^), the positive shearing force at 1) = F.^ = R^ - =■ ^ {I — x + />) — 

W W 

Fg will be greater than F^ when ^ (Z - ir + > j {I — x — a), 

^ . cW 
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The equation for the maximum jxraitive shearing force is therefore either 

= or F^^^(l-x + h)-W’y 

Fj is a luaximuni when ir = 0, and Fjj is a maximum when 

" W I . 

Fi - 0 when x^l-a, atid F 2 0 when i?? ^ + 7> - ^ . 

The equations foi’ the i)ositive shearing force at D only apply when 

W 

l)oth loads are on the girder. The equation F^ — — (Z - ./* - applies 

W 

between ir = 0 and x = l-r^ and the equation F^ - - (Z - x -\-h) — W| 

I 

applies betw^^ecn .r — r and x = l. For the roTuaindor of the beam in each 
case the shearing force is due to one load only. 

The positive shearing force diagram sliow'n at (d\ Fig. 1 25, is for 
the case w^hcre F^ is greater than Fo. 

The maximum negative shearing force at any section is (Uitei'miiied in 
a similar manner. 

106. Travelling Loads — Graphic Method. — The nnjthfxl discussed 
in connection with Example III. of the preceding Article for determining 



the maximum V)eiiding inonnint and maximum shearing force diagrams 
for two travelling loads may be extended to cases where th(u*e are more 
than two travelling load^, but for such cases the graphic method now^ to 
be describt'd is simjder. 

MN (Fig. 126) is a beam, supported at the ends, along which three 
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loads AB, BC, and CD, at fixed distances apart, travel. If instead of 
the loads travelling over the beam in one direction while the beam is 
stationary, the beam and its supports are moved under the loads in the 
opposite direction while the loads are stationary, the resulting maximum 
bending moment diagram would be the same. On the drawing paper 
draw' the beam MN and show the loads in one position. Still working 
on the drawing paper draw (Art. 56) the funicular polygon H123K, 
which will also te the bonding moment diagram (Art. 75) for the 
2>osition of the loads assumed. Draw a horizontal lino XX' under MN 
to servo as a base line for the required diagram of maximum bending 
moments. Transfer the oniinatos of the points 1, 2, and 3 of the 
bending moment diagram H123K to the low'or diagram; thus F2 in 
the lower diagram is made ocpial to F2 in the ui)per diagram, XF being 
equal, to the horizontal distance of F in HK from MX. 

On a sheet of tracing paper TP make a tracing of the beam MN 
and the lines of ihev reat^tions of the supports. Let the tracing pajier 
be moved into another ])()8ition TjP,, the Ijeam MN coming into the 
])osition M^N^. For clearness in the figure M^N^ is not at the same 
level as MN, but MjNj is parallel to MN. The bcTiding moment 
diagram for the altered jKJsition of the beam in ndatioTi to the loads 
will now be H^123Kp and this should be drawn on the tracing paper, 
or, at all events, the points lSUcIi as and 2 should be clearly marked 
on the tracing ))aper. * 

Next transfer the tracing pa])er so that is on XX', and M^IIj is 
t)n the vortical through X. If the ])oini 2 on the tracing pai)er bo now 
prick(^d tlirough on to tin) drawing pa])er, the point 2 undei* on the 
lower diagram is obtained, an (T this gives the ])ending moment under the 
load lie ’when the latter is at Fj^ in XX'. The points 1 and 3 are to be 
similarly dealt with. 

The tracing ]»a])er is n(‘xt moved into anf»thcr povsition ToPi,andthe 
corresponding iKuiding moment diagram is H.,23Ko . Points sucli as Fg 
and 2 are to ])e clearly marked on tlie traidng paper, and transferred to 



tlie lower diagram as before. I*roc(^eding in this way until a snfiicient 
number of points have been fixed under XX', a fair curve drawn to 
enclose them all and pass through the outer oims is the required diagram 
of maximum bending moments on the base XX'. 
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The shearing force diagram for each position of the beam in relation 
to the loads will be a stepped diagram, the levels of the steps being the 
levels of the points a, b, c, and d (Pig. 127) on the line of loads, and the 
zero line zz' being level with a point h obtained by drawing through o a 
line oh parallel to the closing lino of the funicular polygon. 

Horizontal lines are drawn on the tracing paper through the }x>iiits 
a, r, and and the right-hand top corners of the stej)s above the zero 
line, and the left - hand 
bottom corners of the 
steps below the zero line, 
are marked on the tracing 
paper, as shown by the 
prominent dots in Fig. 127. 
z and z\ the extremities 
of the zero line, are also 
marked on the tracing ^ 
paper. The tracing paper 
is then transferred so that 
7:z coincides with a base 
line ZZ' (Fig 128) on the 
drawing jjaj^er, and the 
points marked on the 
tracing ])aper are ] cricked 
through on to the di*aw- 
ing paper. This is repeated for each ]K)sitioii into which the tracing 
pa])er was placed in determining the bending ipomonts. It will be found 
that the outside poirits lie on a series of straight lines. 

107. Eeversal of Shearing Stress due to Addition of Travelling 
Load. — Heferring to the upper })art of Fig. 129, AEO and BFO are the 
diagrams of jxisitive and negative shearing forces resjxictively due to the 
dead or constant loa<l on a girder of span All, and AHf> and BKA are 
the diagrams of maximum positive and maximum negative shearing forces 
resj>ectively due to the*, travelling load. The lower part of the same 
figure shows all the diagrams, drawn for 
cor»venicnce on the same side of the base 
AB, the lines of tlie negative shearing 
force diagrams being d(-)tted. 

An inspection of the lower }>art of 
Fig. 129 shfjws that with the dead load 
only the shearing force over the portion 
CO of the girder is positive, but when the 
travelling load is going over the girder 
there will be between C and O, for certain 
positions of the travelling load, a negative 
shear greater than the jvositive shear. 

Ilciice during a part of the time that the 
travelling load is moving over the girder 
the shear on the portion CO will change from positive to negative. 
Also between O and Dpthe negative shear due to the dead load will 
change to a [positive shear due to the travelling load. Hence the portion 
of the girder betv/een C and D must be capable of resisting either 
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lK>sitive or negative shear. This is important in the case of open web 
or braced girders, and is referred to again in Art. 207, p. 233. 

108. Bending and Shearing by Forces in different Flanes.—Suppose 
a beam AB (Fig. 130) to be acted on by a force Pj at B and a force Pg at 
I), the lines of action of Pj and Pg being in different planes, but per- 
pendicular to AB. Consider the bending action at a section 0 at a 
distance .Tj, from Pj and from Pg. So far as the bending action of Pg is 
concerned Pg may be replaced by a force Q actin^^g at B in a direction 
parallel to Pg, the magnitude of Q being such that Qi/^^^PgiTg* There 
are now two forces acting at B, namely, P^ and Q, and their resultant R 




may be found by the parallelogram of forces. The resultant bending 
moment at U is then 11 j \, and the jdane of bending is AlUl. * 

If the plane AKP^ be j ^erj KJiulicular to the jJane ADPg, then 
R= VPi+g-, and V{(l’i^i)' + (P,-' 2 )"!. 

The following alternative method will in general be more convenient. 
Through C (Fig. 131) draw CF parallel to \\ and equal Mj — 
DraAvC^K ])arallel to Pg and equal to M., — P-Ag. (V)m])lete the parallelo- 
gram (U^VF. Then (!?Y = AJ will be the resultant bending moment at 
C. Or, after draAving CF, <lrLiAY FY ]>arall(‘l to Pg and equal to P./^g, 
then CY, the closing side of the triangle ('EY, is the resultant bending 
moment at C. 

It is understood, of course, that the actual scale drawing of the 
])ara]lelogram or triangle must be made on a plane perpendicular to the 
length of the beam, and not in oblique ]>rojecti()n, as shown. 

Any number of forces at right angles to the beam and in different 
jdanes may be dealt Avith in a similar manner. If there are more than 
two forces, a polygon Avill take the place of the paralltdograin or triangle. 

If any of the giAvn forces are not })erii>(mdicular to the beam, resolve 
them parallel an<l perpendicular to tlie h^am, and deal with the com- 
ponents })er])endicular to the beam, as above, to find the resultvant bending 
momeiat at any section. 

To find the resultant shearing force at any section, consider the forces 
to ontj side of the section. Find the shearing forces at the section due to 
these forces separately. Tlje resultant of these shearing forces is the 
resultant shearing force at the section. 


Exercises Vila. • 

Draw the bending moment and shearing force diagrams for the examples 
given. In this set of exercises the bending moments and shearing forces at 
a sutticient number of sections should be found by calculation. 
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1 . Cantilever (Fig. 132). W = 2 ions. Linear scale, 1 inch to 1 foot. Force 
scale, 1 inch to 1 ton. Moment scale, 1 inch to 4 foot-tons. 

2 . Cantilever (Fig. 133). Uniform load of 2 tons pcsr foot. Scales.— Linear, 
1 inch to 1 foot. Forces, 1 inch to 4 tons. Moments, 1 inch to 8 foot-tons. 




Fia, 132. 


Fia. 133. 



Fiq, 134. 


Fia. 135. 


3. Cantilever (Fig. 134). Loads in tons at intervals of 1 foot. Scales. — 
Linear, 1 inch to 1 foot. Forces, 1 inch to 4 tons. Moments, 1 inch to 8 foot- 
tons. 

4. Cantilever (Fig. 135). A load of 2 tons at ] foot from tlie fixed end, a 
load of 1 ton at the free end, and a load of 4 tons uniformly distributed over the 
second and third feet of the lengtli from the free end. Hcales. - Linear, 1 inch 
to 1 foot. Forces, 1 inch to 4 tons. Moments, 1 inch to 5 foot-tons, 

6. Beam resting on supports 12 feet apart. Load of 5 tons at the centre. 
Scales. — lyinoar, h inch 


to 1 foot. Forces, 1 inch 
to 2 tons. Moments, 1 
inch to 8 foot-t <ms- 

6. Same as Exercise 
5, except tliat the load 
is placed at 2 feet, from 
the centre of the span. 






n 




^4 




^2 
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Kr(;. i;i7. 


7. Beam (Fig. 130) resting on supports 10 feet apart. Uniform load of ^ ton 
])cr foot. Scales.- Linear, ^ incdi to 1 foot, h’orces, 1 inch to i ton. Moments, 
I inch to 1 foot-ton, 

8 . Beam resting on supjjorts 0 feet apart. Jjuads in (ons, at intervals, as 
shown in Fig. 137, Scab's. — Linear, 1 inch to fc^'t. Foices, 2 inches to 
1 ton. Moments, 2 inches to I foot -ion. 

9- Cantilever, 10 feet lonir, carrying a central dipwnirartl load of S tons, an<l 
an upward load of 21 t(jns at tlie free, end Scales Linear, 1 inch to 2 feet. 
Foret'S, 1 inch to 4 tons. Monumts, 1 inch to S foot -Ions. 

10. Beam (Fig. 138) r(*sting on siip[)orts 12 ftjot aj^art. Load of 5000 lbs. 
uniformly distributed over th(j midtlle third of t he span. Scales.— Linear, \ inch 
to 1 foot. Forces, I inch to 2000 lbs. Moments, 1 inch to .5000 ft.-lbs. 

11. »Same as Exercise 10, except that the bxid is to bo moved forward until 
one end of it is at the centre of the span. 

12. Girder, 40 feet long, resting on supports, as shown in r'ig. 130, Uniform 




mi 












-If 


-v-- 




Fjo. 138. 


Fi(i. J ;>*.). 


load of 1 ton per foot. 1^—7 feet 6 inches. Scales. — Linear, i inch to 1 foot. 
Forces, 1 inch to 8 tons. Moments, ] incdi to 1(1 foot- tons. 

13. SanKi as Exercise 12, except tliat L 
--- 10 feet. 

14. (Same as Exercise 12, excc'pt that the 
supports are to be j)lac.ed so as to make 
tbe maximum bending moment the least 
jKissiblc. 

15. Same as Exercise 12, V ith a central 
load of 10 tons added. 





1 


i 13'- 

16. Beam (Fig. 140) resting on sup])orts 
13 feet apart. The load increases at a uniform rate from nothing at one end. 
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Total load, 10 tons. Scales. — Linear, J inch to 1 foot. Forces, 1 inch to B ions. 
Moments, 1 inch to 10 foot tons. 

17. Two cantilevers, 10 feet long, carrying a beam 20 feet long, as shown in 
Fig. 120 , p. 91. The whole carrying a load of 40 tons uniformly distribnted over 
the cantilevers and beam. Scales. — Linear, J inch to 1 foot. Forces, 1 inch to 
] 6 tons. Moments, 1 inch to 50 foot-tons, 

18. Girder resting on supports 40 feet apart. Single travelling load of 2 tons. 
Find also the equivalent uniform dead load in tons per foot. Scales. — Linear, 
1 inch to 8 feet. Forces, 1 inch to 1 ton. Moments, 1 inch to 8 foot-tons, 

19. Girder resting on supports 50 feet apart. A travelling uniform load of I ton 
per foot. The length of the load being not less than 50 feet. Scales. — Linear, 
1 incdi to 10 feet. Forces, 1 inch to 5 ions. Moments, 1 inch to 50 foot-tons. 

20 . Girder resting on supports 50 feet apart. Two travelling loads of 5 tons 
each, and at a fixed (listance of 10 feet apart. Find also the equivalent uniform 
dead load w in tons per foot. Scales. — Linear, 1 inch to 6 feet. Forces, 1 inch 
to 5 tons. Moments, 1 inch to 40 foot-tons. 

21 . Girder resting on supports 50 feet apart. Two travelling loads, one of 8 
ions and the other of 4 tons, the fixed distance between the loads being 12 feet. 
Find also the equivalent uniform dead load w in tons per foot. Scales, the 
same as in Exercise 2(1. 

22 . San\e as Exercise 21, but in addition to the travelling loads there is a 
uniformly distributed load of J ton })er foot run. Determine the portion of the 
girder in which the shearing force may change sign. 

23. Girder restjrjg on supports 60 feet apart. Three* travelling loads Wi 
10 ions, \Vii--15 tons, and W 3 — 5 tons. W 2 is between Wi and Ws, and is 

]() feet from Wi and 6 feet from W 3 . Ifso the graphic tracing paper method. 
Fin<l the equivalent uniform dead load w in tons per foot. Scales. — Linear, 
1 inch to 10 feet. Forces, 1 inch to 10 tons. Moments, 1 inch to 100 foot-ions. 

24. An axle AB rests in swiv(‘l healings at A and B 12 feet apart. At a point 
4 feet from A then? is a vertical load of 6()0 lbs., and at a point 4 feet from B 
there is a horizontal load of qOO lbs, at right angles to the beam. Calculate the 
bending moments on the axle, in ft.-lbs., at distances of 2, 4, 6 , 8 , and 10 feet 
from A, I'ind also the slioaring foreass, in lbs., on the axle at s'ections 2, C, and 
10 feet from A. 
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109. Stresses Induced by Bending. — At (a) Fig. 141 is shown a 
])()rtioTi of a .straight beam bofoi’c it is subjected to bending. At {h) is 
sliovvn th(i same portion bmit to a cir- 
cular form. It is obvious tliat in bend- 
ing this portion of bc.iTn, the plane of 
the pa])er })eing tlio plane of bending, 
tlu' upper jiart is compressed Avliile the 
lower ])art is .stretched, and there will 
(ivid(uitly be a surface which will separ- 
ate the compressed and strebdied ]>arts; (a^ 
this .surfa(‘C is called the ?feufral mrfaco. 
of the beam. Let HK be the ]>osition 
the iieutnil surface. Transverse .sec- 
tio 7 is AD and V>Q\ Avbicli are perpen- 
dicular to the neutral surfaee, Avill be 
parallel to one another when the beam 
is straight, but when the Ijeaiii is heut 
these sections will be inclined to one 
another anil tlieir planes will inter.scct at 
O, the axis of the cylindrical surfac(?s 
assumed l)y longitudinal sections of the 

straight beam peri)eijdicular to the plane ^ 4 ^ 

of bending. K, the radius of the curved 

neutral surface, is called the radius of curtiaiure of the bent beam. 
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Consider an indefinitely tlrin layer of material LN parallel to the 
neutaral surface, and at a distance y from it When, unstrained, LN = HK, 

but in the bent beam LN becomes L'N'. Now there- 

MK. xv 

fore L'N' = and the strain produced in LN is 


L'N' - LN 
LN 



-^HK 


= 


y 

11 ' 


But E 


stress jjgjjQg j£ f jjj stress produced in the layer LN in the 
strain * J . 


f K 

process of bonding the beam, - = , 5 , 

V ^ 


that is to say, f is proportional to y. 


The distribution of the stress on a cross section will therefore evidently be 
as shown in Fig. 142, /j being the maximum tensile stress, and the 
maximum compressive stress. 

The line in which the neutral surface cuts a transverse section of a 
beam is called the neutral axis of that section. 

110. Moment of Resistance to Bending — Position of Neutral 


Axis. — The resultant of the external forces which produce pure bending 
is a couple, and this external coujile is balanced hginterncil forces in the 
beam, and the resultant of these internal forces lAy^fthercfore be a coujje, 
because only a couple will balance a couple. The two forct*.s winch form 
the internal couple are the resultants of the tensile and comjiressive 
stresses, therefore these resultants must bo equal and j parallel. 



Fid. 142 . 



Let YY (Fig. 143) r( 3 present a face view and Y'Y' an edge view of a 
transverse section of a beam, and let XX bo the neutral axis. Consider 
an indefinitely narrow strip ss of the section j>arallel to XX and at a 
distance y from it. Let a denote the area of the strip ss. The stress f 

on the strip ss is sucli that therefore The resultant of 

y !/i Vi 

the stress on ss is The resultant R, of the stress on the part 

Vi 

of the se(;tion below XX must be = In like manner 

2/i y^ ' 

R^ = -^'Eay, Therefore if R. — R^ , — But therefore 

i^ay for the area below XX must be equal to Say for the area above 
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XX. Hence the neutral axis XX must pass through the centre of gravity 
of the section, . ♦ 

The moment of resistance is found as follows. The moment of the 

resultant stress on s$ is or and the total moment for the 

y\ Vi 

whole section is - or •^'^'2ay\ which is equal to or 1 , where 1 is 
.?A . ?/2 ?A ?A> 

the moment of inertia of the whole section about the axis XX. 

For equilibrium the bending moment must be equal to the moment 

of resistance, therefore M=*^iT=:*^L Putting Z, =A and 

?/i ^2 Vi , ^ Vl 

M =./ 2 ^ 2 * Z 2 are called the moduli of the section. 

Since ^ therefore M — 

y V\ U 2 ^ 

111. Moments of Inertia, and Moduli of Various Sections. — The 

moments of inertia and the moduli of the more common sections required 
in coniKJction with the moment of resistance to bending are tabulated 
on j). 106. The axis of moments is the neutral axis of the section, and 
passes through the <^entre of gravity of the section. ?/ — of axis 

of moments from the or bottom of the section. Where no value is 
given for y, it is equal to half the total deptii of the section. Where the 
section is not symmetrical about the neutral axis, there are two values for 
the modulus, Zj = 1 -r- yq, and Z^ — 1 -r 2 / 3 . 

112. Equivalent Beam Sections. — Since the moment of resistance of 
an element of a Vx'am stiction is ’ec[ual to its area multiplied by the stress 
on it and l^y its distance from the neutral axis, and since the stress on 
the element is j ►roportional to its distance from 
the neutral axis, it follows that if the clement 
be nK)ved ]»arallel to the neutral axis into 
f^iother iK)sition its moment of rtssistance will 
not be altered. ITence if a beam section be 
divirled into indefinitely narrow strips parallel 
to the neutral axis, tliese stri])s may be moved 

]»arallel to the neutral axis so as to form anoth(ir 

see.tiou, which will have the same moment of resistance as the original 
section. An exam[)lo is shown in Fig. 144, where the original section, 
a hcdlow semicircle, sho^n in full lines, is converted into an equivalent 
solid section by collecting the area about a central axis. 

113. Section Modulus Figures. — Let MHNK (Fig. 1^5) be the 
cross section of a beam, and XX its neutral axis. The distribution of 
stress on the section due to the bending is shown at (a), being the 
stiess at N, and fy the stress at M. Take an indefinitely narrow' strip 
MK of the section parallel to XX. Draw the base line Y^Yj parallel to 
XX and passing through N, the lowi^st point of the section. Draw H/i 
and lUc per])endicular to YjYj. Select a point O in XX. Tf the section is 
symmetrical about an axis perpendicular to XX, then () is preferably 
where this axis cuts XX. In Fig. 145, MON is^an axis of symmetry per- 
p(‘ndicular to XX. Join h and k to O by lines cutting HK at m and n. 

The str<‘.ss f at HK is such that ///j = OL/ON. By similar triangles 
7 n 7 i/ 7 i 7 r = OL/ 6 N, but M-HK, therefore = OL/ON and 
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Moments of Iwriia, etc-., of Vnt'kms lieam Sections (seis Art. Ill, p. 105) 




j/,=0-.')766r. ■ 
y-j. — O'iZiir. 
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In actnal practice it i.s often siifliciently accurate to take UjA, and 
Z„ wfaA-, where h is the total depth of the sect ion. 

,.„r ,• _ . , 

* If c? docH not differ much from D, then Z = ~ {D^-d^) nearly, 

S>ii 
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/, HK. Hence the atrip HK subjected to the stress /will have 

the same resistance as the strip mn subjected to the stress/,. 

If the above construction be repeated for a sufficient number of strips 
(tlie construction ^ 

for a strip above y._ M 

XX is shown by 
dotted lines), and 
the* points joined 
up, a figure shown 
to the right in 
Fig. 145, is ob- 
tained, \vhi(jh is 
called the motion 
viotlulus Jigure. 

T h e so( ;tion modu- 
lus figurti has tlio 

j)ro]»erty that the sum of the iriomeiits of the areas, of all the strips 
]iarallel to XX about XX multiplied by will be the moment of re- 
sistance of the section. Hence if is the distance between the centres 
of gravity of the parts of the vsection niodiilus figure on ojiposite sides of 
XX measured perpendicular to XX, and if is the area of the figure, 
then and Vi^^a^dy 

If instead of firojcctirig tin; varions strijis on to the base* line Y^Yi 
they be projected on to which is jiaiullc.l to XX, and })asftes through 

the highest ])oint of the section, the construction will giv\^ another section 
modulus figure 'wliose area is and the <]istancc corresponding to will 
be r'Z.j, and then — lb it sin(‘c Z| ^ 1 , and Z > = follows 

that Zo ~ Z,/y,/v/.j . Hence if Zj is found from a modulus figure, Z 2 can 
readily be deduced from it without drawing ariolhor figure;. 

The; [lositions of tin; centres of gr’nvity of the })arts of tin' modulus 
figure oi) o]>positc sides o\' tin* neutral a^is may be determined by one of 


the methods described in (lKt]»ter V. 

A section morlulus would only b(; <letormined in practice from a section 
modulus figure when the section was such tliat, not having definite, or 
siiffi(uently simple, niaiheinatical properties, its moment of inertia c.ould 
not be d(;termiiiecl by the usual method. Even then it may rie quicker 
to find the moiinmt of inertia by one of the methods described in 
Chapter V. 

114. Beams of Uniform Strength. — Considciing resistance to 
lu'nding, a beam is said to lie of uniform stnmgtl; when tlie maximum 
stress is the same at (‘very cross seed ion. If ./ is the niaxiinum stress, Z 
the modulus of tin; section, and M tlie bending moment, then for every 
section M"-/‘Z, and for uniform strengtl* JVI/Z is constant. 

In pra(;tice it is seldom ]>ossi})le to make M/Z c-onstant for the whole 
length of a beam. For cxjun}>le, in a beam an]»}>oit(*d at the ends and 
loadtxl cm tlie top, IVl vanishes at tin* ends \\lnTe the sliearing foix'C is a 
maximum, and siifii(;ii*nt area of cross s(*ction must be provided to resist 
the shearing force. 

115. Strength of Wheel Teeth. — A tooth of a wheel is a cantilever 
on which the load acts at difleri'iit points of tlie length during the time 
of its contact with another tooth on another wheel. The direction of tho 
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load on tlio tooth also varies during contact, and the investigation of the 
strength of the tooth is still further complicjated by the variation in the 
form of the tooth, duo to variations in the diameters of the pitch and 
rolling circles, and also to variations in the number of pairs of teeth in 
contact at one time. 

An approximate general# solution is obtained by assuming that the 
load, Q (in lbs.), is two-thirds of the load, P (in lbs.), at the pitch line due 
to tlic horse-power, H, transmitted Tvhen the velocity of the pitch line is 
V feet per minute, and that Q acts at the outer end of the tooth. 
PV 

33000’ 

There are two cases to consider : (1) where Q is distributed over the 
whole width of the tooth ; ( 2 ) where Q acts at t)ne corner of the tooth. 
It will also be assumed tliift t, the thickness of the tooth at the root, is 
the same as at the pitch line. 

Case I. — L(jad Q distributed over the whole width of the tooth 
(Fig. 146). This will obtain when the directions of the axes of the 
wheels are pro[>erly fixed and maintained, and tlie teeth ai*e truly shaped. 

The greatest bending moment is at the root, and is equal to Q/i, Ilie 
moment of resistance to bending is Hence Q4--= t is gener- 

ally about 0*48 p, but allowing for we^ir t may }>e taken at 0*4 p, where 7 ; 
is the pitch of the 
teeth . Taki n g 7/- — 0 * 7 
h = 747 ;, and Q — rJP,then 
P=,Vy/y. Taking/ 
at 3500 for cast-iron, 
the following simile 
formula is obtained, 

P = 200;/^A 

C.vsE IT. — Load Q 
acts at yiie (corner of the tooth (Fig. 147). This may result from 
inaccurate jnounting of the shafts in the first instiinco, or throiigli un- 
equal wear of the bearings, or from want of truth in the sluipe of tlu^ teeth. 

The tooth may break at a section ABCD, '’vhich makes an angle 0 
with the side of the wheel. EF being perpendicular to AB, EF = h sin 0. 

Them Q/i sin 0 = ^ therefore 



Fks. i4(;. 



AB = 


cos 


0 - 


cos 


Q- 


6 sin 0 cos 0 


3 sin 2 0 * 


This shows that Q will be least when sin 20 is greatest, that is, 
when 0~45”. Hence if the tooth breaks at an oblique section, that 

section will be inclined at 45*" to the side of the wheel, and Q — If 

Q = rJP, 7 = 0*4p, then P = 0*08p\f, and if /-^ 3500 for cast-iron, P ~ 28()p\ 
If while Q acts at one corner the tooth breaks at the root, then 
htH 

Q ^ , and if the tendcficy to break at the root is the same as at the 

weakest oblique section, = or b = 27i. This shows that if h is less 

w o 
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than 2h, the tooth will break at the root^ and then Q= but if b is 
greater than 2/i, the tooth will break at an oblique section, and then • 


116. Bending beyond the Elastic Limit — ModtQns' of Bupture. — 

nie expression for the moment of resistance of a beam to bending, viz. 

or />—, was deduced on the (us.suun>tions that the stress varied 
Ih 2/-2 

uniformly from zero at the neutral axis, and tliat the material was not 
strained beyond the elastic limit. In the case of a ductile material, such 
as wrought-iron or mild steel, ])ermanent set will first take place either at 
the top or bottom of the section, and as the strain increases the distribu- 
tion of stress will change, tending to become more uniform. 

The change in the distribution of the stress as the beam is strained 
beyond the clastic limit is shown approximately in Fig. 148. At (a) is 
shown the distrilnition of stress before ])erTTianent set takes place. At(^>) 
the material has takc.n a permanent set in tension and compression, the 
portions AC and 
BD being strained 
beyond the elastic 
limit, but the por- , 

tions OC and Ol) M 

still obey Hooke’s 
law. At {(') the 
whole of the nnv- ^ Fig. 148. 

terial has be^eji 

strained beyond tlui elastic limit. If the material is very plastic beyond 
the elastic limit tlie distribution of stress approximates to that shown 
at {(t), the tensile and coin])ressive stresses being both uniforndy dis- 
tributed. If })ermanent set takes place at A before it takes place at B, 
the distribution of stress will be as shown at (c), the neutral axis moving 
nearer to B. 

Tlie value of / in the formula M =/Z, wlien M is the bending moment 
which fractures the beam, is c.alled the vimlidus of rupture of the l>eam. 
Tlie modulus of rupture is generally greater than the value of / deter- 
mined by ex}»CT'iments on bars in direct tension or comj)ressioii, and the 
ditference depends on the form of the cross section of the beam, being 
small for a flanged scjction and greatest for a circular section. 

117. Beinforced Concrete Beams. — 0(X)d concrete, having the com- 
position, cement 1, sand 2, and broken stone 4, will carry safe working 
stresses of 60 and 500 IVis. per square inch in tension and compression 
respectively. Beams made of this material oflTcr small resistance to 
bending on account of the low value of the allowable tensile stress. 

The resistance of a conc;rete beam to bending may, however, be greatly 
increased by embedding steel bars in the concrete near the face of maxi- 
mum tension. The cross section of such a beam is shown to the right in 
Fig. 149, the black squares rej)re8enting the reinforcement. 

In calculating the moment of resistance of & reinforced concrete beam 
it is usual to assume that the steel reinforcement carries the whole of the 
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tension, and that the concrete carries the compression. It is also assumed 
that as the beam bends the strains in the various layers parallel to the 
neutral surface are i)roportidnal to their distances from that surface, as 
in the case of homogeneous beams discussed in Art. 109, 103i 

From the latter assuini>tion it is obvious that the neutral axis of a 
cross section will not pass through the centre of gravity of that section, 
since the moduli of elasticity of the steel and concrete are not equal. 

Referring to Fig. 140, is the de])th of the neutral surface below the 
top or compression surface of the beam, k is tlie dei)th of the axes of the 
steel bars from the toj) surface, and h is the breadth of the beam. Let 
a — total area of cross section of the steel bars, = maximum comj^ressive 
stress in the concrete, and == stress ^ 

in the steel. The depth of the if ~ b ^ 

section of the steel bars being small ( | R ) 

compared with the dei>th of the beam, ( ( 2 * * ( 

it is assumed that /^ is uniform over / * y 3^' 1 

the section of those l)ars. ^ V 

The resultant of the compressive ( j 
stress in the concrete is Rj = ^ d - - 

and this resultant acts at a distance p 
§ 7/1 from the neutral snrfa(‘ti. 

The resultant of tlie tensile stress 

in the steel is and this resulbint acts at a distance li from 

the neutr*al surface. 

The assurri])tion of ]>rojK)rtionality of strain to distan(‘c from the 

neutral surface already men tionod leads to the cciuation ^ =„ . 

R 1//1 

where Fj and Eo are the Young’s modxdi for the concrete and steel 
res2)ective]y. 

Since R, and R^, are the forces which form the cou]>]e wliosc^ moment 
is the moment of resistance of the section, it follows that Rj — IL, there- 
for<? \f^yx ^ • 

f I • 

Dividing the equation - \ hy the equation 


Fro. 149. 


Dividing the equation 


2 1 

the result is - = which may be written 

0 , 2r^ K, 2ah 

“ f' ' El’ 

which is a quadratic equation for determining 7/j. 

E 

Putting the solution of the equatif>n gives 

__ J{a^7i^ + 2ahhri) - an 

— - /, • 


Having found 7/^ the momeait of resistance of the section is 
yi + Iffy) = - ly\)i 

or R.^(A - ^1 + ly{) = a/,Jh - Jj/j). 
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In designing a reinforced beam, if either /j or /j is assumed, the other 
is found from the equation 

The value of the ratio is generally taken at 15. 


Exercises Vllb. 




1. Taking t,he moment of resistiinoe to bending of section A (Fig. 150) as 
unity, find the numbers whicih will represent the inoments of resistance of the 
sections B, 0, and 11. (In section C the metal is 1 inch thick.) 

2. Denoting the moment of resistance to bending of section A, per square 
inch of section, by 1, 
determine the numbers 
which will express tlie 
moments of resistance of 
the sections B,0, and D 
per square inch of section. 

3. The section K (Fig. ' 

150) has a total depth of 
S inches. The flanges are 
5 inches wide ami 
inches thick. I’he web 

is 1 inch thick. What is the moment of resistamjo of this section to bending 
when the maximum stress is 5 tons per square incli ? WJiat will the answer be 
if the section is placed with the web horizonl id ? 

4. A solid circular section is (» inches djametcr. A hollow circuLar section 
is H inches diameter outside. Find the internal diameter of the hollow section 
so that it shall have the same area as tlu* solid section ; lhf‘n, denoting the moment 
of re.sistance of t he solid si*ction by 1 determine the number which will represent 
the moment of resistance of the hollow .section. 

5. A ste(d joist has a total depth i)f 1ft inches. The flange.s are 7 inches wide 

and O-m inch thick. The web is 0*55 incdi thick. Determine the section modulus, 
Z, in incli units (a) by the corrtrt formula, {h) by tbe formula where a is 

the area of one flange, and // is the total depth. 

6. Construct, half full size, the inoilulus figures for the following sections. 
(a) Cir(l(^ f) Indies (lianu'ter. {h) Hollow cinle, external diameter 6 inche.s. Internal 
diameter iiidies. (c*) Flantred section indies doe]), flanges [U inches wide and 
li inches thick, web IJ indn's thi\*,k. ((/) Isosceles triangle, base 5 incdies, ha^gbt 
n inches, (r) FJangi’d si'ction 0 indies (leej>, top flangi* 2^ inches wide and 1| inches 
thick, bottom flange 4 inches wide and lA inehes thick, web I J inches thick. 
From thcs(i figures df'terrnine in case.s (u). (b), and (c) the values of Z, and in 
cases (r/) and (r) tlio values of Z^ and Z_,. Coinjiare the results 
with those obtained by <*.alculation from the correct fonnulie. 

7. AEB and (.'FD (Fig. 151) are semicircles wliosr diameters 
AB and CD are parallel and 2} indies apart,. AB = 2j indies, 

CM) - 2J indu's. AD and 15C aie str.iighl. liiu'S which are p(‘r- 
pendicular to oim ariotlu‘r. The vvliole figure AEBOFD is the 
modulus figure of a beam section. Construct the beam section. 

8. A cantilever 50 inches long carri(‘s a load of 400() lbs. at 
its free <;nd. The maximum stress due to bending is to bo 5000 
lbs. per square inch at every cross section. 'I’hc cross section 
is a rectangle, breadth =:i depth =3^. Dc'ti^rmine the cross 
.section, x x // at 10, 20, 50, 40, and 50 inches fiom the free end, 
and draw a plan and side (devation of tlic cantilever (scale, 1 
inch to 1 foot) in each of the following cases : — 

(^7-) y ~ 6 inches, and t.he lever to be symmetrical about a vertical longitudinal 
section, 

(7)) x — 3 inche.s, and the top surface of the lever to be horizontal. 

(c) y the top surface to be horizontal, ar^l the lever to be symmetrical 
about a vortical longit.ndinnl section. 

' 9 , Same as Exercise 8, except that the cross section is a circle of diameter y. 
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and the lever is symmetrical about vertical and horizontal longitudinal 
sections. 

10. Same as Exercise 8, except that the load is 6000 lbs., and is uniformly 

distributed. ^ 

11. Same as Exercise 9, except that the load is 6000 lbs., and is uniformly 
distributed. 

12. An overhung steel crank-pin journal has a diameter d and length 1. The 
total load on the journal is 62,500 lbs. uniformly distributed. The pressure on the 
journal is to be 600 lbs. per square inch of projected area (projected area-dZ). 
The maximum bending stress is to be 10,000 lbs. per square inch. Find d and L 

13. Same as Exercise 12, except tliat there is a hole through the pin having 
a diameter equal to id, the axis of the hole coinciding with the axis of the pin, 

14. A cast-iron flanged beam resting on support s 1 2 feet apart cames a central 
load of 12 tons, and a load of 5 tons uniformly distributed over the whole length. 
The total depth of the beam is 13 inches. The area of the cross section of the 
bottom flange is to be four times the area of that of the top flange, and the stress 
in the bottom flange is to be 2 tons per square inch. Find the area of the top 
flange and the stress in it, assuming that the modulus of the cross section is equal 
to the area of one flange multiplied by the total depth of the beam. 

16. Professor Goodman in his “ Mechanics Applied to Engineering ” gives 
the proportions for cast-iron flanged beams shown in Fig. 152. Show that, for 
this form of seel ion, neglecting the fillets between the 
flanges and the web, the moment of resistance to bending 
is O'OTTrr/, where d is the total depth, and f the maximum 
tensile stress in the larger flange. 

16. Determine tiic horseqiow.er which may be s«*ifely 
transmitted by a sjmr- pinion 12 inch(*s diameter, having 
20 teef.h, when running at 200 revolutions per minute. 

Breaflth of teeth times the jiitch,* 

17. Find the pitch and number of teeth for a spur-wheel 
4 feet in diameter, w’hich when running at 90 revolutions 
per minute transmits 150 horse-power. Breadth of teeth 
3 times the pitch.* 

18. At w'hal. speed, in revolutions per minute, must a 
spur-whecd 3 fo(‘t in diameter run when transmitting 80 liorsC“i>ower. 
of te(ith to, breadth of teeth 7 inche.s.* 

19. A horizontal steel shaft 5 inches in diameter projects 36 inches beyond a 
snyiportirig hearing. At the free end ihore is a v^ertical load of J* lbs., and at a 
point 9 inches from the free end there is an equal load acting in a horizontal 
direction at right angles to the shaft. If the inaxinunn tensile stress in the shaft 
is 12,000 lbs. per sejuare inch, fijjd the force P. 

20. A fcrro-conorete beam, rectangular in section, is 12 inches wide and 
24 inches deep. The reinforcement consists c)f four steel bars, each inch 
diameter, their axes being at a depth of 22 inches l>t‘low the toj) or compression 
face of the beam. Taking the modulus of <‘lastic,ity of the steel as 10 times that 
of the ccnicrete, find the depth of the neutral axis of the section from the toy). 
If the b(iani rests on sujiports 18 feet aj.'art, w^hat load, in tons, uniformly distri- 
buted, will this beam carry when the maximum compre.ssivo stress produced in 
the concrete is 600 lbs. per square inch, and wdiat will then be the tensile stress 
in the steel in lbs. per square inch ? 

21. A concrete beam of rectangular section, 11 inches wdde, is to be reinforced 
by steel bars whose axes are to be 20 inches from the compression face of the 
beam. If the modulus of elasticity of the steel is 1 ! times that of the c<mcrete, 
find the total area of the steel bars, so that when the ttjnsile stri^ss in the steel 
is 11,000 lbs. yier square* inch, the maximum compressive stress in the concrete 
is .500 lbs. per square inch 7 Find also the distance of the neutral surface of the 
Jaeam from the compression face. 
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* Use the formula P“200np®, where P is the driving force at the pitch line in 
Jhs., p the pitch of the teeth in inches, and n the breadth of the teeth divided by 
the pitch. • 



CHAPTER VIII 

DEFLECTION OF BEAMS 


pp, 


These equations show 


118. Bending to Circular Arc. — It was shown in Arts. 109 and 110, 

lOH-105, that = 5 = = % = 

K I AM’ 

that a beam will Ixjnd to a circular form when 2hlf\ constant, or when 
I/M is constant througliout the length of tlie beam. For a beam of 
uniform cross section and I arc constant, and therefore /j and M must 
also l>e constant for circular bending. If M is variable, then, for circular 
bending, I must be j)roj)ortional to M. 

The equations = ~ may bo used for non-circular bending if 

an indefinitely sliort length of the beam be considered ; E will then be. 
the radius of curvature at a point in the length, M will be the*bending 
moment at that point, and J refer to the section at the 

same point. 

119. Deflection due to Circular Bending. — Let a beam (Fig. 153) 
resting on suj>])oi-ts A and B, whose distance apart 

is /, be bent to a circular arc ACB. The point O 
is the centre of curvature, I) is the middle point 
of AB, and CD is the maximum deflection Mj. 

Jn the triangle OAD, OA-^ - AD^ + 01)‘l But 
OA ==-" R, AD = ^/, and 01> ^ R - Therefore 
E-i=|/2 + R2_2M,R + Mf, that Ls, 2 m,R = IZ- + m?. 

Rut since «j is a very small quantity compared with 
R and I, the term may be neglected* Hence, 



2?ijR = ^/-*, ajid ?ii 


P T, , T> *1 ( 

'PR- R-tR- j,. 


For a cantilever of length I it is easy to show that = 


2EI’ 


120. Cantilever Loaded at Free End, — The cantilever (P'ig. 154) is 
suppose ‘d to be of uniform cross section 
throughout. CJonsider an iiidefinitAOy 
small portion UK of the length at a 
distance .r from the free end A. Let 
0 be the angle Ix^tween the radii drawn 
from FI and K to the centre of curva- 
ture of lIK, and let R bo the radius of 
curvature of HK. Lot HC and KJ) be 
tangents to HK at H and K, meeting the ^ 

vertical through A at C and D. Then (JD is the amount of deflection of 

115 ® 
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the cantilever due to the curvature of the part HK. Let HK = dXy and 

CD — du. Then, 0 ~ therefore du = ~~ = But M — Wi*, 

XV X XV JcL f 

VfsrMx 


therefore dn ~ 


El 


The total deflection 


All 


-). Ei -Eijr" 


W/8 

;$Er 


whore I is the length of the cantilever. 

121. Cantilever Loaded Uniformly. — Let the load bo w i^er unit of 
length. Using the same notation, and ])roceeding in the same way as in 

IS/i xdx tv f'^d t* 

thei>receding Article,f?w but M = therefore (/u^ 

Jill “ 21i<l 

w f' '//7* W73 

w^=-- ,^1 ra-.T ” ■where W = = total load. The cantilever 

2h-lJo oiiii oliii 

is supposed to be of uniform cross section. 

122. Beam Supported at the Ends and Loaded at the Centre. — 


Referring to Fig. 155, and proceeding as in Art. 120, f /74 = Cl)--= 
but M=JW.7r, therefore , ?/., = AB= 


Mxdx 

WI^ 
4si:i • 



123. Beam Supported at the Ends and Loaded Uniformly. — 

Referring to Fig. 155, but renieinbering that the load W is unifennly 
distributed over the length, and that its intensity is tv per unit 
length. 


du^Cjy 


M.rf7r 

El 


, V>ut M 


IvfJjx - hvx'^, tlujrefore d?i 


trljy-dj‘ 

2E1~' 


2E1 • 


Hence 


wIj o , W P , V)Tj P 

‘ 2ElJo 2ElJ« 2K1 


7/7 7 * 

2Er ’ 4 


^ 7cTA _ 7/L4 _ t/7L* /I _ 1\ r>7rTA ^5WL^ 

48ET 1 28EI " lOE 1 ( 3 s) ~ .38 1 1^:1 384EI ’ 

124, Slope of Bent Beam at any Point. — Referring to Figs. 154 
and 155, B is the change in the slo|»e of the beam between the points 
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^ 3Cr IT 

H and K, and ^ “ jj “ g| • Hence the change in the slope between 

the points and is equal to T = and if the beam is 

J.7\ El 

horizontal where x-^l^ then the slojie at the point where is <9j. 

125. Stiffness of a Beam. — The ratio of the niaximuni deflection of 
a beam to its s])an is called the stiffness of the beam. The stiffness may 

be denoted by where n varies from 1000 to 2000 for steel girders of 


largo span, and from 500 to 700 for short spans. For timber beams, 
n should not be less than 360. 

126. General Method of Determining Deflection from Bending 
Moment Diagram.— The analytical method of finding the deflection of a 
})eam used in the preceding Articles is simjde in simple cases, but in 
many cases in jiractice it becomes diflicult and complicated. The method 
now to be discussed will be 


found t(j be com])arativ(?1y 
simple in <tases where the 
analytical method w<»ukl be 
troublesome. 

In what folloAvs, the beam 
or cantilever is assumed to 
be of uniform cross section. 

(V)nsider first the case of 
a cantilever All (Fig. 156) 
umler any system of loads. 
Let AllKll be the bending 
moment diagram, and let 
A,T>, be the curve* in wdiurh 
the cantilever bends. Take 



Fku 150. 


two ])oints L and N on the 

cantilevej* near to one another, their distance aj)art being .s*. If the 
distance ,s be small enough, the bending moment M may be considered 
as uniform ovt*r the leimth Let 11 be the radius ot curvature of 

O 


T M 

LiNj, then ^ = ,, , and 0 the angle between the radii to the centre of 
11 El 


curvature fi’om T.i, and N. will be the, change in the slope of the beam iji 
])assiug from to Nj. But j-, tlierefore which shows that 


the change in the slope of the cantilever in passing from L, to N, is 
equal to the area of the vt^rtical stri]) of the bending moment diagram 
over, LN divided by El. JJence if the bending moment diagram over 
the portion BP })e divided into a largo n urn her of vertical strijjs, it follows 
that the total change in the sloi)e of the cantilever between B and P will 
be eciual to the sum of the areas of these strq»s divided by El, that ivS, 
eiiual to the area of the part of tin; bending moment diagram lying 
between the verticals through B and P divided by ET. Hence if a 
tangent PjO be drawn to tlie curve A|PiB|, al* P| it will be inclitmd to 
the horizontal B^C at an angle a, whose tangent or circular measure, 
the angle being very small, is equal to the area of the figure PHKB 
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divided by El, and therefore a 


A 

El’ 


where A is the are^ of the 6gure 


PHKP. 


In measuring the area of the bending moment diagram for the 
purpose of linding the change of slope, the unit of area is a rocttingle, 
whose base is the unit of length, and whose height is the unit of bending 
moment* 

If on All as base a c'urve BED ho constructed such that the oidinate 
PF at any ])oint P in A P» is etpal to the area of the figure PHKB divided 
by El, then the ordinate of this curve at any point in AB will represent 
the slope of the bent cantilever at that j)oirit, and this curve may l>o 
called the nirra of h/ ope. 

Now lot the mean distance of LN from P be denoted by x, and let u 
be the deHection at P, due. to the curvature of the part LN, then 


u “ .rO = 


El’ 


whore a' is the area of the strip of bending moment 


diagram over LN. The total deflection P|Q at P will be the sum of all 

such quantities as between B and P, therefore P]Q = '^,'f, where is 
El El 


the distance of (J, the cemtre of gravity of the figure PHKB from PK. 
This sim])le rule may therefore be used for constructing the curve A^P^P*!, 
the weak being done graphically, or in part graphically and in part by 
calculation. 

Again, PjQ = OQ tan a, but since a is a small angle, tan a may be 

A At 

taken equal to a, therefore PjQ = OQ*a. But and PiQ— 

Jill EJ. 


hence ~ pp and therefore OQ = .t. This shows that the tangent 

to the curve AjP^H, at meets BC at a point vertically under (J, the 
centre of gravity of the figure ITIKB. 

The deflection A^C at the free end of the eantilever is obviously 

A. T 

t^qual to Avdiero A^ is the area of the whohi diagram AITKB, and 

El 


.T:^ is the horizontal distance of the centn; c^f gravity of tln^ figure 
AlIKH from A Also, the tangent to the curve A^l’^B, at A| w*ill 
meet BjC at a ]>oint vertically under the centre of gravity of tlu^ figure 


AHKB. 


Suppose that the area of the figure T'HKB, on a scale drawing, is A' 
scpiare inches. Let the scale for the base PB be 1 inch to m inches, and 
h^t the scale for the ordinates or bending moments be 1 inch to ti indi- 
])ounds, then A^A'mn. :e must be measured with the scale 1 inch to 
inches. Then if E is in lbs. per square inch and I is in inch-units, the 

deflection PjQ~ will be in inches. 

El 

!• the bending moment diagram AHKB (Pig, 156) be considered as 
a diagram, showing the intensity of a load distributed over the canti- 
lever, and if tlie cantilever be fixed at the end A instead of at the end 
B, as shown in Pig. 1§7, then jxt any section P of the cantilever 
(Fig. 157) thf‘, shearing force is j)roportioua] to the area of the figure 
PHKB, and therefore the ordinate PF of the curve BP'D in PI'g. 156, 
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B 

b X 

T^l 



“] f 



P' j 




B.M.P.I 


Fiu. 157. 


which measures the slope of the bent cantilever at P, will in Fig. 167 
represent the shearing force 
on the cantilever at P, that 

is, the curve of slope in Fig. h ^ 

15 G is the shearing force ^ 

Again, at any section P ^ 

of the cantilever (Fig. 167 ) p 

the bending moment is pro- ^ k 5 c >\^ 

j)ortional to the area of the ^ [ % 

figure PHKP> multiplied by E«g«swgsg^ 

.7*, t]io horizontal distance of ^ 

0 , the centre of gravity of S.F.D . \ 

[^HKB from P, and therefore 

the ordinate P|Q of the ^ C 

curve A^PjBj in Fig. 15 t), j 

which measures the deflec- I ' 

tion of the bent cantilever 
at P, will in Fig. 167 rejire- 
sent tlio bending moment on 

ihii cantilever at P, that is, the curve of deflection in Fig. 166 is the 
})cndirig moment curve in Fig. 167 . 

Hence having constructed the bending moment diagram for any 
system of loads, the ^ 

curv(^ of slope and 

the deflection curve I ! 

may bo constructed 

by the rules for con- a I • ' 1 ' \c 

. /» ^ 1 ^ ^ I — *^2 ^ I 1^ I 

ing forcoand bending t 1 ] — i 1 j T 

moment diagrams, q 'p [ I ! * pi 

ihe original bending | I • 1 1 

moment diagram be- | ^3 ’ ” i • * 

ing considercrl as a 
load diagram. L _ -v ^ 

(\)nsider next the 1 ~*1 - 1 1 1 

case of a beam ABS *" . - - - .t — H j I 

(Fig. 168 ) supported ^ ^i"i H I ( 

at the ends, and Ap ;|^ l l rl ^ ^^ l^n l l lll ll^ l| ^ l ^ll^lllllll ^ lll ll m^ ^ ll ^l ^ llltll l^j^ ^^ ^lllllll l^ llll l l l l l lllll ^ 1 lml ll lnm r l T ^ 
under any given sys- 1 i** j » 1 j*****^ 1 

tom of ioads. Let ! ^ 

AHKSbe tbebend- « u.uu>^ 1 ' 

mg moment diagram Q 0 

for the given system 
of loads, and let 

A|P^B,S| 1)0 the curve in which the beam bends, being the lowest 


- X H I 

k-l- 


-1 1 


5 ^ 

Fig. 158. 


point in that curve. 

Let ttj, a^y and ^3 be the areas of the figures PH KB, AHP, and 
AHKB resfvectively. Gg, and G3 are the centres of gravity of these 

figures respectively, and the horizontal distances of the points G^, G2, 
and Gg from A are 5 c^ , and respectively. AP = Xy and AB = 1 . 
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The portion AB of the beam may be looked upon as a cantilever 
fixed at B, like that in Fig. 156, the bending moment diagram being 
AHKB, and the deflection P^Q measured from the horizoiital B|C will 
be equal to -x), where /r is a constant. The total deflection A^C 

is equal to Hence P^Po^A^C- P^Q = /ra 3 ig^-te,(^c, -jr), and 

_= ^3*^3 ~ 7 f) ^ cZjXjj- a.jK - aj(x i -x ) ^ + rijX 

Consider the figure AHKS to be a load diagram. Let A'DD'S' be 
the shearing force diagram, and A^P^B|S^ the bending moment diagram 
corresponding to the load diagram AHK8. Then the ] joint where the 
shearing force is zero must be in a vertical lijie through B^, the lowest 
point in the bending moment diagram, and the reaction must equal 
the load represen tcnl by the area AHKB, therefoie where cj is a 

constant. Then the bending moment at P is equal to 

Rjir — — .r^,) PiPo • 

Also, the bending moment at B is equal to 

R/ ~ qa^^l - - ryag/ - = AjC!, 

and ^ (^'i ^ _ ^^r*’ "b 

A^C 


Hence whether the curve A,P,B,kS( be considered as a deflection curv (3 
or a bending Tnomont curve, the ratio of P^l^ to A^CJ is the same, and 
therefore the bending moment curve will rei>reseiit the defhjction at every 
I)oint. 


127. Beam of Uniform Section Supported at the Ends and Loaded 
at any Intermediate Point. — Ali (Fig. 159) is a beam nesting on snj)i)orts 
whoso distance apart is L. This 

beam carries a load W at a point C 5 ^>^P 

at distances a and h from A and B ^ci _ —wJY'i 

respectively. The bcTjding moment ^ 

at C is and makin£r the ordi- tP ' Pi i 

L ’ ^ rfr ”--fc - " -ri 

nate CD equal to this bending R^" j - - - a r - - 
moment, and joining A and B to ' , 

1), the figure AT)B is the bending 

moment diagram for the beam carry- ^ C ► 

iug the load W at C. 1 

Now consider ADB to bo a load 

diagram. The resultant P, of the load • ^ U— — 

represented by the triangle ADC is ^ 


equal to 


and P, acts in 


Via jr>0. 


vortical line through the centre of gravity of the triangle ADC. The 
resultant of the load V*prescnted by the triangle BDC is equal to 

2 L ’ ^ vertical line through the centre of gravity of the 
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triangle BDC. Let Rj and be the reactions at the supports due 
to the load represented by ARD, then 


^ Wa&(a + 26) 

6L~’ 


and = 

^ 6L 


Tf AjF^B^ is the bending moment diagram corresponding to the load 
diagram AbB, then the ordinate of the curve A^FjEj at any point will 
represent the deflection at that jioint, and the maximum deflection 'will 
1)0 at the section of the beam where the shearing force due to the load 
ADB is zero. The complete shearing force diagram ST for the load 
ADB is slio'wri, but it is not necessary to draw this to find the deflection 
of the beam, but it is necessary to find the point F, where the shearing 
force is zero. Let AF = c, then the resultant P of the load represented 

by the triangle AHF is^equal to ^ and Pacts in a vertical 

JIj 2L 

line thr(iugli the centre of gravity of the triangle AHF. 

The shearing force at F — lij ~ P, and if this is zero Rj = P, hence 




Wah(a+2h) 

GL 


and therefore c = 


fa{a-\-2h)\\ 

I" 3 / * 


TluOiending moment at F = P " = 5 Pc = ^^^ 

and thci d(‘flertion at F ^ \ \ ]f a = /^L, then b=^(l - n)L, 

t > L Hi I 1. » I f 

and the deflection at F is given by the expression " ) • 


Th(^ bending moment at C = ll^a — I 


. a^WaVia ^ 2 /)) _ Wa'^b ^ 

^3“' GL GL~"“ 3L”'’ 


and ilie deflection at (> 


wv/y-^wi/ 

3LEi"^ 3Ei 


^//^(l -- 7iY, 


128. Beam of Uniform Section Fixed at the Ends and Loaded at 
the Middle. — Tlie beam AB (Fig. ICO) is held at tlic "ends in such a 
way that the tangents to the bent beam at A and B are horizontal. The 
load W at tlic cemtre of th(‘ beam 'will obviously bend the middle part of 
the beam so that it sags, that is, it becomes concave on the top, and the 
tangent to the bent beam at C will bi' horizontal. Hence the curve 
AjC-,B, into which tlio beam bends must have jioints of inflexion E| and 
between the centre of the beam and its ends, and the iiositions of 
these points liave to be determined. 

Tf the bt^am AB were simply su])]>ortod at the ends it would be con- 
cave on its upper surface for tluj 'ivhole of its length, and the bending 
moment diagram 'W'ould be the triangle arb, the altitude of which would 
be equal to the bending moment at the ceiitrcf, naint^ly, JWL. Also the 
bending moment woiild be everywhere })ositivc, lu order that the beam 
may be concave on its under surface at A and B there must be negative 
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^ 1 

R iE m. ^ IF ' 
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I 

4 

rp--;-- u 

LriflJlW 

1 

It 

ib' 

1 

ppr|e 


L 

Li-*h Lz ^ Li 






bending moments at'these plaints, and ifcheae iare supplied by the meth()d 
of filing. In Fig. VfiO tlm beani ie sliown 'witli flanges, whicli are sup- 
posed to be bolted to the wafts, 
and the forces PP showt^, prcidnde 
the necessary negative bending 
nioTiieiits just referred to.* Also 
these forces PP produce a uniform 
bending action over the whole of 
the beam. Let aa bo the bending 
moment at A. Draw a7/ paralhd 
to ah, cutting ac and be at e and 
/ resf^ectively, then the shaded 
figure will be the actual bending 
moment diagram for the beam 
AR, with fixed ends and loaded 
at the centre, ah' being the base 
of the diagram. This diagram 
shows that the portion EF of the 
beam is subjected to positive bending, and that the })arts AE and P>F 
are subjected to negative bending- also, that there is no bending 
moment at either E or F. Hence if the beam be cut at E and F, and 
the parts he again connected by jfin joints, the axes of tlie pins })oing 
perpendicular to the plane of bending, the joinit*d beam will bcjhave 
exactly as the solid }»eani. Hence the original beam is ecpnvalenji ^^o 
two cantilevers AE and TIF loaded at E and F, and a l>eam EF sup- 
ported at E and F, and loaded at the centre, as shown in tlie lower 
part of Fig. J 60. 

The slojic of the cantilever AE at K is represented by the area of the. 
triangle aea (Art, 126), and the sk)[>e of the beam EF at K is repre- 
sented by tlio area of the triangle But these two slopes must be 

equal, therefore the triangles aea' and cer' are equal in area, and as they 
are also similar, it follows that ac = c'e. Therefore the points of inflexion 
and the middle point of the beam divide the span into four equal parts, 


Fig. 160 . 


an(d = ^L, also = JL. 


The cantilever A^Ej of length = ^L carries a load= IW at 

WL- 
:^S4EI ■ 


E„ he, 


by Art. 120 the deflection at Ej - J — 

The beam E,F^ of length— carri('s a load W at its centre ('Jj, 
hence by Art. 122 the deflection of below Ej^ 




48Er = 


WL3 
384Er ' 




Tlie total deflection of the whole beam at the centre is therefore 
\VT.3 

eoual to . 

^ 192EI 


* In order that the theory developed in this Article and the next may be 
strictly applicable, the method of fixing must not hinder any horizontal move- 
ment of the beams as a whole at the ends. iThe fixing is only supposed to keep 
the beam horizonial at the ends. 
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lint hy the well-known pro[)erty of the parabola, area aecd^^ad • cd, 
hence 7ia' • ad = f^ad • therefore aa' = and C6''=?jcr/; but 

therefore ec' ^ 

Considering now the middle portion EF as a beam su2)j>orted at the 
CJids and loaded uniformly. = J-vrLg, therefore L« — JL^, and 

L, - ^.L V3 - 0*r)77L. Also ^\(L - L,) - IL(^ - ^/3) = d'21 IL. 

The cantilever A^E^ of length Li=^ JL(3-* ^/3) carries a load 
A/cL,-- /;/rL ^^3 at E|, and a uniform load of ir per unit of length. 
Tlie de.tlection at Ej^ duo to the first load is, by Art. 120, 

_^7a-IV 3L," _ /rL-‘ (9 ^/3-_15) 

'.'JEI “GtHEJ 

TJio deflection at Ej due to the second load is, by Art. 121, 

wL' (7-4^3) 

8EI ’ 288EI 

The tohd deflection of the cantilever AjEj at Ej is therefore 
?eL-'(9 ^/;5 -- 15) h-IA(7 - i jji) _ «;L* 

GESET ' ^ 2S8Ei " 864P:1 ' 

The hei^ E,F, of h'ngth L,^ = l.L carries a unifonn load of to per 
unit of length, honco by Art. 1 2.3 the ileflectiou of Cj below Ej^ 

_ 5?eL* ^ .G/rL-* 

"384E’i“ 34.56 El’ 

The total deflection of the whole beam at the centre is therefore 
wIj* 5wL* _ «’L‘‘ 

864EI 3456EI ” 384EI ’ 
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130, Beam of Uniform Section, Fixed at one End, Supported at 
the Other, and Loaded at the Centre, - AB (Fig. 163) is a beam fixed 
at B, resting on a support at A, and carrying a load W at the centre C. 
The first step is to determine the reaction P of the snpp)rt on the 
beam at A. Supi)ose the support at A removtid, as shown in the upper 



part of Fig. 16*J, then the load W will ])r(»dueu a deflection in AB at 
AY'" ^ LV^ AYL^ 

^ „ . The bending moment diagram duo to AY on 

^ 3El 2iKI ^ ^ 


BC^ will bo a triangle iUT), and the tarigent to the bent cantilever BiCi 
at Cj will meet the horizontal through at O, which is Vi;rtically under 

(f, the centre of gravity of the triangle B(B). Tlence 

O Jj fj 


If a is the inclination of 0(^| to the horizfmtal, then tan a = 


L 

3 




1 


L * 


The portion C!,Aj of the deflected eantilovt'r will remain straight, hut will 
be iTuHiued to the horizontal at an angle, a. Jleiico the deflection A^A' 

5\V^1/ 

of the cantilever at An + AL tan ;*!?/, . 


Next su}>poso thal the load AY is removt‘d, and the reaction P at the 
BU])port to act as shown in tlie lower part of Fig. 1()2. An upward dcttec- 

PL^ 

lion will be produced at the free (md of the ('.an ti lever — === ‘jpl * 


Now if P and AY net tog(it]ier, tlio deflection at A duo to AY will be 
neutralised by the dcflccticm due to P. Hence d = that is, 


5AYL3 

48EI 


therefore r = yVW. 
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The bending moment diagram for the beam AB (Fig. 163) may now be 
constructed. At C the bending moment ia == bend- 
ing moment ia - ^WL== - Let E be the point where the 

bonding moment is zero, and let AE~;/:, then - W(a; - ^L) = 0, 

therefore x =-^ The .shaded figure on the base ab is the bending 

moment diagram. As there is no bending moment at E the beam may be 
supf>C)sed to be hinged at that point, and the whole beam is equivalent to 
a cantilever B^Ej fixed at B^, and a beam E|A^ .supported at its ends. 
Since the .supporting force at A^ is it follows that the supporting 

fon;e at E, is ] W, an<l this latter force will also be equal to the load on 
the cantilever B^E^^ at E^ 


The deflection of the cantilever BiE. at E, — 

^ ^ ^ 3EI 1936EI 

By Art. 127 the deflection of C. below AiE, == — — . In this 

3(a-H/^)EI 

case rt==.A.L, and />— JL, therefore the deflection of C. below A|E| 

- ..-iVT* But E, deflects and this will lower the point a 

■1224 El ^ 1936Er ‘ ^ 


1 1 9WL'^ 9WT/ 

(li.stance c‘(]ual to - - x =- ,-,,.,.,,7 fhe multiplier j J being the ratio 

to lUdohjl 3810Jlii 

of AO to AE. 

The tcjtal deflection of Cj bedow the horizontal through Bj is therefore 


9WD\ 2r>WT/ ^7WL3 
28 1 6E r 4224Ei 768Er 


If the bending moment diagram f>n th(i base aO be considered as a load 
diagram, the part below ah rej)reseiitingaloa<J acting iqnvards, the reaction 
.it the I’ight-hand siqijK^rt will be found to he equal to .jVWL-, and the 
point F, where the .shearing force Ls zer(», is easily shown to be at a distance 


from the right-haiid sujjport ecpial to L. The complete shearing fo^o 

v'^ 

diagram ST is si 1 own, but this n(»ed not be drawn. 

Still considering the bmiding moment diagram on the base ab as 
a load diagram, the bending moment due to this load at a ]>oint in A(? 

\VTj“ / 5r'^\ 

at a distance x from A is equal to — ^ ( .r- and the <ieflection at 

.0 \ oL'"/ 


WIj“ / 5.^^^ \ 

thi.s point is therefore equal t(> ^ 2 J' Butting x-- 

deflection at F, where tlie deflection is greatest, is ecjual to 


1 


L, the 


WL« __ 

48 ^hEl '^ l()7EI 


nearly. 


Putting X |L in the same exprc.ssion, the deflection at C is found to 

be a result which has already been found in another way. 

768E1 
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131. Beam of Uniform Section, Fixed at one End, Supported at 


the Other, and Loaded Uniformly.* 

to that of the case in the pre- 
ceding Article, and the steps will 
be here stated briefly, and the 
results given. The load is w per 
unit length. Removing tlic^ suj)- 
port at A (B"ig. 164), the down- 
ward deflection at that point due 

to the uniform load will be 

ohil 

An upward force P at A, the 
uniform load being removed, will 
produce an upward deflection at 
1>L3 

that point equal to----. Hence 

•3 hil. 


-The treatment of this case is similar 




, therefore P = -|/cL. 


PL»_ 

3EI 8EI 

The bending moment at a dis- 
tance X from A is 
and when this is zero, ^ frLx — l'icx\ and 



Fio. 164. 


This gives the jxjint 


of inflexion E. When x = L, tho bending luomoiit is 

Betw^cen A and E the bonding moment is greatest at C, wimre x — gL, 
and is then equal to ^ !! ^ 

The beam AB may now be considered as a cantilever BjJ2j fixed 
at B,, and a beam EjA^ sui)])orted at the ends. 7’lie load on the 
cantilever i>|^E|^ is P=§«;L at E^ and a uniform load of vo per unit 
length. The load on the beam EjA^ is a uniform load cjf w }>er unit 
length. 


Deflection at E 


^wLQLf l7rh(lJjy _ 


4 - ' 

;iEi 


8E1 


‘2048E1 


of C, lx,lowE,A,--i-3j,^^g ’soTCMif 
Total deflection of Cj below 

2 y 2048Er’^32768El i«7El 


The greatest deflection is whoso distance from A is 

185E1 

0'42ir)L. 

Observe that this beanf is not strengthened by fiixing it at one end, 
the maxinmin bending moment being the same as when the beam 

is sinqily supported at the ends. 
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132. Beam of Uniform Section, Besting on Three Equidistant 
Supports and Uniformly Loaded. — AB (Fig. 166) is a beam resting 
on ^ree supports, one at each, end and the other at the centre, and 
carrying a uniform load of w per unit length. Let eaph of the equal 
spans be denoted by L, and let the reactions at the ends be Q, and the 
reaction at the centre P. 

First consider the case where the supports are at tlie same level. 
Suppose the middle supi^ort to be removed, as shown in the upper half of 

Fig. 165, The deflection at the centre will then be . 

^ 384EI 24EI 

Now suppose that the load is removed and that a force P acts upwards at 
the centre, forces acting downwards being applied at the ends, as shown 



in the lower half of Fig. 16.5. The upward deflection at the centre will 
rY2LV^ PL» 

1)0 If the conditions in the upper and )ovv(^r halves of 

J8K1 6E1 

Fig. 1()5 be appli(;d siiniiltaneoiisly, aiid there is no resulting deflection 
IM/^ 5^rlA 

at the centre C, then therefore P= JycL, and consequently 

Q 'I'he bending moment diagram may now bo constructed, and 

will 1)0 as shown on the base ah in Fig. ICO. The beam AB (Fig. 166) 
may evidently be (considered as two cantilevers AO and BC fixed at C, 
leadt'd nniforiiily and supported at their free ends. 

Next, su]>))Ose that the middle suj>port is 1-A^th of d below the level 

of the other sui)j)ort.s, where ", the downward dcffection at the 

24KL 

(Ciitre when the middle support is removed. The upw^ard deflection 

due to r is now f 1 " ^ ^ ^ therefore P =:= I - - \ and 
24EI\ nJ OEJ. ^ \ nj 

. nJ 

Tjastly, snj)pose that the middle sup})ort is 1-wth of d above the 
level of the other siqiports. The uj»ward deflt^ction -due to P is now- 

2rKi(^ + i) = m ’ ^ 1} ^ ~ !)• 

The case discussed in this Article is the simplest case of a confinuems 
boam, ; the general case, whore there are any number of supports and any 
combination of loads, is considered in the next Article. 
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133. Continuous Beams and Theorem of Three Moments. — A beam 
which rests on more than two supports is called a continuous beam. Let 
BCD (Fig. 167) be a portion of a continuous beam, BC = Lg^and CD — L^ 
being two consecutive spans. Let b*ec' and effd' be the bending moment 
diagrams on the base l/cd' for BC and CD considered as separate beams 
supported at their ends. The sej)arate beams BC and CD would have no 
bending moments at their supports, but the continuous beam liCJ> will 
have bending moments M^, a^^d at th(^ supports B, O, and D 



F](5. 1 ( 57 , 


respectively, but at present these bending moments are unknown. Siij)- 
}x>se, however, that , M^, and M,, are known. Make h'b == M^,, dr M^., 
and d'd — M„. Considering the portion BC, the bending moments M,^ and 
M,, may be ^‘onsidered as arising from the loading to the left of B and to 
the right of and these bending moments will atfoct the whole of BC, as 
shown by the diagram h'hrd ^ where hr is a straight line. '^I'hc resulting 
bending moment diagram for BC as a part of the continuous beam will 
be the shaded diagram b'edrh^ the base of which is b(\ 

Let a,y — area of l>ending moment diagram //cr', and a.^ ^ area of 
bending moment diagram c!fd\ Let = horizontal distance of the 
centre of gravity of the diagram 
from li, and = horizontal 
distance of centre of gi-avity of the 
diagram dfd' from D. Also let 
= horizon till distance of the centre 
of gravity of the shaded diagram 
l/ec'ch from B, parts beh iw he being 
reckemed as negative, and parts 
above hr as positive. Lastly, let denote the effective area of J/ec'ch, 
that is, the algebraical sum of the i)ositive and n^jgativc parts. 

Now conside^r the shaded bending iminjont diagram to be a load 
diagram. Let TCT' be the tangent to the bent continuous beam at G, 
ami let it meet the verticjuls through B and D at T and T' respectively. 
By Art. 1 ‘J6, BT ^ •“ FJ. Dividing the figure l/brd into a rectangle 

and a triangle, as shown in Fig. 168, where is the centre of gravity of 
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the rectangle and Gg is the centre of gravity of the triangle, it follows 
tliixt 

+ JL2(Mo - M») • fLg 

=«/„ + 

[Note that in tlio foregoing general os))rc8siou, as applied to Fig. 167, 
if tto i« positive, M,, and woultl Ik^ negative.] 


Hence 


1 % 
^ ~ H- 4- 


In like manner I)T'= - 

But if the three supports are at the same level as in Fig, 167, 


BT DT' 

L. 


Therefore + i(L. + L.,)M^+ JL.,Mi, = 0, 

which 18 tlic form of the tliaorem of three viomenU for the ca-so where the 
siipportB are at the same level. 



Tf the i])l.{Tine(]i;ite siip]>f>rt at (Ms at a distance 3 helow or ahovo the 
snpjjorts at li and 1), as sliown in 1()9, then 


liT + fS 
L, 


DT' + o ,r/r T)T' 

I, ' I, - L, ■ 


-’(u-L.) 


wlieic the plus si^’n ap])lies to the ease Mhere C is helow BO, and the 
ininius si<^n a])]>li('s to the case where C is above BD. Tt then follows 

that "/-■■ + "/- + JL,M,.+ ?,(L., + L.,)M, + I ± 8 (} + ’ ')Er,whidi 

IS the most general form of the. iheorein of three niOTriorits, 

Considt^r the eoirnnon and sini]>le ease in which the thr(*e supports are 
at tlio same Icvoh and the load o\er the sj*an BC is uniformly distributed 
and ocjiial to w,, per unit of length, and the load o\er the span CD is 
also uniformly distributed and equal k) w.^ |K3r ftnit of length. Here 
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Hence -/^w’oT^ + + J(Ljj + «0, 

or, multiplying >x)th sides by 6, 

\ to., hi + Iw^U + + 2(L2 + h,)M,. + LgM^ = 0. 

For a continuous beam supports tho theorcjrn of three moments 
furnishes n—2 equations, and the conditions of support at the two ends 
funiish another two equations. These n equations are sufh<;ient for 
detennining the bending inoments over the 7i supports. Most couiinonly 
the lieam i.s free over the end supports, and the bending inonicnts there 
arc then zero. 

# 

134. Reactions at the Supports of a Continuous Beam. — Consider 
the reaction R^. (Fig. 170) at the 

intermediate support of two FglfFi ^ct f ^ot t^o 

consecutive spans BC = h, and fiy U b»l 

CH ^Lg. Let M„, M^, and M„ I i 

be the bending moments over 
the supports B, C, and D re- 
s])ectively. Let F^ and F<', l^e 

the shearing forces on the beam immediately to the left and right 
respectively of the support at (J. Then 1^. — Fp + F,'. 

Consider the span BC, and take moments about B. 

M„ = F..L, + M.. - WjZb. Therefore k\ - (M,. - M,. + W,,Z,,), where Wy 

is the sum. of the loads on the span BC, and is the horizontal distance 
of their centre of gravity from B. 

Consider the span CD, and take moments about ]). 

M„ = F:L 3 4 Me - WjZ^. Therefore F,'- - ^ (M., - M., 4 M^yZ.,), where Wg 

is the sum of the loads on the span C^T), and is the liorizontal distance 
of their ec*ntre of gravity frojii D. 

xj ,, n , Lv - M,. W..Z,, W.Zp 

Hence U^=F,. + F,.=^ + ' 4- ^ 4- r" ’ 


For uniform loading of w, per unit run on lU < and w., pen- unit run 

on CD 1? „ M^, — Mf M„ — Mj. , ?c.jL.^ 

on LA). Jv- .4 • L - + 2 •+ 2 

* 

Tf the beam is free ov(»,r the end supports, then the reaction at either 
end is equal to tho shearing force at that end. 

135. Example of Continuous Beam. — A bridge ABCD (Fig. 171) 
consists of two continuous girders having a central span BC of 200 feet, 
and tAvo side spans AB and CD each of 160 feet. There is a uniform 
dead load of i ton per fotot run on Jhe whole of each girrler, and on each 
girder of the span AB there is an additional load equivalent to | ton per 
foot run. The four piers are at tho imme level, and the ends of the girders 




liendiTi;; Momenfg at Swpp<yrte . — Using tlio notation of the preceding 
Articles, tlie theorem of three moments gives the equations : — 

iM-,LJ+i«>al4 + L,M^ + 2(L,+L,)M„ + L.M,.= 0 for the spans AB 

and BC, and 1^,14 + + L.AIu + 2{U, + L 3 )M, + "or the 

spans B(1 and CD, where wq =11, i Li==lf>0, L^- ^OO, 

L3=160, M* = 0, and M„ = 0. Loads lieing in tons, lengths m feet, 

and lieridiug moments in foot-tons. 

Solving tbe above equations, M„— —2799, and 

Shear ui(j Foreeii at Supports , — 

,, . 51., - M, , ’".L, _ 2799 l^y 1 GO 

J., + i3"“"TG0^ H 

51, - M„ . 2799 5_< 160 ^ ^ 

'Ll 2 “ 160 8 


-- 82‘5 tons. 


F., 


,, , 51, - 51 „ »/;. _ 1^22 - 2799 200 ^ 57.33 tons. 

a’ B — T T o — " OA/5 A 

Li 


F., = i’ 


5I„ - 51,. i'’...L.j 


260 ' 4 

2799 -1322 200 


L., 


4 " = 42‘G2 tons. 

200 4 


5f„ — 51, __ 1322 160 ^ ,t8'26 ton,s. 

- L3“ +'2 -T60^ 4 


p 51,. - 51„ wjjs 1 322 ^ 160 ^ 31 .74 tons. 

*»=-- T + o- - 100 :^ 4 
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lieactiom at Supports . — 

= F; = 82*5 tons. R^ = F« + F; = 11 7-5 + 57-38 = 174-88 tons. 

R., =:= Fc + F; = 42-62 + 48-26 = 90-88 tons. R^ = F„ = 3 1 -74 tons. 

Bending Moments , — 

For span AB. M = 82 ‘5^: — where jr ivS tlie distance of the section 
from A. M is zero when ;^: = 0, or 132. Maximum jiositive value of 
M 5= 2723 when iu — 6G. 

For span BO. M = - 2799 + 57‘38 j 7 - where x is the distance of 
the section from Vi. M is zero when = 70*3, or 159*2. Maximum 
positive value of M == 493*2 when a:= 1 14*8. 

For span CD. M 31*74.<? - wdiere x is the distaruie of the section 
from D. M is zero when a; = 0, or 127. Maximum ])ositivc value of 
M=1007 when ar-63s6. 

All the bending moment curves are parabolas whose axes are vertical 
and pass through the points of zero shear and maximum positive bending 
moment, as shown in Fig. 171. 

136. Advantages and Disadvantages of Continuous Girders. — The 

chief advantage which a (continuous girder has oM’sr se]iarate girders for 
each span will be clearly seen by reference to Fig. 172, in wliich tli(‘ 
bending moment and 
shearing force dia- 
grams for the example 
of a continuous gir- 
der, discussed in tlu'. 
preceding Article, are 
reproduced with the 
addition of the bend- 
ing moment and 
shearing force dia- 
grams for the threes 
spans when covered 
with separate girders. 

The diagraiiLS for tlie 
continuous girder are 
shaded, while the 
boundaries of the dia- 
grams for the separate 
girders are sliown dotted where they do not coincide witli the boundaries 
of tlie others. 

It will he seen that one effect of converting the separate girders into 
one continuous girder is to considerably reduce the l>en(ling moments in 
the neighbourhood of the middle of each span, and to jiroduce bending 
moments at the supj)orts, and also to increase the Ixmding moments in 
the iK-iglibourhoods of the supports. If the IxMiding moments at the, 
sui^ports of the continuous girder are g^i*eater than at the other points, 
which is generally the case, the girders may bo strerigtlnened in the 
neighl)ourhoo(ls of the S£api)ort8, and the increase in weight will not, to 
any considerable extent, affect the.bending niomcmt diagram, the additional 
weight coming over or near the jners. A continuous girder will therefore 
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/»e lighter than a aeries of separate girders covering the same spans. It 
will be notiped that the maximum shear is still at the supports when 
the separate girders are converted into a continuous girder, and that the 
change in the values of the maximum shearing forces in the various 
spans is not very great. 

The disadvantages of continuous girders are, however, serious. In 
the first place, the level of the piers is liable to changes due to unequal 
settlement or variations of temperature, and comparatively small im 
equalities of level may cause considerable changes in the bonding moment 
diagram. In the second placo, travelling loads will cause the points of 
inflexion to change, and there will be portions of the girder in the 
vicinities of those points on which the bending moments will be alter- 
nately positive and negative. This disadvantage will obviously be greater 
the greater the moving loads are compared with the permanent load due 
to the weight of the structure. The advantage of continuity is therefore 
greater in long spans, where the permanent load is the most important 
one. 

A continuous girder requires more care in construction than separate 
girders, because any want of straightness in the unloaded girder will 
upset the results of the designer's calcnlations. 

The shearing force diagrams in Fig. 172 show that for a uni- 
formly distributed load tlie veb of a continuous girder must l)c slightly 
heavier than the webs of a series of separate girders covering the same 
spans. 

137. Cantilever Bridges. — Let the shaded diagram in Fig. 173 be 
the bending moment diagram for a continuous girder covering three spans. 
If the continuous girder 
be (uit at the points of 
inflexion E and F, or at 
the points of inflexion 
G and H, and joints 
be made at these points 
which arc capable of 
resisting shear but not 
bending, the resulting 
girders form wliat is 
called ei rant iJ ever brid<je^ 
and tluy will have all the advantages of the original continuous girder, 
but tlie l>cn(Ung moment diagram will not nr»\v be aflected by any settle- 
ment of the piers. Moreover, the bending moment and shearing force 
iliagrams for a cantilever bridge may be constructed by applying the 
simple principles of statics without any reference to the elasticity and 
deflection of the structure. The cantilever bridge has therefore the 
idvantage of being simple to design and, what is most important, there 
s the further advantage that there iiec*d be no doubt about the results of 
he designer’s calculations. ^ 

It should be noticed that when the flexible joints are made at G and 
fl, in the centre span, cantilevers AG and. DTI may need to be 
(inchoreji down but not Jixetl at A and D, as the reactions at these points 
may become negative. 

Cantilever bridges have been used with great success for very large 



Fig. 173 . 


-f 
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spans. The Forth Bridge, one of the greatest achievements of the 
engineer, is a cantilever bridge. This bridge, which crosses the hirth of 
Forth, consists of three great doulde cantilevers, one at each end and one 
in the centre, the centre cantilever lieing connected to the others by inde- 
pendei^ girders. Fig. 174 is a skeleton diagram of one ol the end canti- 



levers ABG, and the bridging girders GH in the centre of one of the 
large spans. As the arm BG has to carry half the weight of the contj'al 
girders GH and of tlie train loads which may be passing over them tluj 
arm AB is made heavier than the arm BG, and at the extremity A there 
is an additional weight sufficient to counterpoise w’ith an excess of 200 
tons half the weiglit of GH when carrying a full train load, 

138. Resilience of a Beam. — Consider a very shcat jxirtion LN of 
length s of a beairi, and let M be'^ho mean bending moment ovvv LN, 
also let 0 be the eliange of slope of the beam in passing from L to N. 
The ^vork done in bending LN is equal to But by Art. 126, 

0 = therefore work done in bending LN = • 

El 2EI 


Refeiring to Fig, 175, let ACB be the bending moment diagram for 
a beam. Construct another curve 
AC'B on the same base AB, the 
ordinates of AC'B being equal 
to the squares of the correspond- 
ing ordinates of ACB. Tlie work 
done in bendiiig tln^ portion of 
the beam lying b(‘4\vcen A and 
B will evidently Ix' e([ual to the 
area of the figure ACfB divided 
by 2FI» In measuring the area 
of the figure ACyB the unit of area is a rectangle, whose base is the 
unit of length, and whose height is the unit of bending moment. 

In the simple case wh(u*e a beam of length L is subjected to a uniform 



bending moment M, the work done in bending it is obviously 


M2L 

21^1 


If 


fi is the greatest stress at the elastic limit, and the distance at which 

./ii 


it acts from the neutral axis, then M = 
<r 

/iLT 


Vi 


and the resilience of the beam 


18 


•2Eyi 
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For a beam of length L supported at its ends and loaded with a weight 
W at an intermediate point di- 
viding L into two parts a and ft, 
the bending moment diagram 
(Fig. 176) is a triangle ACB and 
the curves AC' and BC', whose 
ordinates are the squares of the 
ordinates of the bending moment 
diagram, are semi - parabolas ^ 
whoso axes are vertical and whose 
vertices are at A and B re- 
spectively. Hence the area of 



Fio. 17G. 


beam is 


m^2ft2 

GLEf 


, and the work done in deflecting the 
But the work done is equaJ to wliero 8 is the 




deflection at the load. Hence S = ^ result which was proved in 

uTK^ther way in Art. 1 27. 

The work done in deflecting a beam of length L may be found 
analytically as follows. Let r = mean distance of LN (Fig. 175) from A, 

find let then work done in deflecting beam =-- f 

Jo -^ET 2EI J 0 

A]»plying this to the? case of a beani^sui)port.ed at the ends and carrying 
a uniforinly distributed load of f^^per unit of length, M = - .c^), and 
work done 

^ W - 21^ + x^yu = j' ( - 2L.r\yx + 

^ /L« _ 2L5 T/’\ _ 


2LS T/'^ 
where W = frh = total load. 


240EI^ 


' 240EI ’ 


Exercises VIII. 

1. A pitch pine beam rests on supports 15 feet apart, and carries a uniformly 
distributed load of 2 tuns per foot run. The cross section is a rectangle 15 inches 
deep, and theTnaxiraiim stress is 8000 lbs. per square inch at ever}" cross section. 
'Ilic breadth b of the section is to vary so that the beam will bond to a circular 
arc. Find 6 at the centre of the sjxiri, and at 2 feet and 4 feet from the centre, 
b'ind also the deflection at the centre, and the radius of curvature of the neutral 
wsurface. E=- 1,000,000 lbs. per square inch. 

2. A cast-iron cantilever, 54 inches long, carries a load of 3000 lbs. at its 
outer end. The cross section is a rectangle 2 inches broad. At the fixed end 
the depth is 8 inches. The depth at other points is to be such that the lever 
will bend to a circular arc, and the lever is to be symmetrical about the neutral 
.surface. Find the depth at 0, 27, and 45 inches from the fixed end. Find also 
the deflection at the free end, anil the radius of curfaturc of the neutral surface 
when the lever is bent. What are the maximum stresses at the fixed end and 
at the other sections mentioned ? E = 17,000,000 lbs. per square inch. 

8. A beam, instead of being straight when free from bending moment, is curved 
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to a radius r. On applying a bending moment the radius of curvature is altered 

from r to R. Show that -= ~±- and therefore if r is large compared 

r y \ r J> 

with y, ±E ^ ~ - ^nearly. 

4 . The cross section of a cantilever is a circle of diameter d. Length of lever, 
4 feet. Load at free end, 5000 lbs. Maximum stress, 9000 lbs. per square inch, 
E = 29,000,000 lbs. per square inch. Find d and the deflection at the free end. 

5 . A cylindrical cantilever is HO inches long, and 5 inches in diameter. There 
is a load at the free end which causes a maximum stress of 2500 lbs. per square 
inch. Taking E at 1,800,000 lbs. per square inch, what is the deflection at the 
free end ? 

6. A vertical mild steel tube of 6 inches external diameter, and J inch thick, 

is securely bedded in the ground. Its height above ground is 10 feet, and it is 
subjected at the upper end to a horizontal pull of 1500 lbs. Calculate the 
maximum stress at the ground section and the deflection at the top. (Take E 
as 30,(X)0,000 lbs. per square inch.) [Inst.C.E.j 

7 . A beam 12 feet long, 1 foot deep, and 5 inches wide rests on supports 
at its ends, and carries a load of W lbs. at its centre. The maximum stress being 
2000 lbs. per square inch, find W and the deflection at the centre, E^ 1,800,000 lbs. 
per square inch. 

8 . Referring to the beam of the preceding exorcise, what load, in pounds, 
distributed uniformly over the length, will cause a deflection at the centre equal 
to l-5()0th of the span ? 

9 . A steel joist, 10 inches deep and 10 feet long, is supported at the ends. 
The joist has equal flanges 5 inches wide and 0*54 inch ’thick, and a web 0*35 
inch thick. The wtught of the joist, is 29 Ihs. pt'r foot. Wliat central load, in 
addition to its own weight, will this joist carry when its deflection at the 
centre is l-l()00th of the span, and what will tlien be the maximum stress? 
E = 30,000,000 lbs. per square inch. 

10 . A wooden jilank, 12 inches wide and 3 inches deep in section, rests freely 

on two supports, in the same horizontal level, wliich are 20 feet apart. A man 
weighing 12 stone stands in the middle of this plank carrying on his shoulder 
a hod of bricks which weighs 84 lbs. Find: --(a) The maximuTu stress at the 
central section due to this load, and the weight of the plank. (1 cubic foot of 
wood weighs 4(J lbs.) (/>) The deflection in the centre, if Young*s modulus of 
elasticity, i:; 1.000,000 lbs. per square inch. fB.E.] 

11. in connection wMth a contract for the supply of cast-iron pipes, certain 
bending tests were .specified on bars (cast at lint same time) 40 inches long, 
2 inches deep, and 1 inch thick. The following results were obtained when one 
of these bars was tested on edge on a 30-inch s[>an : — 


Load at centre of l)eam<\ 
pounds . . . .J 

100 

400 

soo 

1200 

IflOO 

2(XX) 

2400 

Deflection at centre of beam , \ 
inches . . . ./ 

()()12 

0-048 

0098 

0-150 

0-204 

0-25(5 

0-314 


{a) Plot on squared paper a curve to show the relation between the load at the 
centre of the beam and the deflection at the centre of the beam, (h) From your 
curve determine the load which will be required at t he centre of the beam in order 
to give a deflection of one-eighth of an inch, (c) Calculate in lbs. j)er square inch 
Young’s modulus of elasticity for this cast-iron, {d) Calculate in inch-pounds 
the total work done in bending this beam up to a load of 2400 lbs. in the centre 
of the .span, (r ) The beam eventually broke with a load of 3200 lbs. in the 
centre*. As.siiming that tlio ordinary beam formula holds up to the breaking 
point in cast-iron beams, what was the maximum intensity of tensile stress in 
the metal at the instant of rupture? [33.E.] 

. 12. A steel girder, havirg a uniform depth of 13 feet, rests on piers which 
are 1.50 feet apart, and carries a uniformly distributed load. Find the deflection 
at the centre in inches ; (a) when the area of the flanges is proportioned so that 
there is a uniform flange stress of tons per square inch ; (6) when the girder 
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is bf uniform cross section throughout and the maximum flange stress is 64 tons 
per square inch. 13,400 tons per square inch. 

13. 8how that if a cantilever of length L carries a load W at a point ~ from 
the fixed end, the deflection at the free end is 

6n“EI 

14. A steel shaft AB, 3 inches in diameter, rests on supports at C and D, and 
is loaded at the ends, as shown 
in Fig 177. If the maximum 
stress due to bending is 10,000 
lbs. per square inch, what is the 
total deflection at the centre 7 
E ~ 30,000,000 lbs. per square inch. 

15. A continuous girder, built Flcj. J77. 

for crossing two equal spans, has 

a uniform section whose moment of inertia is I, while its uniform weight per foot 
lineal is w. The girder is launch €id across the spans from one end, and, when its 
eentre comes nearly over the central pier, the leading end wdll droop downwards 
under its unsupported weight.. Write the expression for the extreme deflection 
of the leading end, the longlFi of each span being denoted by Li, [Inst.C.B.’J 

16. A cast-iron pipe, internal diameter 18 inches, and thickness 1 inch, rests 
on sujiports 40 feet apart. Find the maximum bending stress and the deflection 
n,t tlie centr<‘ when the pipe is full of water. Take wciglit of cast-iron = 450 lbs. 
per cubic foot, weiglit of water =:t)2‘3 lbs. per cubic foot., and 
E - 6000 tons per square inch. 

17. If any Ix'am of uniform section dellects 1 inch in a span 

of 100 inches under a central load, wdiat will be the slope of the 
bti«Tm at each end 7 [Inst.O.E.] 

18. Siij)p().se that three* beams or planks. A, B, and C (Fig. 

178), of the same material, ai-e laid side by side across a span 
li KM) inches, and a load W -.600 lbs. is laid across them at 
the c.i'nlre of the span .so that thqy mu.st all bend together. 

'i’he ])eams are all 6 inches wide, but while A and C have a depth of 3 inches, 
t he depth of the middle beam B is twice as great. How much of the weight W 
will be c.'irried by each of the t,hree b(‘.ams, and what '*’01 be the extreme fibre 
•stre.ss in each? |Inst.C.E.] 

19. A flitch beam i.s made up of two tiriibers, each 6 inches wide and i4 inches 
d(’ep>, and a .steel plate g inch thick and 12 inchc.s deo]), as shown in Fig. 179. 
'hiking the modulus of elasticity of the sl.eel as 21 times 
that of the tinibt*r, find the maximum tensile stress in the 
steel when the maximum tensile stress in the timt)er is 
1000 lb.s. per square inch. Find also tl)c percentage in- 
cri'iise in the strength of the timber })eam to lesist bend- 
ing due to the addition of tlie steel plate, allowing the 

stresses. 

20. A beam of uniform section rests on supports 

wliosc distance apart, is L, and carries turn loads each Firj. 179. 

equal to W, one at -a distance a from one support, anil 

the other at- a distance a from the other support. Show that the dctlection 

under each load is equal to - 4a), and that t he maximum deflection (at 

6EI 

the centre) is equal to - -ia-l. 

21. A single line railway bridge is earriod by two main girdi'rs, each of 
40 feet span. The total weight 

of a locomotive standing on the 20 TONS. 20 TONS. 20 TONS, 6 TONS, 

bi-idge in the position shown in 
Fig. 180 is tiS Urns, distributed 
upon 4 axles, the leading axle 
carrying 8 tons, and each of the 
others 20 to .ns. Find the maxi- 





Fig. 178. 



mum deflection of the girders, 
and where it occurs. [U.L.] 


Fig. 180. 
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22. A beam of unifoim section is built into a wall at one end, and rests on a 


support at a distance of 20 feet from the wall. A load of 26 tons rests on the 
beam at a point 12 feet from the wall. Taking E = 18,000 tons per square inch, 
and 1 = 1000 in inch units, determine the reaction of the support on the beam 
and the deflection of the beam at the point wliere* the load is applied. Draw 
the bonding moment and shearing force diagrams for this beam. 

23. A beam of uniform section is built into a wall at one end and supported 
om a column, as shown in Fig. 181. The 
beam carries a load of 54 tons uniformly 
distji^s^ted. Find the vertical thrust on 
the^lnmn, and draw the bending moment 
and shearing force diagrams. At what 
points is the bending moment zero ? 

24. A beam of uniform section is rigidly 

fixed at its ends to two walls, which are Piq. 181. 

24 feet apart. Two loads, each of 10 tons, 

.are applied to this beam at points 0 feet from the walls. Determine the- bend- 
ing moments at the ends and at the centre, and find the positions of the 
points of zero bending moment. Draw the bending moment and shearing force 
diagrams^ 

25. A continuous beam of uniform section covers two spans, ca(ih equal to 
L, and carries a uniform load of w per unit of length. Show that the middle 



support must be below the level of the outer supports by an amount 


72 Fr 


in 


order that the pressures on the three supports may be equal. 

26. A continuous girder of uniform section consists of two spans, each of 
50 feet, and carries over both spans a uniformly distributed load of 1 ton per 
fpot run. Both ends of the girder are free. Calculate the bending moment 
over the maldlo support, and the maximum positive bending moment between 
the centre and one end. Find also the reactions at the supports. 

„ 27. A continuous girder of uniform section and of two equal 6|>ans carries a 

uniformly distributed load of w tons per foot run. Find the bending moment 
over the central pier when the height of the three piers is the same, and also 
when the centxal pier, owing to temperature effects, is raised or lowered by an 
amount equal to x inches. [U.L. 1 

28. A rolled steel joist 40 feet in length, of I section, 10 inches deep, and 

5 in<3hes wide, has a thickness which is equivalent to J inch in both flanges and 
web. It is continuous over three supports, forming two spans of 20 feet each. 
What uniformly distributed load would produce a maximum stress of oj tons 
per square inch 7 Sketch the diagrams of bending moments and shearing 
forces. [Inst.C.E.] 

29. Apjily the theorem of three moments to find the reacti(ms when there 

are three level piers supporting a continuous girdcjr carrying a uniformly 
distributed load of 2 tons per foot run, the f-wo spans being 200 feet and 150 
feet respectively. fU.L.j 

30. A continuous girder consisl^s of two simns. One span of 100 feet is 

loaded with I J tons per foot run, the second span of 80 feet is loaded with 
2A tons per foot run. Find the values of the supporting fttrees, and the 
ma.ximurn bonding moment for the whole girder. Both ends of the girder are 
free. | Inst.C.E.] 

31. Work out the example of Article 1.S5, pp. 128-130, assuming that, owing to 
settlement of the pier, the support at B is ^ inch below tlie level of the other 
supports. Take E = 13,000 tons per square inch, and 1=432,000 in inch units. 

32. A cantilever Ijridge ABCD has supports at A, B, C, and D. AB=:CD 
= 100 feet. BC = 3()0 feet. There are hinge joints at K and F in the centre 
span. ,BE :”CF--100 feet. Assuming that there is a permanent dead load of 
2 tons per foot run, and a live load of 1 ton per foot run, construct the bending 
moment and .sbc.aring force diagrams for thi.s bridge when the live load covers 
(a) the span AB only, (^>) the cantilever AE only, (c) the girder EF only. 

33. A cantilever bridge has throe spans, each of 200 feet. There are liiuge 
joints in the side spans at points 1 20 feet from the shore ends. Assuming a dead 
load of 2 tons per foot run, and a live load of 1 ton per foot run, construct the 
bending moment and shearing force diagrams when the live load covers (a) one 
side span only, (5) the centre span only. 
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34. Show that the resilience of a bar of uniform* circular section when 
subjected to a uniform bending moment is one-quarter of its resilience when 
subjected to simple tension or simple crushing. 

36. A steel bar of uniform rectangular section, 3 inches deep, 2 inches wide, 
and 30 inches long, is supported at the ends and loaded at the centre with a 
weight W. Taking the maximum stress at 20,000 lbs. per square inch, and 
B “ 30,000,000 lbs. per square inch, find the number of ft. -lbs. of ejaatic 
energy stored up in this loaded bar. What* would the answer be if 
were placed in simple tension under the same stress ? ^ 



CHAPTER IX 

^ COMPOUND STRAINS AND STRESSES 

139. Directions of Stresses Generally Parallel to one Plane. — If 

a portion of a strained body be taken which is a right prism it will be 
found that in the majority of. practical cases this prism may be selected 
BO that on its parallel ends there is no stress whatever, and if this is so it 
is easily shown that the directions of the stresses on the remaining faces 
must be parallel to the jdaues of the ends of tlie prism. In the web of a 
girder, for instance, there is usually no stress on the sides or on j>lane 
sections parallel to the sides, and the tensile, corn])ressive, and shearing 
stresses are all in directions parallel to the sides of tlie web. 

In considering the equilibrium of a right })rismatic element, on the 
ends of which there is no stress, it is most convenient to represent this 
element with its ends parallel to the jdane of the paper ujxm which it is 
projected ; the directions of the stresses considered are then all parallel to 
that plane. 

In the articles and exerciat^s of this chapter it will be assumed, unless 
otherwise stated, that the dir(‘,ctions of the stresses considered are parallel 
to the plane of the paper, and that the plane sections upon which the 
stresses act arc pori)endicular to that plane. 

In proving the ]iropositioTis connected with stresses in a strained body 
it is convenient to consider an element of it which is a right prism, selected 
as described al>ove, and in many cases it is necessary to assume that the 
element is indefinitely small to allow of the stresses Ixdng of varying inten- 
sities, because if the stress on a surface is not of uniform intensity, the 
stress on an indefinitely small area of that surface may be considered 
as of uniform intensity. 

140. Stresses on an Oblique Section of a Bar subjected to Direct 
pension or Compression. — Leti^ATl (Fig. 182) be a bar subjected to a 
direct pull or push by a load P 
which is uniformly distributed 
over its ends. If a is the area 
of the cross section of the bar, 
and p the intensity of the 
stress on it, then V pa, Om- 
sider an oblique section CD 
inclined at an angle 6 to the 
cross section. The area of 
this oblifiue sec|ion is a/ooB 0. 

^.Considering the equilibrium of 
' the part ACD, the force P is balanced by a force N perpendicular to 
CD, and a force Q in the plane of CD. The force N is the resultant 

138 
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of a normal stress on CD, and the force Q is the resultant of a tan- 
gential or shear stress on CD. By the triangle of forces N ®=P cos 0, and 
Q = P sin 0. 

If n is the intensity of the normal stress, and ^ the intensity of the 

tangential stress on CD, then N = — ^ 0^pa cos therefore 

n cos^ 0n When 0 == 0, is a maximum, and is then equal to p. 

Also Q = - P sin 0—pa sin therefore g —p sin 0 cos but 

sin 0 cos 0~Jsin 20, therefore g — \p sin 20. When sin 20*= 1, j 
'/.e. when 0 = 45°, is a maximum and is then equal to 

If a section be taken j)erpendicular to CD its inclination to the cross 
section will be 90° — 0, and the shear stress on this section will be 
\p sin 2 (90 - 0) = \p sin (180 - 20) = ^p sin 20, which is the same as the 
shear stress on CD. It will be shown in the next Article that in all cases 
where there is a shear stress on one section there is always an equal shear 
stress on a section perpendicular to it. 

The fact that there is a shoiir stress q on the section CD having a 
maximum value equal to ^p when 0 is 45°, suggests that if the resistance 
of a material to rupture by shefiring be less than half its resistance to 
rupture by direct tension or compression, it will give way by shear- 
ing when subjected to tension or compression. This is what really 
happens wdth several materials, and examples will be found in Xrt. 166, 
p. 175. 

141. Equality of Shear Stresses on Planes at Eight Angles. — 

Consider an indefinitely small rectangular portion ABCD (Fig. 183) of a 
strained body, and let h be the height, i) the breadth, 
and t the thickness of this portion. Assimio that 
tliere is no stress on the face ABCD or on any inter- 
face parallel to it. The portion of material AB(;!D 
being at rest, the stresses on the faces which are 
perpendicular to the face ABC^D must balance one 
another. The stresses on the faces AD and BC 
may be resolved into normal stresses/), and shear 
stresses q. In Fig, 183 the arrows re[»resenting the 
normal stresses are omitted. The normal stresses on 
AD and BC must evidently balance one another. 

The resultant of the shear stress on AD equals 
qlit^ and this will also be the magnitude ot the result- 
ant shear stress on BO. These two resultants will form a couple whose 
moment is qhth. Now no system of forces but a couple wall balance a 
coujde, therefore the stresst^s on AB and CD must have componen1;s which 
are shear stresses a on these faces. The normal coraponeuts of the 
stresses on AB and CD must balanct^ one auotlier. The resultants 
of the shear stresses on AB and (B) will form a couple whose moment 
is ahth, aud if this couple is to balance the other couple, then sbih = g?ifh, 
therefore ’ s = q. Jfcjence if at any point of a strained body there is a 
shear stress in one plane there must be a shear stress of equal in- 
tensity in another plane at right angles to th<? first, but ^ese two plan^ 
must be i)erpendicular to a plane which is parallel to the directions oJ 
stresses. 
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142. Pure Shear Stress Eauivalent to two Normal Stresses. — 

Consider an indefinitely small cube ABCD (Fig. 184) of a strained body. 
Let h be tlie length of the edges of this cube. Assume that there is no 
stress on the face ABCD or ou any interface parallel to it. Suppose that 
the faces AD and BC are subjected to pure shear stress of intensity f/, the 
direction of \^diich is parallel to the face ABCD, then by the preceding 



Pm. 184. Pm. 185. Pm. iHiu 


Article tliere must bo shear stresses of intensity q on th(5 faces AB and 
CD, as shown. Imagine the cube divided into two equal j)arts by a jdane 
AC j>erpendicular to the face ABCD. Consider (Fig. IHo) the equili- 
brium of ' ABC, one of these parts. The resultants QQ of the st resses 
on AB and BC must balance the resultant K of the stress on AC, and )>y 
the triangle of forces it is seen that U is ])erpendicular to AC^^ and equal 
to Q The stress on AC is evidently a tensile stress. Let r be the 

intensity of the stress on AC^, then 

R = = Q = ql>^ therefore r — q» 

In like manner, by dividing the cube into two equal parts by a ])lane 
BD perpendicular to the face ABCD, and considering (Kig. J80) the 
equilibrium of the ]>art ABD, it can be shown that there is a (ioniprcssive 
stress of intensity (q on the face BD. 

Horico a pure shear stress is equivalent to two normal Kstressos at 45® 
to the shear stress, and each equal in inten.sity to the shear stress, but one 
is a tensile and the other a comi)ressive stress. 

It is evident that all sections of the cube T)arallol to the plane AC 
will be subjected to tensile stress, of intensit}’^ g, and all sections ijarallel 
to BD will be subjected to 
compressive stress of in ten- ^ 
sity g. Hence if a part of i 

the interior of the cube be f 

mapped out so as to form a I 
rectangular solid EF having ^ 
faces parallel to AC and BD, I 
as shown in ,^ig. 187, this q 
sol hi will ®be subjected 
to tensile and com})ressivc 
stressf'S of intensity equaJ 
to that of the shear stresses on the faces of the culxi ABCT). 

C<niversely, it is easy to show that if a cube ABCD (Fig. 188) have 
its faces Al) aud BC^ subjected to tensile stress, and also have its faces 
AB and CD subjected to an equal compressive stress, sections parallel to 
AC and BD will be subjected to shear stress of the same intensity. 
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The theorem which han just been proved has an imj^ortant application 
in the case of a shaft subjected to twisting. Let ABCD (Fig. 189) be a 
square traced on the surface 
of a shaft, the sides AI) and 
BC being perpendicular to 
the axis of the shaft, and 
sujipose that this square 
represents an indefinitely 
thin jirisin of the material. 

The faces AD and BC are 
subjected to pure shear 
>stress, and liy Art. 141 the 
faces AB and CD must be subjected to an equal shear stress. Hence by 
the theorem of the present Article the diagonal face AC is subjected to 
l>ure tension, and the diagonal face BD is subjected to pure compression, 
also the intensities of the tensile and compressive stresses will be the same 
as that of the shear stress. Now, if the resistance of the material to tension 
be less than its resistance to sheaiingthe shaft will give way along AC, 
which is jiart of a helix whose inclination to the axis of the shaft is 45°, 
This is what actually occurs when a casteiron shaft is broken in torsion, 
except that the inclination of the helix is not exactly 45°. Further 
reference to this matteir will be found in Art. 1G7, j). 176. 

As an illustration of the presence of tensile and compressive stresses 
whose directions are inclined at 45° to the directions of the shear stresses 
in a shaft under torsion, it will l>e found that a spiral spring whose coils 
are close together and inclined at 45° to the axis will be as stiff and 
strong wlien twisted in one direction as a tulx^ of the same material 
having the same outside and inside diameters, but under torsion in the 
op]K>site direction the sj)ring will be very %veak. When twisted in the 
first direction the surfaces of tlie coils in contact are .subjected to pure 
coniprcssi(jn, and therefore the fact that the material is divided at the 
surfaces in contact will not affect the power of the coils to resist co'm- 
pression. When twisUnl in the opi>osite direction the coils will separate. 
143. Principal Stresses — Principal Axes of Stress. — Let ABCD 



(P’ig. 190) be an 
indefinitely small ^ „ 
cube ill a strained ^ t 
body, the face . 
ABCD and all in- ^ 
terfaces parallel to ^ j 
it being free from 
stress. The stresses 
on the faces AB, ^ ' 
BC, Cl), and DA 
may be resolved into 
normal and shear stresses. 



& 

fp 

/ 



e/bN 

— !-► —H’ —r* 

C E -t- -K 

■H" /o\ 

c E S-P- 


i q i i I q ^ K 

Fig. 190. 

The normal stress on AD must balance the 


normal stress on BC ; let the intensity of these stresses be denoted by p. 
The normal stress on AB must balance the normal stress on Cl) ; let the 


intensity of these stresses be denoted by g. * 

lly Art. 141 the intensities of the shear stresses on AB, BC, CD, and 
DA must be equal/ Jet these be denoted by/. 
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Let BE be a plane section, uj>on which there is pure normal stress of 
intensity n It is required to find r, and 0, the inclination of BE to CD, 
in terms of p, q, and /. 

Let the edge of the cube be denoted by x. Consider the equilibrium 
of the prism BCE, 


P the resultant of 

the stress p 

on 

BC = 


Q 



)9 

V 

99 

CE^ 

= cot 0. 

R 

»> 

iJ 

99 

T 

99 

BE = 

= ?v*“/ sin 0. 

F 



99 

f 

99 

BC = 


S 

>> 

»> 

99 

f 

99 

CE = 

cot0. 


Resolvinq vertically. 

Rcos (? = F + Q. 
rx^ cot 6 + q.r!^ cot 6. 

r cot cot 0 . . (1) 


Rei^ol ring hm'izmitalhj, 

Rsin (9 = P + R. 

cot 0. 

r + / cot 0 ... (2) 


Solving equations (1) and (2), r = \{p + f/ ± sj{p- qY + V"} 

tan 2e^-lL or tan 0= L. 

<l-p / -V 


There arc two values of 0 which satisfy the above equations, and 
these values differ by 90°. Corres])onding to the two values of 0 there 
are two values of r. 

The two values of r acting in diroctions at right angles to one aiK>ther 
are called principal strensesy and two lines ])arallel to the directions of the 
principal stresses are called qnnncipal axci^ of sfrrfis. 

As a numerical exaiiqde, let p = 6, r/ .= 3, and /= 2, all in tons i)er 


square inch. 


Then r = 


C) + 3 ± 




7, or 2 tons ]>er S(piare 


inch, tan B — 


* ^ = 2, or tan 0 — 

2 


2-3 

9 


To show tlie positions of the principyl axes of stress, draw HK (Fig. 
191) parallel to the direction of ]), and make it e(jual to unity on any 
convenient scale. Draw KL at right angles to KlI, and make it 2. 
Join HL, then the angle LHK is one value of 0. IVoduce KH to 
M, making TTM-~2. Draw" MN at right angles to MH, and make 
it“l. Join Nil, then the angle NHK is tlie other value of 0y and it 
is easily seen that the angle NHL is a right angle. Through any 
poiTit O in the original cube ABCD draw OX and OY perpendicular to 
IIL and HN respectively. OX and OY are ])riTicipal axes of stress, and 
if a rectangular element be tfiken at O, with its faces parallel to OX 
and OY, the stresses on the faces of this element will be entirely normal, 
the stress in the direction OX being a tension of 7 tons per square 
inch, and the stress in ths direction OY a tension of 2 tons per square 
inch. 

In Fig. 190, p and q are shown as tensile stresses. If p or or both, 
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r)o altered to compressive stresses, this will be equivalent to making p or 
r/, or both, negative instead of positive. It 
would be well for the student to demon- 
strate the proposition, first, taking . as 
compressive stress and p as tensile stress, 
and then again, taking both p and ^ as 
compressive stresses. 

The case where p or rj is equal to zero 
is one of great practical iini)ortance, and 
will be considered in the next Article. 

144. Principal Stresses due to Com- 
bined Bending and Twisting. — When a 
shaft of diameter d is subjected to a bending 
moment B, the maximujii tensile and com- 
j)ressive stresses produced are given by the 

equation jp = , and these, stresses are in direction* parallel to the axis 

of the shaft. If the same shaft is subjected to a twisting moment T, the 

iiiaximuiii shear stress produc(^d is given by the equation /= - Let 

ABCI) (Fig. 192) bo an indefinitely small »H(piare prism of the material of 
tile shaft in the neighbour- 

hood where the tensile or a B ^ 

(tom]>resHive stresses are a ' ' “ 

maximum, the face ABCD 
b(‘ing on the surface of the 
sliaft, and AB parallel to its 
axis. Then by tlui preceding 
Article, pul ting ^ — 0, there 
will b(^ j)ure normal stresses 
on planes at right angles to 
one another, the intensities of these normal stresses being given by the 
equation -h Inserting the values of p and/ given 



Fk;. VJ2. 


• 


The 


gn'ater of these tw^o values of 


IG 


IS /ij« + T-}, and when is a 

h'-nsile stress the greatei’ value of r is a tensile stress, but when is a 
eotnpressive stress the greater value of r is a cc>mpri;ssivo stress. Now, 
since the resistance of the material of shafts to compression is greater 
than the resistance to tension, the maximum value of r should be con- 
sidered as a tensile stress. 

The equation ?'=-A{B+ ^/B2 + T‘} may be put in tlje form 


^B^'+ T^. Now, a simple twisting moment T.^^dfV wUl 

jirodneej a pure shear stress and also a pure tensile st ress (Art. 142) of 
intensity »*, therefore a twisting moment 1^==^ ;/B-4-T=^ -will prijduce 

the same luaximum as is produced by the combitied action 





144 


APPLIED MBOHANICS 


T 

Fia. ItH. 


of the bending moment B and twisting moment T. is caHed the 
ecjutDolent twisting nwitient. 

In using the formula == B + -f- T 2 -- it must be remem- 

16 

berod that /* is not a shear stress, but a tensile stress. This is a p<nnt 
which is freciiieiitly uiisunderstood, and it may be well to restate the case 
as follows : — When a shaft ^ 

diameter d is subjected to a pure — » L-» — ► n a --* £-» — n 

twisting momentT, tlien T - ^ ^ P 

where /is the shear stress on the 

faces AB, BC, CD, and DA | XI I H Air [ H 

(Fig. 193) of a square element ^ ^ ® ^ 

of the skin of the shaft, AB ^ 19 ^, 

being parallel to the axis, InU 

/ i.s (ilso the tensile stress on AC. If a bending moment B 
is added, this shifts the plane of tensile stress to EF (Fig. 
194), and increases its value from / to r, the value of r being 

+ ,y5'* + T-}. Hcnco it may bo said that in the formula} 

T = and / ami are both tensile stresses. 

16 IG 

It is easy to show that if B,. is a bending moment which will produce 
the same maximum normal stress as a bending moment B and a twisting 
moment T acting together, then H^= IB + J + T^. In ai)plyiiig this 

to a shaft, B^ must be equated to where / is the maximum normal 

stress. 

145. Maximum Shear Stress due to Combined Twisting and 
Bending. — Let ABCT) 

(Fig. 195) be an in- ^ 

definitely small stjuare **”» \ r 

prism of the matiTial "Hs / ' 

of a shaft of diameter t » 

d which is subjected ▼ I 73 

to a bending moment ^ \n ~^ ^ \ ..---'A ' 

f> and a twisting mo- ^ — - — C '‘l \ 

ment T, the face ABCD ^ 

being on the surface of 

the sliaft in the neighbourhood of the greatest bending stress. Ai> 
is pirallel to the axis of the shaft. The faces AD, AIi, and 

CD are subjected to shear stress The faces AD and C13 are 

ird'^ 

also subjected to Vjonding stress. In Fig. 19.5 the bending stress is a 
32B 

tensile stress p = — . These stresses produce a pure normal stress ?*, 

on ]jhines parallel to C/.T, and a pure normal stress on planes jiarallol 
to DK, which is perpendfcular to CJ. By Art, 143, putting f/^ 0 , 

= Ip + A Jp' + iP and r^==lp-\ v(p“T4/^. 


D— 


Fig. 195. 


Kio. 195. 


The faces Al) and C13 are 
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Consider the indefinitely small square prism HJKIi, shown enlarged 
in Fig. 19G. Let JK = a:, and let the depth of the prism at right angles 
to the plane of the paper also be x. Out off from the prism HJKL a 
wedge KNJ, the angle JKN being a. Consider the equilibrium of the 
wedge KNJ. On the face JK' there is a normal stress , the resultant 
oi which is On the face JN there is a normal stress 7 ^, the re- 

sultant of which is tan a. On the fare KN there is a stress equiva- 
lent to a normal stress and a shear stress . The resultant of the 

normal stress on the face KN is ^ , and the resultant of the shear 

" cos a 

^.2 

stress on this face Resolving these resultant forces parallel 

.J.2 

to KN, fa — r.x^ sin a + tan a cos a. or 

cos a ^ 

y'jj =-= r-^ sin a t^os ii + sin a cos a = + r^) sin 2a, 

Hence is a maximum "when a = 45®, then /g = + ry). If tensile 

stress is j)ositivo and comj»ressive stress is negative, and if and rg 

can-y their projier signs with them, then Inserting the 

values of i\ and i \2 in terms of p and /, then the maxim urn value of 

/a ’s 2 + 4/'^- . aud/= , therefore /g = 

and = /s/H"' + T-. But a simple twisting moment T^. = would 

|>r(Klu(‘e the saints shear stress ./g . Hence a simple twisting moment 

T, = will produce the same maximum shear stress as the bend- 

ing moment 1> and twisting inoimmt T acting to^ffiefV 

A bending moment l\==Tg= would produce a maximum 

normal stress ecjual to 2/.^, and therefore (Art. 140, p. 1.38) a maximum 
shear stri\ss at 45® to tin* direction of the normal stress. 

^J'liere is little doubt that in the case of du(;tile materials, such as mild 
stfud, it is the r(‘si.stancc to shear which determines the strength (see Art. 
1(50, p. 175). Hence in designing sliafts made of ductile material, and 
which are subjected to bending and twisting, the formul a T ^= 
should be used in jjroferonce the one T^ = B-I- + But, for 

mild steel shafts, in equating B-f ^B“ + T- to must be re- 
membered that/j is a stress, whil(' in equating ^B--l-T"^ to z 

the stress /g is a shear stress, aiid/o= l/y 

Cuest was the first to demonstrate that mild steel shafts subjected 
to bending and twisting gave way by shear,* and his theory and the 
results of his exi)eriments have been confirmed by Hancock, Bcoble 
C- A. Smith, and others. 

. Te= + is generally called the “Cnest” formula, and 

+ is generally called the “ Bankine ” formula. 

Shafts designed by the Bankine form ula» are weaker than those 
designed by the Guest formula. 

* Strength of Ductile Materials under Combined Stress,” July 1900. 

! , V ^ . 4 . / y . ^<3 /• / ^ ~7"t 

^ r, f ^ ' j, V. ' , 
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146. Stresses in a Cranked Sliaft. — A cranked shaft is a good 
example of a structure subjected to both bending and tv/isting, and 
particular atbmtion should be directed to the fact that the crank pins 
are generally subjected to twisting as well as the shaft itself. l'’he forces 
acting oil a cranked shaft usually vary in magnitndo and direction as the 
shaft revolves, and each jiart of the shaft must be designed to withstand 
the greatest straining action which may come upon it. 

A simple example will serve to indicate how the stresses in a cranked 
shaft are determined. Fig. 197 shows a cranked shaft turning in bear- 



ings at A and E. The shaft has two crank ])ins 1> and D, the axes of 
which are in the same plane as AE, the axis of the shaft. TJio parts 
A, C, D, and E are each '^h inches in diameter. Fig. J98 sllo^^.s h(A\ 
the shaft is loaded wlnni tlie cranks are in a vertical j)osition. Tliere is 
a pure torque on the left-hand end of the shaft, a force P of 1800 lbs. 
on the crank jiin B, and a force Q of 0000 lbs. on the crank jiin J) ; the 
lines of action of P and Q are perjiondicular to the plane containing the 
axes of the crank pins. It is required to llnd tlie maximum stresses in 
the jiins B and D, and in the shaft at Cl 

Imagine the shaft proiluced to the points F and II dirin-tly (q)j)f)site 
to the centres of the crank pins T> and 1) r(‘specti\'cly. 'Ifie ccpiilibrium 
of the shaft will not bei affected by applying at F forct^s Pj and J1 acting 
in opposite directions and each paralhf and tMiual to 1^ Nor will tlic 
equiUbrium bo distiiri)ed by ajqilying at 11 forces and each 
equal and parallel Q, as shown, 

P and P^ being oqinil and parallel forces acting in o]>p(»sitc (lirt'ctlons 
form a couple, and since a couple can only have a tin*niiig oHect, tlien; 
can bo no ])ressure on the bearings due to these ff>rf‘.es. foi‘<‘es 

and Q| also form a couple. The rea(,tions on the shal’t at the b<;arings 
at A and E must tliorefore b(i due to the forces II and . Taking 
moments aliont A, lU hs found to be 5120 lbs., ami taking moineuts 
about £, It, is found to be 1 920 lbs. 

Consider tlie strainiTig actions on the crank j)in If. The rnily 
force to the right of 1^ is It.,, and this ])roduces a bending moment 
= 51 20 X 8 - 24,960 inch ]1>8., and a twisting moment-- 5120 x 0 — 18,720 
inch-lbs. TTsing the Rankine formula, the equivalent twisting moment 
at D due to these is 

24960 -h ^24960*^ + 1 8720^ = 56,160 inch-lbs. 

If/ is the maximum stress in the pin D, then -^(5 0 )^*= 56, 160, from 

which/— 6671 lbs. per s(|uare inch. 

Consider next the straining actions on the shaft at C. Taking tlie 
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forces to the right of C, the forces Eg and Qg produce a bending moment 
= 3120 X 15 - 6000 X 7 =^4800 inch-lbs., and the forces Q and Qj 
produce a twisting moment = 6000 x 6 — 36,000 inch-lbs. The equivalent 
twisting moment at C due to these is 

4800 + JTSOO^ +^36000^ =--41,119 inch-lbs. 

If / is the maximum stress in the shaft at C, then ^(3 41,119, from 

which /= 4884 lbs. per square inch. 

Consider lastly the straining actions on the crank pin B. Taking the 
forces to the right of B, the forces and pro<luco a bending moment 
= 6000 X 14 “ 3120 ^ 22 = 15,360 inch-lbs., and the forces Q, Q^, Q 2 > and 
lb, prodncej a twisting moment = 6000 x 12 - 31 20 x 6 = 53,280 inch-lbs. 
The equivalent twisting moment at B due to these is 

1 5360 + J] 53602T5328"()2 = 70,810 inch-lbs. 

If/ is the maximum >stress in the pin B, then .^’^(3^)/= 70,810, from 

which /= 8411 lbs. y)cr square inch. * 

147. Ellipse of Stress. — ABCI> (Fig. 199) is an indefinitely small 
cube, edges of length /. On the faces AD and BC there is pure normal 



balance V and Q, 


R sill </. = P, or . sin tan tlicrefore sin 0=~ sin <i>. 

COS u 

11 cos cl, ^ Q, or cos </> = c/p, tlicrefore cos 6 - ’ cos <f,. 

COS 0 • 7 

sin^^ cj, 5-2 cos2 </> ^ ^ 0 = i . 

^2 


Hence 


148 


APPLIED MECHANICS 


Also, 


sin2<A 


2 

r 4 nnH r/i s 


therefore, 0 +q^ cos'^ 6^ and tan </>=?? tan 6. 

Draw OX ])arallol to P, OY parallel to Q, and parallel to R 
Make Oa? — v. Draw sm and sn parallel to OX and OY resj>ective1y. 
Let On==x — r sin </>, and 0?» =5^ = r cos </>. Then, substituting x for 




2 

,2 ‘ ,,2“ 


r sin <li, and y for r cos in the equation at the foot of p. 147, + 

wliich is tlie equation to an ellijise whoso semi-axes Oa and 06 are equal 
to p and q respectively. 

The point s may be found gi*ai>hically as follows. Draw O^T perpen- 
dicular to LN, to meet a circle ivith centre O and radius Ou at /, and 
a circle with centre O and radius Oh at T. Through T and t draw 
X)arallels to OX and OY respectively to meet at s. 

OX and OY are ])rinci}ni1 axes of stress, and the elli])se, whose semi- 
axes are Oa and 06, is called the' rlJipsp of s/rc-ss. 

If the stresses and q have opposite signs, that is, if one is tensile 
and the other coinjn-ossivc, tlu^ii O/' —p must be measured in tlie opjiositt^ 
direction from O. The construction being conqdeted as before, O/ will 
be the direction ami intensity of the resultant stress on the interface LN. 

^ 148. Shear Stresses in Beams. — The existence of a transverse shear 
' stress in beams has been discussed in Art. 99, p. H7, and in Art. 141, 
j). 1 ;19, it lias been shown that a shear stress in one x>lane is always aceom- 
jianied by a shear stress of equal intensity in plancvS at right angles to 



that plane ; hence there is shear stress in horizontal longitudinal sections 
of a horizontal beam. Tin' (d>jcct of this Article is to dot ermine the 
intensity of the longitu<linal shear stress at any point in a beam, and aLso 
to show how the intensity of the transverse shear stress varies at different 
points in the depth of the beam. 

Before discussing tljo gtuieral case of a beam of any s(iction, it will bo 
advantageous to first consider the siln])l(^ case of a beam of rectangular 
accition. Fig. 200 shows a jxirtion of a rectangular beam of depth d and 
breadth 6. YY and are two transverse sections very near to one 

another, and W, at a distance x from YY, is the resultant of all the external 
f(jr(‘es acting on the beam to the right of YY f)r Y'Y^ The bending moment 
at YY is W.r, and if /, is the maximum str(‘ss at this section due to the 
bending moment WvC, then \Yx « The bending moment at Y'Y' 
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is W(x + t), and if is the maximum stress, then Wz + Wt = ibdy’„. 
Hence = 

The distribution, of the stresses due to bending on the upper half of 
tlie sections YY and Y'Y' is shown in Eig. 200. A portion A of the 
beam bounded by the sections I'Y, Y'Y', the top surface of the beam, and 
a horizoritfil section at a distance h above the neutral surface, is i)u]led 'to 

the right by a force R^ = ^ and it is also pulled to the left by a 

force )• resultant of these two pulls is a pull to the 

left by a force Il = Rjj — Rj = — and this is balanced by 

the horizontal shear on the under surface of A. Let rj equal the intensity 
of the shear stress on the under surface of A, then i)f(j -= />(/, 

Ihit thorcfovo q - and this liy Art. 141 must 

0(7- 0(7 -\ 4: ^ d / 

1)0 tlie intensity of the transverse shear stress on tlie section YY at a 
distance h from* the neutral axis. 

The equation </’= — y ) connecting <{ and h is the equation to a 

parabola which, when drawn as shown in Fig. 201, represents the dis- 
tribution of the shear stress on a transverse section of the beam. 

The inaximutri shear stress in the case just considered evidently 
occurs at the neutral surface of the beam or neutral axis of the transverse 

3W 

section wliero its intensity is — - , but since the total ^ ^ 



transverse shear is W,theaverage transverse shear streSvS j ^ ^ 

is , hence the maximum transverse shear stress is li i /f y 


times the mean. 

1 Proceeding now^ to the general ease of a beam 
(ff any form of cross se(ition, and referring to 
higs. 200 and 201, and also to Fig. 202, which 
rc[>resents th(i section of the b(^e,m, the stress due 
to bending at a distance t/ from the neutral axis 


I 


Fig. 202. 




at the section YY, and / 


. /.// 


at the section Y'Y^ 


11, bctw'een tlie limits y^li and y — yx* 
‘ ‘ ‘ 

lint '^yzhj — a/ 4 ,, where a is the area of the section beyoiKi the line at a dis- 
tance }\ fnim the neutral axis, and y^^ is the, distance of the centre of gravity 

ft 

of that are^a from the neutral axis. Therefore IL =*--bnyQ . In like manner 

V\ ' 


Hence B = R> --11.-= Again, and 

^2/1 - 2/i • Vy 

\^(x -h t) therefore Wf = ^ ( /2 ”/i )• Also, R == qht. Hence q = . 
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An interesting case of great practical importance is that of a flanged 
beam, which will now be considered, and for tlio sake 
of simplicity a numerical example will bo taken. The 
I section shown in Fig, 203 has a total dcjpth of 12 
inches, the flanges are 8 inches wide, and the wed) and 
flanges are all 2 inches thick. The formula which gives 
the shear stress at a distance h from the neutral axis 

has just been proved to be ^ • 

Consider the value of q at the neutral axis, whore the shear stress is 
greatest. Here a = 24 square inches, = 4 inches, and /> — 2 inches, therefore 

48W 
q j . 

At the junctions of the web and flanges, IG stjuare inches, ?/() — 5 

40W 

inches, and /> = 2 inches, therefore the value of q at those ] daces is - . 

In the flanges at places indefinitely near to the junctions with the 
web, a = 1 6 square inches, = 5 inches, and ~ 8 iuclies, therefore g in 

the flanges at these places is^^^-. 

For the dimensions given I = 89G in inch units, and if tons, 

the three values of q considered aboNe are 1680, ] 100, and 350 lbs. per 
square inch. The diagram to the right 
in Fig. 203 shows the distribution of 
the shear stress. It will be setm that 
not only docs the vcb take a largi* 
proportion of the whole of the slavu* 
stress, but that tlie shear stress is 
nearly uniform over the section of the 
web. It may be noted that the 
curves in Fig. 203 are parabolas. 

In most practical cases the maxi- 
mum shear stress on a section of a 
beam is at its neutral axis, but this is not alwiys the case. For example, 
consider a section which is a square (Fig. 201) with one diagonal vertical 
(in the plane of bending). Lot fi e(]ual tla^ length of a diagonal of the 
square. Using the .same notation as before, it is ea.sy to show that 
2W, 

O i7 0 79 . fi\ _ dq 2W, 





q = ( 2,dh - 8/(2 + 1 / 2 ). DiflFerentiatili; 

a maximum wlieii 2 '/! — 107 ^ = 0 , or h- 


dh 

(7/8. 


d* 


{‘Id — IG//). Hence q is 


9W 


Putting h~djS, tho maximum value of q is . 
Putting it = 0, the value of q at the neutral axis is 


2W 
(72 ' 


d 

J2 


2W 

(/ 2 ’ 


the same as the value at the 


The mean value of q is W -> 
neutral axis. 

The variation of the stress is shown plotted to the right in Fig. 204. 
The curved lines are jiortions of yianibolas whose axes are horizontal, and 
at distances d/S from the neutral axis of the section. 
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Tlie tlistributioii of u shcav stress over a section of a beam may be 
found by making use of the section modulus figure which was described 
in Art. 113, p. 105. A little consideration will show that the force R 
(Fig. 201) is ecpial to a,(/ij where Uj is the area of that part of the 
section modulus figure which lies beyond the line at a distance h from 

the neutral axis. Hence it follows that q = . 


Exercises IXa. 


1. A cube AliCD (Fig. 20r») is subjected to compressivo stress of 10 tons per 
square inch on 1 lie faeVs AB and CD. 'i'aking D as ilio origin, 
draw a polar curve showing the intensities of the shear stresses 
on inclined sections through D. Scale, 1 inch to 1 ton per 
squaie incii. 

%. A cube A BCD (Fig. 20d) is .subjected to a compressive 
sircss of .‘i tons fier squfirc’ incli on the faces AD and BC', and 
also to a coniprcssiv(‘ stress of 5 tons per square iiicli on the faces 
AB and CD. Determine tlie shear stresses, in tons per square Fia. 205 
inch, on the interfaces BD and BE. 



3. On A aiul B, the opposite faces of a cube, there is no stress, but on 


the remaining four 
faces there* lu e nor- 
mal stre^^ics of the 
same kind, and of 
intensity p. fShow 
that there is no 
^heal sl.rfss on any 
interfaces w h i e, h 
are p'rjienil icular 
to t,he faces A aiifl 
1), also that the 



intd'iisily of the 
normal sties<.os on 


Fki. 206. 


Fig. 207. 


these intei faces is equal to ju 

4. ABCI^ (Fig. 2t)7) is ri cube. On the faces AD and BO there is tensile 
stress of intensity and on the fac(‘S AB and CD there is compressive stress of 
intensity q Show that there is ])ure sliear stiess of intriisity / on all interfaces 
inclined at an angle 0 to AB, and find /and (? in terms of p and q, (Hint , — 
C’onsider the equilihrmni of the element B»CE.) 

6, The ihomhus A BCD (Fig. 20vS) is one end of a riLrht prism. Tliere is pure 
shear stress of inti'iisity / on t ht* faces AB, BC, CD, and 
DA, as shown. Prove that, the interfaces AC and JID 
arc subjected to pure normal stresses of intensities 
p and q respiuM i\ ely, and that intiTfaces, such as 
BE, whiidi au? perpendicular to BC, aie subjected to 
shear stress of intensity /, and a normal stress of 
intensity s. Express p, ly, and « in tt*rnis of /, and 0 
the angii* A BD. D 

6. The maximum tensile stress on a shaft due FiG. 208. 

to the bending moment is half the inaxiinum shear 

stress due to the twisting moment. The maximum tensile stress due to 
the above two stresses combined is 12,000 lbs. jier square inch. Tf the 
diameter of Die shaft is 2 inches, find the twisting and bending moments in 
inch-lbs. 

7. The maximum stress on a shaft 2 inches in diameter is 9000 lbs, per square 
imdi, and tht» shaft is subjected to equal bending^aml twisting moments, lind 
the twisting moment in in eh -lbs. 

8. A shaft tiansrnits 50 horse-power at 135 revolutions per minute. There is 
a bonding moment on the shaft equal to three-fourths of the twisting nionient. 
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Taking the maximum stress at 10,000 lbs. per square inch, find the diameter af 
the shaft. 

9 . The external diameter of a hollow shaft is 15 inches, and the internal 
diameter is 10 inches. The shaft is subjected to a bending moment equal to 
the twisting moment, and the maximum stress is 10,500 lbs. per square inch. 
Find the horse-power transmitted at 85 revolutions per minute. 

10 . A shaft 5 inches diameter is subjected to a thrust of 1 5 tons along its 
axis. There is a bonding moment on the shaft equal to lialf the twisting moment. 
The maximum compressive stress is 13,000 lbs. per square inch. Find the horse- 
power transmitted at 120 revolutions per minute. 

11. Keferring to Figs. 197 and 198, jjage 146. 
each 9000 lbs., and the angles PBF 


If the forces V and Q are 






and QDH are each 60°, what must . ^^30 TONS 

be the diameters of the crank pin B 
and the sliaft at C if the maximum 
stress is 9000 lbs. per square inch ? 

12. The centre lines of the crank 
shaft of jingle- cylinder engine are 
shown inWig. 209. When the crank 
and connecting-rod are at right 
angles, the effective force on the rod 
is 30 tons. The work is entirely 

taken off at the right-hand end, and I'lfi. 209. 

the bearings may be assumed to 

exercise no restraint on the shaft. Calculate the bending jnomcml ;uid twisting 
moment on the crank pin, and find the maximum din^ct stress induced, th<i pin 
being 12 inches 
internal and 21 
inches external 
diameter. [U.L.] 

13. Thecranked 
shaft (Fig. 210) 
turns in bearings 
at A and B. The 
cnanks C and D 
are in the same 

plane, and the forct-s P and Q act at riglit amrles to that plane. P 2000 lbs., 
and Q = 2*100 lbs. l^^'ind the ecjuivaleut twisting moments in incb-lbs. on the 
shaft at A and on the crank pin at C. 

14 . Same as the preceding exercise, except that the crank C and the force Q 
are turned tlirough a right angle, as shc»wn in Fig. 211. 

' 16. A three-throw cranked sliaft iis€‘d for working a sc't of thnni deep well 
pumps is .shown in Fig. 212. The rods are so long that the forces on the crank 
Ijins may be as- 
sumed as acting 
vertically. The 
shaft turns in 
bearings at A 
and E, and it 
is driven by 
pure twisting 
at the end A. 

The cranks 
make angles of 
120° with one 

another. Allowing for bending and twisting, detcTniine the diameters (in 
inolujs) of the three crank pins for the given loads wdien the sliaft is In the 
given position (a) by the Kaiikine formula, and (6) by the Guest formula. 
Maximum tensile stress, 9000 lbs. per square inch. 

16 . A wooden beam, 3 inches deep anrl 2 inches wide, when tested, gave way 
by shearing along the neutral ^surface wdien the load at the centre of the span 
reached 2760 lbs. What was the intensity of the longitudinal shear stress in the 
plane of fracture, assuming that the distribution of st ress at fracture is the Bam<J 
as within the elastic limit ? 
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17 . Two cross sections 1 inch apart of a rectangular beam 3 inches broad by 

8 inches deep are subjected to bending moments of 20 and 30 inch-tons respec- 
tively. Determine the maximum shear stress on the sections, and draw diagrams 
of shear stress and direct stress. [U.L.] 

18. A cantilever of mild steel 10 inches long, 2 inches deep, and 1 J inches 
wide, carries a load of 1000 lbs. at its free end. Construct the curve which 
shows the intensity of the transverse shear stress at any point of the depth. 
Scales. — Linear, fjill size. Stress, 1 inch to 500 lbs. per square inch. 

19. A rolled steel joist has a total depth of 16 inches ; the flanges are 6 

incJies wide and 0-85 inch thick, and the web is 0*64 inch thick. The total trans- 
verse shear at a certain cross section is HO What is the maximum intensity 

of the shear stress in the cross section, and what multiple is it of the mean 
shear stress, assuming that the web takes the whole of the shear. Draw the 
diagram which shows the actual distribution of tlie shear stress in the cross section. 
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and parallel to P bo a]>plicd as shown at 2 )ointB F and H in YY produced, 
these added forces will not aflbct in any way the stresses at XX, because 
P, and p 2 balance one another. P and P^ being equjd and parallel forcCxS 
acting in opposite directions form a couple which produces a pure turning 
or bending action at XX. The bending iiioinerit is P/’, and tlio distribu- 
tion of stress at XX due to Pr is shown at {a), where is the tensile stress 


along AC, and is the compressive stress along BE, rr=/iZj=/i — , 

y\ 

also Pr ~ /oZo == /o— , where I is the moment of inertia of the section XX 
‘ "i/2 

about its neutral axis 0. From these equations ^ ,and /j ^ ^ » 


The force P., will produce a direct tension, and the tensile stress at 

“ p 

XX due to Pc, is — =: /. , where a is tlic area of tlie cross section XX. 

The distribution of this stress is shown at (/>). 

Combining the stresses due to the })ure bending and the direct tension 
as shown at (c), it is seen that there is a tensile stress / along AC eciual 
to 4 -/ 3 , and a eomj>ressive stress along etpial toJ\ H /2 

than^j, then/^ is a tensile stress. 

Example. - --Referring to Fig. 215, th(' section at XX is a rectangle, 
depth XX — f) indies, Ijrcadth — indies, /* — 5 indies. Total tensile 
stress along A(^ = r) tons ]>er square inch. It is re(]uired to find P and 
the stress along BE. 


'Pr = that is, 5P= x 8 x C-Vp hence/. 


fiP 

IS 


- P P ^ r ^ i' n * r ^ 

" 3 S • “ Tk + I S ’ 3 ■ ^ ‘ 




5 X If) 
18 




15 5 

1 8 '■ (i ' 


Ilcnce 


1 *. tons [)er square 


inch, and is a c*ompressive stress. 

150. Strength of a Bing. — Fig. 21 G .slnnvs a dug of uniform cr(»ss 



section carrying a load W- The mean radius of the ring is r. There is 
at the horizontal section at B a bending action tending to (limmuk the 
curvature of the ring at B, and at the vertical section at A there is a 
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bending action tending to mcrease the curvature of the ring at A. There 
must therefore be some intermediate point F in AFB at ■which there is 
no tendency to alter the curvature of the ring, and therefore at F there 
is no bending action ; consequently at F the ring may jointed without 
altering the stresses in the other parts. There are obviously four points 
at which joints maybe introduced, these being symmetrically situated with 
reference to the vertical and horizontal diameters AC and BE, as shown 
in Fig. 217. The ring now consists of four links connected by pin joints. 

The lower link FK, sho's^'n detached in Fig. 218, is in the condition 
of a beam supported at the ends and loaded in the middle. The maxi- 
mum tensile stress / due to the bending moment will be at L, and will 


, 1 , IGWx 

be equal to — , 
Trd^ 


assuming the cross section of tlie ring to be a circle of 


diameter <f. 

TJie right-hand link FH, shown detached in Fig. 219, is subjected to 
a maximum bejidiiig momeiit at the liorizontal section at H amounting 
W 

to — causing a maximum tensile stress at M equal to 


TTfl^ 


In ad<litioii there is a uniform tensile stress/, on the hori- 


zrmtal section at li 


equal to - due to the load . 

ira- 2 


The total stress 


at is therefore /| H-.A “ 


16W(/--./-) 2W 




ird- * 


Now it scorns reasona])l(i to suppose that the j)oints F and H will be 

so sit uattMl that the total stress at it will oqtial the stress at L, because 

when thti first [xu-manent set takes place, say at M, if there is not a 

•si] nnl tan eons permanent set at L, the line FH shift towards M, 

causing tlie Ixmding mom(‘nt, and tluTefore the stress, at L to increase. 

Tiie line FH w'ill therefore ivdjust its(df so that j)ermaiH‘nt set takes place 

simultaneously at M and L, and therefore the str(‘ss at M must be the 

same as that at L. Making use of this, 

^ ^ , HAW IGM/r-..-) 2W . i-, r d 

f=A +.f -> . ami - •• , from vluch, . 


Hw 


If 


/= 


TT^/'' 

1 tAW 


1 (AV / r 

TTfP 


12 + 


d \ W/Hr 1 \ 
16 / 7r\(P^(/-J 


r^-ffdj tlu?n d = 


-v>* 


+ 1). 


The foregoing results are only rouglily apjiroximate, because of the 
assumption that the moment of resistance to bending of ihe curved piece 
FBH is the same as for a straight pie(‘e. In the case of a curved bar 
subjected to bending the neutral axis of a cross section does not pass 
through its centre of gravity, and the stress does not vary uniformly from 
the neutral axis, as in tlic case of a straight bar. The errors in the 
formuhe deduced above are on the wrong side for safety. 

For a full discussion of the theoiy of bending of curved bars the 
student is referred to MorIpy\^ Strength of MaMividfls. 

151. Poisson’s Ratio. — When a bar is subjected to direct stress, either 
tensile or compressive, there is not only a longitudinal strain, but also 



156 


APPLIED MECHANICS 


a transverse strain. If a bar of length /, breadth and thickness i be 
loaded, say in tension, in the direction of its length, the length will 
increase by an amount the breadth will decrease by an amount and 
the thickness will decrease by an amount The longitudinal strain 
is ar/Z, and the transverse strain is yjb or zjL 

It is found that, within the elastic limit, the ratio of the transverse strain 
to the longitudinal strain is constant for any given material, and this con- 
stant ratio is generally called PoissoiCs ratio. In this work Poisson’s raticj 

is denoted by cr ; thus o* ^ , For inetaLs a is generally 

longitmlinal strain 

between \ and but values as low as 0*22 and as high as 0*45 are given 
by different authorities. For india-rubber, a is about 

152. Belations between o-, E, 0, and K. — Let a'ciibe ABOD (Fig. 
220), whose edges are of length Z, he sabje(ded to tensile stress of in- 
tensity / on the faces AD and B(y, and all interfaces parallel to them. 
Also let the faces AB and DC, and all interfaces parallel to them, bn 
subjected to a crushing stress of intensity /. The cube will assume the 
rectangular shape A'B'C'D'. 

The tension will cause a straih in the direction EG amounting to y/E, 
and the comj)re.ssion will increase this strain by the amount of jYj. There- 
.r f 

fore the total strain J ~ ( 1 "1“ 

According to Art. 142, equal tensile and compressive stresses atding 
at right angles to one another, as in this <*ase, arc equivaltmt to shear 
stresses of tlio same intensity on planes inclined at 45® to the directions 
of the tensile and compressive stresses. If, therefore, a rectangular solid 



Fia. 220. 


be formed whose front face is the square EFGHfhaving its angular points 
at the middle points of the sides c)f the square ABCJD, the faces of this 
solid, which are perpemlicular i>o EFGH, will he subjected to jmre shikar, 
and the intensity of the shear stress will be /. If </> is tlie angle of dis- 
tortion, then </)=//C. When the block EFGH is strained it assumes the 

form E'F'GH', and the angle E'F'G' = ^ + Lot E'G' = Z + and let 

EF be denoted by a, then 
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cos^ » -fiin2 

^7- 


<jf> . d>\ 
cos 2 + sin 2 y 




But since ^ small angle, cos ^ may be taken = 1, and 


Therefore . Again ~ 

2 2 a ^ \ 2/ ^ a 

Hence ^2(1 +|) " V2“| n/ 2, and ^ = ^ = 

4 

X f 

But it has already bceru shown that r |=^(1 +cr). 


:= V2- 


Therefore 


2{i=-£(l+"-)«rE=2C(l+fr). 


If the faces AG and DTI of n. cube AH (Fig. 221) be subjected to a 
normal j>res.suro of iuttmsity />, the edge AI) will be shortened, and the 
strain producer! will be />/E. If, in ^ 

addition, the faces AK and BlI be i i I i t 

subjected to a uniform normal pres- — 1 [a A i-i i 1 , f B 

sure of intensity p, the edge AD will [ ^ 

be lengthened, and the strain pro- J.E ^ ^ 

dneed in AD by the pressures on* ^ ^ 

AE and BH will l>e (p/dE. O C o | | T f 

In like mannttr, normal pressures 021. 

of intensity/) on tlie faces AC and 

FIT AN ill lengthen the edge AD, and the strain in the diimtioii AD, due 
to the ])njssuroson AC and FH, will be op'E. 

When all the faces are subjected to normal pressure of intensity /?, it 
follows that the stniin produced in the direction AD wdll be 

P ^^PPf. o_\ 




But the strain in the direction of each edge will be the same, and the volume 
strain will be three times the above linear strain (Art. 81), therefore volume 

strain -- ( 1 — 2fr). But volume 8train = ^- Therefore 

or E - 3K(] - 2(r). 

From the equations E = 2C(1 +(r) and E= 3K (1 — 2<r), the following 
relations are easily obtained : — 

9CK 3EK CE_ 

^"C + 3K‘ ’^“9K-E‘ ^'^-9C-3E’ 

_E-2C! 3K-E_3K-2C 

o— - 2C 6K ~ 2arf 6K ‘ 

It IS evident that if any tw^o of tlic four (j[uantiti(‘s, E, C, K, and cr^ 
be found by experiment, the other two can be calculated. 
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153. Thick HoUo^f Cylinders. — In Art. 90, p, 76, it was shown that 
if a thin cylindrical shell of diameter d and thickness t be subjected to an 
internal pressure of intensity 
jt?, the material of the shell 
is subjected to a tensile stress 
of intensity f\ given by the 
equation pd ^ 2//. Inserting 
twice the radius r instead of 
the diameter ri, then pr=^tf. 

It is evident that so long as 
the thin shell remains circular 
the relation pr — ff will hold 
if the pressure be transferred 
to the outside of the shell, 
but the stress f will become compressive instead of tensile. The assump- 
tion made in proving this relation was, that the stress is uniformly distri' 
bated over the longitudinal section of the shell. This assumption is 
justified for a thin shell, but it eanijC)! be used in the case of a thick 
hollow cylinder. 

Let a thick hollow cylinder (Fig. 222) have an intonal radius and 
an external radius , and let there be an internal i)rcssure of intensity 
p^ and an external pressure of intensity p ^ . 

In what follows a thrust or compression will bo considered as posi- 
tive, and a pull or tension as negative. It will bo convenient to suppose 
that the cylinder is in compression, the external pressure being greater 
tlian the internal pressuni, l»nt the results obtained will bo of general 
ap[fiication, the formuLe making the stress negative when the internal 
pressure is greater than the external pressure. 

Consider a portion of the cylinder of unit length, and take an inter- 
mediate indefinitely thin ring of it of inten^l radius r and thickness ch\ 
Let the internal radial pressure on this ring be p, and the external 
I)ressure p + dp. 

C^onsidering the equilibrium (»f this ring, if th(i external pressure 
p-\-dp acted alone, the stress f j>r()dii(!ed would be given by the 
equation {p + dp){r -\-dr)~fdr, and if the internal pressure acted alone, 
then pr — fdr. Hence, when both pressures act at the same time 
{p + dp){r + d r) — pr — fd.r, which reduces to pnJr -\-rdp)=^fdi\ which is 
one relation between p, f, and r. 

Another relation involving p and /is found from a consideration of 
the strains produced by p and f in the direction of the axis of the 
cylinder. The pressure p will produce a strain in the direction of the 
thickness of the ring equal to and a strain in the direction of its 

axis equal to trp'Yj. The stress /will j>roduce a strain in the material of 
the ring, in the direction in which it acts, equal to / E, and a strain in 
the direction of the axis equal to (r//E. Heiuie the total strain in the 
direction of the axis due to p and /is fry)/E -f fr//E, and this strain will 
be uniform throughout, because it is reasonable to suppose that plane 
sections perpendicular to the axis will remain plane. If, therefore, 
irpjlSk -f rr//E is Constant,*/? H-/ is constant. Let p-{-f= 2a. 

From the equation p +/= 2a, /= 2a —/?; substituting this value of /in 
the equation pdr + rdp = fdr, it follows that 2pdT + rdp = 2adr^ Multi- 
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plying both sides by r, + = 2a/'rfr. Integrating 

pr^ ^ 2afrdr^ 2a ^ + c = ar^ + where c is a constant of integration. 
When r — p —Pi, therefore - ar^ + c. 




^2^5 =ar.3 + c:. 
t 


From these equations a = - . 

From the equations pr^ = at^ + Cy and f=^2a-p, and the values of 
a and c just determined, 


n - ri 


(?•; - r‘t)r^ 

Putting 9’ = rj,/ becomes /j, the stress at the inside surface, 


-ri 


Putting - r ,, , / becomes » the stress at the outside surface, 


r.i -rt 


The most common cases in practice are those in which p.y is so small 
compared with tliat the former may be neglected, or 

If r, = 0 then A = “ riir-' + f = - 

^ ^ • 1 ».2 > J'l „2 > 

' 2 ' J ' 2 ~ ' J 

r^-r^V J 

tlui minus sign in front in e.ach case showing that the stress is tensile, 

1) (r' r:) 

llie termle stress/, has the value - , hence it is easy to deduce 

where f is ecpial to — the thickness ot the cylinder. It is evident 
lluit- f(*r all j)ossi])le values of f,f^ must lie greater than y;,. 

The foregoing forraiihe are known as Lame’s formula.". 


Exercises IXh. 

Note. — Thr ar^.'iwers given at the end of the hook to Exerciser 5 , C, and 8 on crane 
hnols tverr obtaiiH'd on the assumption that tlif inoirunt of resistance of a curved 
bar tn heading is ihc same as that for a straight har. The ansiovrs arc therefore 
*niJ}j approximate. Sec the latter part of Art. 150 , 7 ?. 155 . ^ 

1. The crank shaft shown in Fit?. 223 is subjected 1o a thrust P along 
its axis. Determine the ruagnitucle of P, in tons, 
when the maximum tensile stress produced by it 
in the crank pin is 4 tons per square inch. 

What will then be the maximum compresbive 
stress in the pin ? 

2. A link (Fig. 224) of rectangular section, 

3 inches deep and 2 inches wide, is subjected 
to tension by a loa<l P, the line of action of which 
is parallel to the axis of t-lie central part of the 
link, find at a distance x above it. When ir— J 
inch, find P, if the maximum tensile stress in 
the link is 6 tons per square inch. Find also 



Fig. 223. 
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the maximum value of x so that there shall be no crushing stress in the 
link. 

3. A short cylindrical block of diameter d 
is subjected to crushing by a load whose line 
of action is parallel to the axis of the block, 
and at a distance x from it. Kind the maxi- 
mum value of in terms of rf, so that there 
shall be no tensile stress in the block. 

4 . Show that there will be no tensile stress 
at the joints of a masonry arch if the resultant 
thrust between two adjacent blocks falls within the middle third of the joint, 

6. The crane hook shown in Fig. 225 has at the level AB a circular cross 
section 2J inches in diameter, and h the distance of B from the lino of action 
of the load W is,2 inches. Find W, in tons, when the tensile stress at B is 
4 tons per square inch. Find also the nature and intensity of the stress at A. 

6. Referring to the crane hook shown in Fig. 22.5, if d is the diameter of the 

section at AB, and Jc=^d, find d in terms of W, where W is in tons and the 
4 

tensile stress at B is 5 tons per square inch. What is the nature and intensity 
of the stress at A ? 

7 . A beam 3 inches deep and 2 inches wide projects from a wall n,nd ciirries 
a load P, which acts as shown in Fig. 226. The maximum tensile stress in the 


P-<- 




->P 


kZV 

Fia. 224. 




beam is to be 10,000 lbs. per square inch. Find the niagiiitudc of P, in lbs., 
(a) when k— inches ; (6) when A=:4J inches. 

In the crane hook shown in Fig* 227 the dimensioriB are given in terms of 
an unknown unit, and the section at AB is to l>e assumed as having the form 
shown in the lowmr part of the figure. Determine the unit for tlu' dimensions in 
terms of W the load in tons, so that the total tensile stress at B shall be 5 tons 
per square inch. 

9. A built»*up crane jib is in the form of a curved girder, and a horizontal 

section near the base is a hollow rtictu.ngle. The outside dimensions of the 
rectangle are .54 and 36 inches, and the longer and shorter sides are 1 inch and 
2 inches thick respectively. Find the maximum tensile and compressive stresses 
induced in the material when a load of 25 tons is suspendcHl from the end of the 
crane, the horizontal distance of the load from the centre of the section being 
50 feet. Show by a sketch how the intensity of stnjss varies across the 
section. [it.L. ) 

10. A cylindrical masonry column of diameter d feet is subjected to a 
horizontal force due to the wind pressure. Prove that no tensile stress wdll be 
produced in the basal cross section of this column, if the rc'sultant of the wind 
pressure and the weight of the column fall inside a circle concentric to the 
circular cross section of the column, and of diameter ” J of the diameter of the 
column. Hence find the greatest height to which a column of granite 6 feet in 
diameter can be safely Vmilt, if the maximum intensity of the horizontal wind 
pressure is 40 lbs. per square foot, the weight of the granite being 160 ll>s. per 
cubic foot. 
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Notf -. — You may aBsiimo that the wind pressure on the cylindrical surface is 
equivalent to a pressure of half the given intensity on an area equal to the 
diameter of the column multiplied by its height. [U.L.] 

11 . Using the method of Art. 150, p. 154, show that if the cross section 

of the ring is a square whose sides are equal to s, then «— J/y/^(6w + l). 

12. A steel bar 20 feet long and 2 inches square is elongatejl by a load of 
20,000 lbs. Find by how much the volume of the bar is increased. Take 

and E = 30,000,000 lbs. per square inch. 

13. A piece of cast iron 5 inches long and 1 inch square is subjected to com- 
])iession in the direction of its length by a load of 10 tons. What must be the 
intensity, in tons per square inch, of the lateral external pressure which must be 
applied to the piece to prevent lateral strain, and what will then lie the alteration 
in length ? 'J'ake 0-25 and E~7000 tons per square inch. 

14. The shell of a cylindrical steam boiler is H feet 4 inches in diameter and 
1 inch thick, and the effective steam pressure is 200 lbs. per square inch. Find 
the circumferential strain produced, (a) neglecting the longitudinal strain, (6) 
taking the longitudinal strain into account. Take <r = 0'20 and E = 30,000,000 Ibs- 
per sqnar<! inch. 

16. A bar of mild steel 1 inch in diameter twists Uirough an angle of 2*2 degrees 
in a 20-in<*h length when subjected to a twisting moment of 2200 inch-lbs. An 
exactly similar bar of the same material deflects 0*03 inch when supported 
horizontally at two i>oints 20 inches apart and loaded at the centre of the span 
with a load of 204 lbs. Calculate the Modulus of Elasticity (E), Modulus of 
Transverse Elasticity (C), Modulus of Elasticity of Bulk (K), and Poisson’s ratio 
for tlie material. fU.L.J 

16. The cylinder of an hydraulic press has an int ernal diameter of JO inches, 
and the water iiressure is 1500 Ihs. per square inch. Find the thickness of the 
metal of the cylinder so that tlui maximum stress may be 25(K) lbs. per square 
inch. AN'hat will be tlie stress in the metal at the outside of the cylinder ? 

17. Find the safe internal pressure, in lbs. per scpiare inch, for the cylinder 
of an hy draulic j)r€iss wliicli lias an inteiuial diamete r of 5 inches and an external 
diameter of 7 inches, when t he maximum safe stress is .‘UX)0 lbs. per square inch. 

18. The lutejiial diam(‘ter of a thick hollow <‘vlinrler is 5i inches, the internal 
jiressure is 1120 lhf». per square incli, and the maxiniu:.* stress produced is 
3000 lbs. per square inclu Find Uie thickne.ss of the metal. 

19. The internal and external radii of a thick hollow cylinder are 5 inches 
and 0 inches n^spectively. If t.he tensile stress in the mf‘tal at the inner surface 
of tlie cylinder i.-^ 3000 lbs. ])cr squate inch, what is th<* internal pressure 7 
Calculate llie values of the tensile stress in the metal, in lbs. per square inch, 
at radii (>, 7, S, ami 9 inches, and plot the stresses on the thickness of the 
cylinder as a base. Ijincar scale, full size. Stress scale, 1 inch to lOOt) lbs. per 
squarii inch.,. 

20. In a thick hollow cylinder, show that if the stress f at radius r is 

inversely pioportional to r, <»r that y*:- — constant, tlu:n — {Barlow*s 

formula)^ where is tlic internal jiressure, /, the stress at the inner surface, 
r.^ the external raclins, and t the thickness of the metal. The external pressure 
is assumed to be zeio. 

21. 'I'lie internal }Messuro in a thick hollow cy linder is 2 tons per square inch. 
'I'he int ernal a fid external radii of t he cylinder are 5 inches and 10 inches 
rt‘speotiv<‘ly. Calculate' the values of the .stress at radii 5, G, 7, 8, 9, and 10 inches, 
(u.) by Lame’s formula ; (/>) by Barlow’.s formula (st;e preceding exercise). Plot 
the result.s. Linear scale, full size. Stiess scab*, 1 inch to 2 tons per square inch. 

22. »Same as preceding exercise, excei>t that there is an initial stress in the 
material which varies unitorrnly from 2 tons per square inch compression at the 
inner surface to 2 tons per square inch tension at the outer surface. 
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164. Columns and Struts. — A Column or Pillar is always vortical, 
and generally it is fixed rigidly at its ends. A titrid may be vertical or 
inclined, and one or both ends may be fixed rigidly, or one or both ends 
may be connected to tlie surrounding structure by flexible joints. The 
theory of struts will therefore evidently apply to columns. In most cases 
the only important load on a column or strut is one acting at its mids in 
the line of its axis and tending to shorten it. In some cases, however, 
there is a lateral load in addition. 

Comparing a strut with a tie (Figs. 228 and 229), it is evident that 
if the vstrut and tie be bent by lateral forces or if they be originally l>ent, 
the load P on the strut tends to bend it still further, while the load V on 

STRUT 

FKi. 228. Fkj. 22!t. 

the tic tends to straighten it. The theory of a tie is obviously very 
simple, being e\]>rcsse(l b}?^ the equiition l’--A/. wliero A is tln^ anvi of 
the cross section and / tlie stress. Tlie theory of the strut would be th<^ 
same as that of the tie if the stmt did not bend. Negli‘cting for tlio 
present the case of tlu' laterally loaded strut, tlu^ load at its cmuIs may 
bend the strut, b(^cause (I) the strut may not be perfectly straiglit when 
unloaded, ('2) the load may not bi' applied exactly in the line of tin* axis 
of the strut, and (3) throngli a want of uniformity in tlie material one 
part may yield more than the other parts in comiiression. 

The tendency of the strut to bend ^vill evidemtly ]>o greater tlu; 
greater the ratio r of its length to its least transverse dimension, and 
the manner in which it gives way under tlie load will <lc[>end largely on 
the value of r. When r is small there is no bending, Jind tll(^ strut gives 
way by crushing (or obliijue shearing, as described in Art. 1G6, j). 17n). 
When r is very large the strut gives way liy lamding, and for mcxlerate 
values of r the strut may give way by crushing and bendiTig. 

155. Critical Load for LoniT Column. — A simple and instructive 
experiment on the behaviour of a long column will here be d(‘scribod. 
A long slender lath of wood or a straight strip of steel is ])iaced in a 
vertical position and loaded, the load being guided vertically, as shown in 
Fig. 230. The ends of this experimental strut are rounded and fit into 
shallow grooves in the end connections, as shown on an enlarged scale 
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Fig. 230. 


at (a). A load insufficient to bend the strut is applied, and the strut is 
then slightly bent by pressing .it sideways at the middle of its length. 
When this side i>ressure is removed the strut straightens 
itself. A small addition is made to the load and the side 
jjressure is again ap 2 >lied and removed, tlie strut bends and 
straightens again. The experiment is eontinm^d in this 
way, gradually increiising the load until it is found that 
mIicii the side jjrossurc is a})pUod and then removed the 
strut remains bent. “Wjjien this i)oint is reached it will be 
found that, whatever arnotint of deflection be given to the 
strut by the applied lateral force, the strut will retain 
that amount of deflection when the lateral force is removed, 
provided that the elastic limit is not exceeded. But if 
the load on the strut be further increased and the strut 
be slightly bent as before,, the load will increase the amount of bend- 
ing until the strut bikes a })ermanent set or collajises. This load, which 
will keej) the strut bent but 'will not bend it 
further, may be called the critical load for the 
strut. 

That there is a critical load for a long 
slender column may be demonstrated as follows. 

Let the strut showui at (u), Fig. 231, be in eiiui- 
librium under the load and lateral force Qj, 
the (leflc<Jtion being Uy Let Z be the modulus 
of the (‘ross section, and let be the maximum 
stress due to bending. 

The total bonding mounuit is l\«i + Qi ^ , 

and the moment of resistance to bonding therefore 

If Qj Ixi no^v (limiiiislied to zero and Pi be incrcase<l to 1^, the defiec- 

f f 

lion Uy remaining the same, it follows tluit P?^i Pa=' *Z. 

^'1 

If the same strut in etjuilibriiim under the load and Icteral 
lor<*e Q„, as shown at (A), Fig. 231, tli(» deflection being then decreasing 
Qo to zero, and irjci'casing P.^ to P', the dtdlcction remaining the same, 

it follows that J^' = *^-Z, w’hore/^, is the maximum stress due to bending. 



V.ut 




, therefore P' = P. 

Uy Uo 

From the foregoing it follow.s that the strut w'ill be in equilibrium 
under the load P foi’ any defltiction w itliin the elastic limit. 

For a load greater than P the force Q, acting as showm at (c), Fig. 
231, would be necesstiry to ])rcveijt fui ther deflection of the strut, because 
the bending moment due to P + W is Pwj^ + W?ti, and the moment of 
resistance of the strut to bending is /iZ, bu^ Pmj=/iZ, therefore the 
bending moment W?^j must be balanced by thfe moment of Q, hence 

Q~ = yfu . . Within the elastic limit, /Z, the moment of resistance of the 
4 ^ 
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strut to bending will be proportional to /, and therefor© propor- 
tional to the deflection. But when the elastic limit is passed, the 
moment of resistance will increase more rapidly (see Art. 116, p. 109); 
and with the additional load W there may be another position of 
equilibrium for the strut, but the strut will tlien have taken a per- 
manent sot. 

ky 156. Approximate Theory of Long Columns. — ACB (Fig- 232) 
represents a long slender column which, when unloaded, is perfectly 
straight, of uniform cross section, and uniform elasticity. 

The ends are supposed to be rounded so that the column 
is free to bend throughout its whole length. The criticfil 
load P is supj)Osed to act in a fixed line which coincides 
with the axis of the column when tlio latter is unloaded. 

Let the loaded column be slightly bent by the apjdica- 
tion for an instant of a lateral force. At any point C 
there is a bending moment equal to Pw, whe^e u is the de- 
flection at C, and it follow's that the figure AOBA is the 
bending moment diagram for the whole column. It is 
evident that the curve AC II cannot bo an arc of a circle, 
because that would nccicssitate tlie bending moment being 
uniform throughout the whole length of the column. If 
the curve ACB bo assumed to be a j>aral)ola, then the deflection 
of the column is the same as it would be if the column became 
a beam, siipporb^d at its ends, with a transverse If)ad uniformly dis- 
tributed over its length. In Art. 123, p. 114, it was shown that fora 
beam of length L and iiniforui section, supported at its ends and loaded 

uniformly wdtli a total load W, the deflection at the centre is 



Fia. 232. 


If M is 

Tv^f WL 
M_ 


the bending 


hence 




moment 


48Ei ’ 

48ET 


384 K I 

at the centre of the beam, then 
but for the column M — TVj, therefore 


9-6ET 

■ 


By the more c,xact theory of Euler, discussed in the 
next Artnae, 1 - - . - 

^ 157- Euler’s Theory of Long Columns, — The column 
ACB (Fig. 233) is sujq)Osed to be under exac'tly the sjime 
conditions as the coluiim considered in the preceding 
Article. At any point C in the column, at a distaiife // 
from the middle point of AIj, the bending moment M is 
equal to Pw. If 11 is the radius of curvature of the 
column at C, then by Arts. 109 and 110, pp. 103-105, 

^ ^ j . But ~ ^""2 P- 9), the minUvS sign 

being used to make R •positive, because as u increases 



du 


decreases. Hence 


Tu 

EI^ 


(^U 

dy^' 


The general sol#iion of this differ- 
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ential equation gives + cos ny. where — . aod A and B 

El 

are constants. 

Differentiating, == Aw cos ny — Bw sin ny. 

When 2/ = 0i = 0, also sin ny — 0 ; therefore A = 0, and w = B cos ny. 

But when y— 0, w = W|, and cos therefore -^B. 

When v/ = /, w-^0, therefore Bcosw/ = 0, hence either B = 0 or 


cos nl = 0. 


Therefore P“- 


therefore cosw/ = 0, hence nl^ 
tt^EI 


and I 


yEl 2 ‘ 


But B == 

7r2EI_ 
iP D ’ 

158. Influence of End Connections on Strength of Ideal Columns. 

— If the ends of the ideal .column ACB are fixed as shown at (a), Fig. 
234, then when the column deflects the directions of 
tlie tangents to the curve ACB at A, C, and B must 
be vertical, and the line of action of the result^int load 
on the column will no longer pass through the centres 
of its ends, but must lie between the point C and the 
straight line AB, and will cut the curve ACTi at points 
H and K. At the points H and K there is no "bending 
inoniont, and these must therefore be points of cem- 
trary flexure. 

Consider the parts HA and HC of the bent column. 

At points in HA and H(J where the deflections, mea- 
sured from the vertical line through H, are erjual, the 
liCnding moments arc equal, and therefore the radii of 
cur>^ature at these jaunts must be equal, the column 
being of uniform cross. section. Also the curves have 
tlie same sloj)e at H, and also the same sloj>e at A and 
C. Hence it is evident that tlie curves HA and HC 
are similar and equal, and that the points H, O, and K 
dividt' the column into four equal jiarts. Hence the part JiCTv has a 
1(01 gth etjual to half the length (;f the whole column. Now tlic part 
HCdv is in the condition of a column with rounded or hinged ends carry- 
ing the load P, as shown at (h)^ Fig. 234. Therefore, 

from the preceding Article, P = ^ . Hence 

^ ^ hi L2 

a column fixed at the ends is four times as strong as the 
same column with hinged or ronnded ends. 

The formula for the strength of an ideal column fixed 
at one end and loaded at the otl»er is easily deduced 
fioin that for the column with loundiid ends. A column 
ACB Avitli nmnded ends is shown at (a), Fig. 235. At 
(^, the middle point of its length, the tangent to the 
curve is vertical, and if the column be held in a clamp at 
C, so as to preserve the dinjctibn of the tangent to the 
curve at that j>o|Dt, the lower part of the column might 
be removed without affecting the ujiper part. The upper part will then 




Fig. 235. 
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become a column fixed at one end and loaded at the other, as shown at 

(b), Fig. 235, where L = |Li. Hence, P = = which shows 

4Ij” 

that a column fixed at one end and loaded at the other has only one- 
fourth the strength of the same column with hinged or rounded ends. 

159. Empirical Formulae for Struts. — The Euler formula? for struts 
is rational, but it is only applicable to struts which are very long com- 
pared with their least transverse dimension, and when applied to strata 
which are common in practice they give values which are too high for 
their strength. Numerous empirical formulae have been devised by 
different authorities to give the strength of ordinary struts, the constants 
or coefficients in these formulae being derived from the results of experi- 
ments on struts. The empirical formula which has been most used is 
that known as the Rankine or Rankint^-Gordon formula. 

160. Eaukine-Gordon Formula for Struts. — The Kankine-Gordon 

P f 

formula is ^ = /t \ ^ > where 

P =2 crushing or crippling load on strut in tons. 

^ = crus}iing or crippling load on strut in tons per square inch of 
cross section. 

/= direct crushing strength of the material of the strut in tons 
j)or square inch. 

A = area of cross section of strut in square inches. 

L = length of strut in inches. 

k = least radius of gyration of section of strut in inches. 
a “ constant. 

Values of / and a commonly taken for different materials in different 
cases ure given in the following table : — 


Material. 

/ 


Values of 

a. 


Case 1. 

1 

Case 11. 

Case 

HI. 



Cast-iron 


1 

6,400 

.... _ 

4 _ 1 

674(/)~iyt;oo 

10 

9 X f;,4dd 

1 

^""3,000 

.Wronglit-iron 

16 

1 

36,000 

4 1 

jK'OOd"" 9,000 

10 

9 X 3(>,d0() 

1 

20,250 

Mild steel 

21 

1 

4 _ 1 

10 

1 

30,(K)0‘ 

30,00(3 7.5(»0 

9T:}o,b()d 

”^ld;875 

Dry timber (strongkind s) 

► :i'2 

1 

3,000 

4 1 

3,000 ~ 7f)(i 

10 

9 X 3,000 

1 

r,0H7 


Gase T. Fixed ends. C'ase IT. Hiugtsd ends. Case III, One end 
fixed and the other hinged. 

It will be observed tha^ tlm values of a for Cases II. and 111. are 

obtained by multiplying the values for Case I. by 4 and, - rcsi>ectively. 

y 
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Most text-books give a so-called proof of the Rankine-Gk>rdon 
formula, but the assumptions made are not warranted in the case of 
actual struts. It is best to consider the formula as an empirical one, but 
it may be pointed out that when it is applied to veiy short struts it 
reduces to IP =« Af^ which is correct, and when applied to very long struts it 

reduces to P =■ , ^25 , , , 


aU 5 OSi 

which is the form of the ^20 \ 

expression given by Euler’s gf ^ 

th(3ory of long r'duiniis. ^ 15 ^ 

Fig. 236 shows giaphi- kf 

(•ally the difference between g 10 — ^ 

the Han kine- Gordon and g 

the Euler formulie applied ^ 5 

to mild steel columns with < 

hinged ends. ' ^ 0 __ 75 j 

If tlie results of the HATIC 

Rankine- Gordon formula 
be plotted for columns of 

different materials, instructive curves are obtained, 
(‘urves for columns of c^ast- 

iron, wronght-iroii, and mild ^Qj 

steel with fixed ends. It ^ ^ R 

will be seen that for very 

short columns cast-iron is 

niTK^h stronger than either ^ ^ 

wrought- iron or mild steel, ^-5 

and that for ratios of L to ^ 

l(3r^s than 85 the cast-iron 20 ^ 

columns are the stronger, Sl WROI 

but for ratios of L to k <0 15 ^ 

greater than 85 the mild § 

steel columns are the 10 p 

stronger. Also for ratifis 3 j 

of Ij Ui k less than 115 o 5 p 


MILD STEEL COLUMNS. 
HINGED Ends. 


75 100 125 

RATIO L-rfc 

FlO. 236. 


175 200 


Fig. 237 shows the 


COLUMNS. FIXED ENDS. | 
RANKINE FORMUiIaE. 






steel columns are the *^10 1 " 1 — 

stronger. Also for ratifis 3 } I 

of Ij Ui k less than 115 o ^ * \ 

the cast-irem columns are ^ j j L__ 

strr>nger than the wifiuglit- ® 25 50 75 100 150 175 200 

iron ones, but when the ratio 

ratio of L to k is greater Fig. 237. 

than 115 tlio wrought-iron 

columns are stroiiger than the caatr-iron ones. For all values* of the 
ratio <»f*L to k the mild steel columns are stronger than those made of 
w roll tjht-i roll. 


Note.— A defect in the theory of Arts. 155-158 is that the direct crushing 
stress is neglected; but in very long columns tlio direct stress is small com- 
pared with the bending stress, wliile in sliorL columns the direct stress i* large 
compared with the bending stress. 
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Exercises X. 


1. A straight bar of steel 40 inches in length, 1 inch broad, and inch in 
thickness, is bent into the form of a bow, having an elastic deflection of 2 inches 
in the middle, and the ends are united by tbe bow string. Taking the modulus 
K = 29,000,000 lbs. per square inch, what will be the tension on the string ? 

[Tnst.C.E.] 

I ' 2 . Apply the Rankine-Gordon formula to find the buckling load for a cast- 
iron column 8 inches external diameter, 6 inches internal diameter, and 20 feet 
long. The column has fixed ends. 

3. A strut in a framed structure is formed of a steel pipe 6 inches external 
diameter, and I inch thick ; it is 10 foot long, and has pin connections at each 
end. With a factor of safety of 5, to what load may it lx? submitted ? [Inst.O.K.J 

4. Determine the value of the ratio L/A* for which columns of cast iron and 
mild steel of the same cross section, w'ith hinged ends, have the same strength by 
the Bankine formula, 

6. Plot crippling load, in tons per square inch, and ratio for cast-iron 
columns with hinged ends, (a) by the Rankine-Gordon formula, (5) by Euler’s 
formula, up to L/A* = 200. Take E-h(KK) tons per square inch. 

6. Find the proper diameter for a solid iniid ste^*! strut with pin ends, if its 

length is 130 inches, and if it has to caiTy a total load of 20 tons with a factor of 
safety of 7. Take the values of / and a (for Hat emls) in the formula as 80 ton.s 
jjer square inch, and respectively. 

7. Three solid cast-iron columns, <‘ach 3 inches in dianudor, and 10 feet long, 
have their ends fixed, and eacli Ccarries one-third of a load W. Kind by tlic 
Rankine-Gord<*n formula the diameter of a single solid cast-iron column wit.h 
fixed ends to r<iplace these three columns, and find the x/crcentagc saving in 
weight of cast-iron. 

8. A hollow cast-iron column has to be designed to support a total load of 130 
tons ; the column is to be 15 fe(‘t in length, and the int(*nial diametijr is to be 
four-fifths of the external diametc'r, and it is desired to liave a factor of safety 
10. Find the external and internal diameters of the column if tlu' ciushing 
load in tons per square inch for such a column is given by tlie formula 


Crushing load in tons per square inch=z - - 

1 f- 



, where L is the IcTigth 


of the column in inches, and J) is the external diameteT in inches. [Il.K.] 

9. A hollow" cast-iron c.olumn 20 feet long, with ends rigidly fixed, has 
to carry safely a load of .50 tons. If tlie factor of safety is 0, and 
external diameter of the oolmnn is H inches, find llie internal diameler, 

10. A steel strut is liuilt up of two T section bars (Fig, 23S) 
riveted back to back; tlx* T's are of the following seiil ion : (5 
inches X 4^ inches X j* ineh The ends of the stmt are rigidly 
secured, and its over-all length is 18 feet 6 inches. What, gross 
load can this strut cany if it is to have a factor of safety 5 ? liy 
the Rankino formula the buckling load in lbs. per square inch 


of such a strut =: - 


48,000 


1 I 


1 


(- 




where L is the length of the 



strut in inches, and A- tbe least radius of gyration of the see.tion. [I’-L. ) 

. 11. A column is built up of an I rolled joist 20 inches deep ; llaugos 71 inches 

wide, and 1 inch thick ; wu-b J;-iiich thick ; writh two (J-iiich 
plates 12 inches wide riveted to eacli flange (Fig. 239). Find 
the least radius of gyration of the section. Taking a factor of 
safety of 0, find the working load if the column is 10 feet high 

'^.5 A 

with fixed ends. Use the formula ,w1icto P is the 

1 -f — - - 
• 30000 

buckling load in tons, A tlie cross sectional ana in square inches, and X is 
the ratio of the length to the least radius of gyration. | Inst.C.E.J 


I — i 
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12 . A vertical mild steel post to a bridge consists of a central plate 18 
inches x | inch, a pair of angles 4 inches x 4 inches x J inch at each 
end of the plate, and a plate 12 inches wide by ^ inch thick con- 
nected to each pair of angles so as to form an t section (Fig. 240). 

Its length is 20 feet, and each end is firmly riveted to the flanges of the 
main girder. Find the safe load by Rankine’s formula. [Inst.C^E.] 

13. A cast-iron column 10 feet long is fixed at the ends and has an 
I section inches deep, with flanges 5 inches wide and web 1 inch FlU. 240. 
thick. Find the thickness of the flanges so that with a factor of 

safety of fl this column will carry safely a load of 85 tons. Use the Rankine- 
Gordon formula. 



14. If P denotes the buckling load of a column by Euler’s formula, and W 
denotes the buckling load of the same column by the Rankinc-Gordon formula, 
also if F denotes the crushing load of a very short column of the same section 


and same material, show that W — 


PF 
P + F 


if the constant a in the Rankine-Gordon 


formula is equal to 


for a column with fixed ends. 


15. A hollow cyliiidricaf steel strut has to he designed for the following 
conditions. Ivcngth 6 feet, axial load 12 tons, ratio of internal to external 
diameter 0*8, factor of safety 10. Determine the necessary external diameter of 
the strut and tlic thickness of the metal, if the ends of the strut are firmly built 
in. Use the Rankine-Gordon formula, taking /=21 tons per square inch, and a 
fur rounded ends = 1/7500. [U.L.] 



CHAPTER XI 

BEHAVIOUR OF MATERIALS IN THE TESTING 

MACHINE 


161, Nominal and Actual Stresses. — When a specimen of cross 
sectional area a is placed in simple tension or >sinij)le coin})ras8ion by a 
load P> then /, the direct stress produced, is given by the equation 


The effect of the load is not only 
to alter the length of the specimen, 
but also its cross sectional area, 
and if in the alxjve equation a is 
the original area of the cross section, 
then / is the 7ioiamal pro- 

duced by the load’ P. If however 
a is the actual area of the cross 
section when the load P is on the 
si^eciinon, then / is the adnal siress 
produced. 



Fto. 241. 
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Intension (in inches) in Smehes 
Fig. 242. 


For loads within the (‘lastic limit of tlie specimen the (lifForen(‘.o 
between the original and actual areas of the cross section is so small that 
it may be neglected. Beyond the clastic limit however, in the ease of 
ductile materials, the actual area of the cross section of the specimen may 
differ considerably from the original area, and tlie actual stress may })e 
much greater than the nominal stress when the spcciiiKui is in tension, 
and much less when iu corji]»ression. The foregoing remarks arc well 
illustrat^l by Figs, 211, 242, and 243, which sliow the I'csnlts of two 
tests, one a tensile t<ist on a s|K^cinien of mild sttiel, and the other a 
compression test on a specimen of wrought-iron. The full curves in 
Figs. 242 and 24.3 show the relation between the ijorninal stress and the 
strain produced, while thb dotted curves show the relation between the 
actual stress and the strain produced. The specimens were originally 
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parallel, but they did not remain so, as the load was increased beyond 
the elastic limit, and in each case the actual area of the cross section is 
taken as the area of the smallest section. The original and final outlines 
of the mild steel specimen tested in tension are shown in Fig, 241. The 
change in the form of the wrought-iron specimen in compression -as the 
load is increased is clearly shown in Fig. 243, 

lief erring to Fig. 242, it will be observed tha| the maximum nominal 



* 

stress is greater than the nominal stress at fracture, but the actual stress 
at fracture is much greater than the maximum nominal stress. 

In re]>ortH on tensile tests for commercial purposes, the maximum 
nominal stress is sometimes called the ultimate or breaking stress ; this 
liowever is wrong, and it should cither be called the maximum nominal 
stress, or the maximum stress on the original area. Wlicn the term 
maximum stress is used, maximum nominal stress is generally iinder- 

There is no definite ultimate crushing stress for ductile materials, 
such as mild str'el and wrought -iron, but it wall l>e seen from Fig. 243 
that the curve for the actual stress gets more nearly parallel to tlic strain 
axis as the load is increased. 

162. Relation of Elongation to Dimensions of Test Piece. — A study 
of the following results of a test of a speeimon of mild steel will load to 


KI*23 1-24 1-25 + 1'26 •+• 1-47 1*45 1*25 123 1*25 +I-24H 
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Fio. 244. 


some important conclusions. Before testing, the M>ecimcn was marktd off 
carefully in half-inch lengths, and after being broken in tension the two 
parts were put together, and the lengths given below the specimen in 
Fig. 244 were measured. The shortest of these lengths, 1*58 inches, is 
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the altered length of a 1 inch length on the specimen before testing, and 
this length contiuns the 
fracture near its centre. 

The other lengths, in order, 
are the altered lengths of 
2, 4, 6, 8, and 10 inch 
lengths respectively on th(j 
specimen before testing, 
and the fracture is approxi- 
mately in the middle of 
each of these lengths. 

The altered lengths of the 
original inch lengths num- 
bered (1), (2), (3), etc., are 
given above the specimen 
in Fig. 244, and the elongations of these inch lengths are plotted, 
in Fig. 245. 

It will be seen that the elongatioJi per inch is fairly uniform, except 
for about IJ inches on each side of the fracture, and the elongation in 
the immediate neigh bourlnx^d of the fracture is much greater than in any 
other part of tlic sjiecimcu. 

Coming next to the actual elongations and the elongations [ht cent, 
of length in the 2, 4, (>, 8, and 10 inch lengths, which contaiti the fracture 
near their centres, the results are tabulated below. 



Gauge length, inclies . 

1 

i 1 

2 ! 4 1 (> 

! 1 

8 

10 

Elongation, inches 

0*5H 

(M»2 1 1'4;! 1 l!n 

2-10 

2 87 

Elongation, per oenl.. , , j 

5S-0 

4(>'<) .‘i'rT 1 

i . _ _ _ ' 


28-7 


It will now be seen how ini})ortant it is, in stating the elongation, 
to give the gauge hnigth on which it is taken. It is also very im}«»rtaTit 
that the gaiige length used iu getting the elongati<ni should contain tlu^ 
fracture, and if y)ossil)le the gauge lengtli should contain the fracture 
near its centre. IV>r exampl(% the elongation (m the* 4 iiicli length con- 
taining the inch lengths numlKired (1) to (4) in Fig. 214 is only 21-r> 
percent., while the elongafion on the ± Inch length containing the fracture 
near its centre is 35*7 j)er cent. 

To bo able to sehjd the gauge length so tliat il shall if possible contjiin 
the fracture near its ccntr<^, it is desirable tliat the whole length of the 
parallel part of the specimen bo marked oif in lialf-inch hmgths. 

When tests ar(; made on sjx^cimens (>f the same* material it is found 
that the elongation is infliK‘iiced by the area of the (*ross section c»f the 
sjiecimen as well as by the gouge length. 

The elongation may Ixi diviiled into two ]>arts, one, the gtmeral, and 
the otlan*, the local. Tin* gimeral elongation taki*s phice o\er the whole 
length of the parallel part of the sjuicimeu, and is yiroduced mainly before 
the maximum load is toached. This general elongation is jiractically 
uniform over the length, and is inde]>endent of the area of the cross section 
of the specimen. After the maximum load is reachtid, local contraction 
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Bets in in the neighbourhood where the fracture will occur, and the 
subsequent eJongation is mainly in this neighbourhood. But the length 
over which the local extension takes place is greater the larger the area of 
the cross section of the specimen, and is ai)proximately proi)ortional to 
the diameter, or, in the case of non-circular sections, to the square root of 
the area of the cross section. 


Professor Unwin has shown * that within a considerable range of 

dimensions, tin* percentage elongation e, on a gauge length Z, of a specimen 

* • . • C' I (I 

whosecrossaectionalareaisrt, is given by the equation, e = — ^ where 


represents the local extension, and h the general extension, c and h 


l)cing constants for a given mat<;nal. 

The following are a few values for*c and given on the authority of 
iVofessor Unwin ; — 


Material. 

c. 


Mikl steel plates not very thick, average values . 

70 

18 

Ciun-iiietal (cast) ......... 

8*3 

lO-G 

llolleil brass .......... 


9-7 

Itolltid co[)[)er 

84 1 

D-S 

Aniujaled copper . . 

125 ^ 

1 25 

L 


163. Position of Fracture in a Tension Test Bar. — When a test 
l)ar is grij>]»ed at the (‘luls the outer surface of the bar at the ends first 
leccives the tension, and this tension is transfened towards the axis of the 
bar by means of the longitudinal shear stn'sses In i ,veen the different 
coaxial layers of material. Jl is therefore evident that at cross sections 
near the ends <»f the bar the tensile stress will be greatest at the 
outsiile, and that it will diminish towards (he (u*ntro. Put at sections 
further and further from the ends the distribution of the tensile stims will 
be more and more nearly uniform. Hence the section at which the 
stress is most nearly uniform will bo at the centre of the length of 
the bar. 

Wlicn a ductile material is loaded in tension it str('.tches, and the 
tendemey to stretch is great (*st where the stroSs is greatest. Put where 
stretch occurs there must be a contraction of cro«s section, and the 
gn^ater the ttmdency to st retell, the gn^ater is tlui tendrmey to contract. 
Now' if tin* stress is greater on the (nilshle (»f a bar than on the inside, 
tlie teinleiH'y of the outside to contra<*t is opposed by the inside, where 
the teinlency to contract is l<‘ss. Ht'iice it is evident that contraction 
Avill b(3 great(!St A^]le^e the stnjss is most iK'arly uniform, and this ^at 
the ceiitnj of the length of tlio ]>ar. ]»nt fracture w'ill oeour where the 
contraction is gi'cnitest, therefore a liar of du(‘tile material of uniform 
strength sliould break at the centre, and tliis is what generally happens. 

If tlie bar is not of uniform strength tliroughout it will of course 
tend to fracture at its vceaki^st section, l)ut it wSl not break there unless 
the difference between its strength at that section and its strength at the 

* Proceedings of iJte Institution of Civil Engineers, voL olv. p. 180. 
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centre ia sufficient to counteract the tendency to break at the centre, aa 
explained above. 

In the case of brittle m^t^rials, where the contraction is negligible, 
the position of the fracture is either at the weakest section, or at the 
section on which the distribution of stress is variable. The fracture 
is therefore at the w^eakest section, or near one end. 

164. Long versus Short Tension Test Bars. — Every material is 

more or less variable in quality, and test pieces taken from the same 
piece will 2 )robably have different tenacities. In a loiig bar there will bt^ 
one part weaker than the remainder, and if this bar is tested as a whole, 
it will probably fracture at the weakest part, a number of test 

bars be cut froin.irthe long bar, only one of them will contain the original 
weakest i>art. Hence the short bars will generally show a higher tenacity 
than long ones. A familiar illustration of the above is found in boot- 
laces. In tightening the lace it is more likely to break when the pull is 
ai>plied at the end than -when the pull is api)lied locally at the bcx>t. 

165. Effect of Notches and Perforations* on Tenacity of Test 
Bars. — Reducing the cross section of a bar by notching it, as shown at 
(a) and (^), Fig. 246, or by i>crforating it, as shown at (r) and (<Z), will 
evidently fix the jiosition of the frac- 
ture, and as the probalnlity is in favour 
of this not being at the section where the 
material is wciikcst, the tenacity of the 
notched or j^erforated bar will for this 
reason i)robal)ly be higher than that of 
the unaltered bar. Again, the notching 
or perforating w ill evidently disturb the 
distribution of tlio stress at the reduced 
section, making it less uniform, with the result that tlu* eontraotion of 
area will be reduced. On this account, therefore, the ti^iiacity wtmld be 
increased. On the other hand, how^ever, tin* notcli or ]>erforatiou may 
cause such an uiiequal distribution of stress that fracture may take 
place in conscqucmco and tlie hmacity l>e rodnc(‘d. The effect of tlie 
notch or perforation in reducing the tenacity will evidcTilly Ik* greater 
the shar^wr the re-entrant angle formed bv the notch or j)eifora.tion, 
and it will also be greater the more Imttle the material, because a ludttle 
material does not yield silpciently W'here the stress is grcnitest to throw 
j)art of the stress on to tlie j>art of the bar w^here the stress is least. 

Notching or perforating a bar of mild steel raises its 1ena<uty, but 
notching a jiiece of cast iron lowers its tenacity very considerably. 

Another important point to con.sider is the effect of the notch or 
jierforation on the resilience of the bar, which is a measure of its jiower 
to resist shocks. Let I be the length of a bar of unih)rm cross section a, 
Ijot A be the area of tlie cross section of anotlier bar of the same length, 
but haviiig an indefinitely narrow notch in it, the area df the section at 
the bottom of the notch being a, Lc^t /be the maximum tensile stress on 

each bar. Then the stress on the second bar, excejit at the n%tch, is ^/. 

The rcsilieiico of the first bar is (sec Art. 88, page 69). The 
. 2E 
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resilieiide of the flecond bar 
" 2iL \A / 2AE 

Hence ^ resilience of first Mr A . 

Resilience of second bar *a ‘ 

The iinnotchod bar Has therefore a greater resilience than the liotch^ 
bar when the minimum of effective cross section is the same in both* 

166. Fracture by Shearing in Tension and Compression Tests. 

Xh Art. 140, p. 138, it was shown that a piece subjected to direct 
tension or direct compression is also placed under shear, the shear stfess 
})eing a maximum m planes inclined at 45® to the axis of the sj)ecimen. 
It was also shown that the intensity of the maximum shear stress is half 
the intensity of the tensile or compressive stress on plafbes jierpendicular 
to the axis of the specimen. 

Exj^ierimental evidence of the existence of this oblique shear stfess in 
tension and compression "tests is found with various materials- For 
example, if a test piece of mild steel bo highly polished previous to 
testing in tension, a series of lines inclined at about pO® to the axis of 







^^gmvv||\mv#fc\mvyAv^vB>>w/<m\w<m\w/ipi[^ 



V W-Polishtd surface. 



Fia. 247. 

tlie piece are clearly seen after thc'^yield ]»oint is reached. If the piece 
is cvlindruial, the lines referred to form helices on iht*- polished surface, as 
shown roughly in Fig. 247. Those lines, soinetiinos ?alled Luders^ lineft, 
show that the molecular sli}) is taking }>hicc in the direction of shear 
stress, and in the case of mild steel and otJicr niab'rials it is no doubt 
tlio rtJsistaiH’o to ])uro slioar which dt'tt*rimucs tlio yield 2)oiiit. 

The ac‘tual fracture of a piece of mild steel in tension also shows that 
it really gives way by shear- 
ing, as is shown in X"*jg. 248, 
wheni t]u» specimens are cylin- 
drical, and the fractures partly 
conical. Fig. 249 sliows the 
common form of fracture of 
a cylindr ical j)iece of cast-iron 
tested in compression. The 
cast-iron gives way by shear- 
ing obliquely, the inclination 
of the fracture to the axis of 
the specimen being about 35®. 

Further o^^Jdenee of the 
shearing of a j)iece under a crushing huid is found when testing a hard 
steel ball iu compression botwoeir two liard flat plates, or between two 
other balls, Where contact tak(is‘ place small* circular flats are formesd 
on the ball, and these become the bases of t'wo cones, which form in the 
ball by shearing, and these cones are forced into the ball and cause it to 



Fig. 248. Fig. 249. 
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split into two or more pieces. The hall therefore gives way finally by 
tearing. Fig. 250 shows a ball which has split into two pieces by a 
crushing load 
acting in the 
direction of the 
arrows. The two 
cones referred to 
above are seen 
adhering, one to 
one half of the 
1 tail and the other Fig. 250. * Fig. 251. 

to the other. 

Fig. 2.')1 shows a typical fracture of a cast-iron roller tested in com- 
pression between two hard flat platt'S. Here wedges form by shearing, 
and these finally split the roller. In the case illustrated, the splitting 
was probably caused by the l)ottoin wedge. 

In actual fractures by sliearing in tension and compression tests the 
inclination of tlio plane of fracture to the axis is never 45^, although at 
that angle the shear stress produced by the external load is greatt.‘st. 
The reason why the fracture does not take place at 45° is tliat tlni resii<t(inre 
tosfvling at an oblique section is affected bj" the normal stress on that sec- 
tion. The theory of the effect of the normal str(‘ss on an oblique sc^ctioii 
in altering the ineJination of the shear fracture is as follow's. Re- 
ferring to Fig. 182, p. 138, and using the notation of Art. 140, the 
external load P causes a shear force p sin 0 cos 0 along ( -1) per unit arc^a 
of CD, and also a force ;; cos- 0 normal to C\) jx^r unit area of C-T). If 
is the normal ctfliesive force per unit area hol(ling togetlier the ]>arts on 
opposite sides of CD, then the resultant noinuil force on CD per unit 
area is s±p cos*-^ 0, where the U]>per sign ap]>lies to a cunqncssion lest, and 
the lower sign to a tension test. Assuming that the resistance to sliding 
along CD per unit area is pro])ortional to s±/> (a)s- ty, and that it is <apial 
to p{s±p cos‘^ 6^), where /x~taii </> is a coefficient of resistajice to sliding, 
thou p sin 6 cos 0 == fi[s ±,p cos- 0), and this reduces to 





2/is cf>s </> 
sin {2^ + + ;;in 


Hence p will be a minimum /w hen siu(26^:f </j) is a maximum, that is, w hen 
20 + <ji^d0°, or when cot 26^^^ w4‘ere tlie npjxT sign apj)lies to a 
coiiij)re.s.sion test, and the lower sign to a. tension test. It folh^w's from 
the above that the value of 0 in a compression test is the comjdcment of 
its value in a tension test of the same material. 

167. Fracture by Tension in Torsion Tests. — Wlu n a cylindrical 
specimen is subjected to sim]jle torsion tlu‘re is a piii-ii shear stress in thi^ 
mateiial in ])lanes [)er]>eTidi(adar to the axis, and also in ])lanes containing 
the axis, and in Art. 142, p. 140, it was showai that at any ]>oii)t in the 
material there is also a j>ure tensile stress ecjnal to tlie sliear stress at 
that })oiiit, the direction of this tensile slrcvs.s being at 45° to the shear 
stresses. It may therefore be ext>ectcd that when a specimen of a 
material wliose resistance to direct tension is less than its resistiince to 
pure shear is subjected to torsion it will give way in tension. Cast-iron 
is such a material, and the form of the fracture of a hollow cylindrical 
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specimen of this material when tested in torsion is shown in Fig. 252. It 
will be seen that the surface of the oblique fracture is a screw surface, the 



Fig. 252. 

edgt^s of which are helices. The devcloptnents of the outside and inside 
surfaces of tlie s]>ccimen after fracture are shown to the right in Fig. 252. 

168. Hardening Effect of Overstraining. — When a ductile material 
like mild steel is loaded lieyoiid tho yield point, and therefore given a 
delinitc p(Tinaiient set, and then unloaded, it is found that when the load 
is again ap])lie(l tlio yi(‘ld point is liigher than tK3fore. This is well 
illustrated by Fig. 25:5, which is a stress strain diagram (the stress being 
the no/nuKtl stress) for a bar of mild steel 
testcMl in tension. The first loading pro- 
dmanl a decid(‘d yield -svlien the stress 
reached 16 ’5 tons per square inch. When 
the. stress reached about 21 ’5 tons [)er 
square inch the load was almost ct.tirely 
rt*moved, and then again imin<^diately 
ay plied, with tbe result that the yi(*]d 
})oint "was found to be at about 22 ’2 tons 
j»er squan* inch. The load was increased 
until the sti-ess was about 24*4 tons per 
square ineJi, when it was again almost 
entirely rem(»ved. A third Hjqilieation of 
the load showed a yield point at about 
24*7 tons ]»er square inch. The load >vas then continued until fracture 
occurred. 

Compared with a tCvSt of the same material, in wdiicli the bar was 
broken with one loading, the maximum and breaking loads were found 
to be higher, but the final elongation was less in the bar tested with 
interrupted loacling than in tho other. 
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If after each unloading an interval of a few hours is allowed before 
the next application of the load, it is found that this has the effect of 
raising the yield point still higher. If a bar whicli has been overstrained 
be loaded l>elow its yield point and the extensions measured with a 
delicate ex tensometer, it is found that the elasticity of the bar is very 
imperfect, but after a sufficient period of rest the elasticity is restored. 
The elasticity lost through overstraining a bar of mild steel may be 
quickly restored by immersing the bar for a few minutes in boiling water. 
Another effect of this heating is that the yield point is raised as much as 
it would be after a considerable 2 >eriod of rest. 

For further information on the above subject the student is referred 
to papers by Ewing in the Proceedirigs of the Royal ISocieiy, 1880 and 
1895, also a paper by Muir in the PTiih Tram. Roy. Soe., 1899. 

169. Effect of Fluctuating Loads. — General exjiericnce, and direct 
experiments, have shown that w^hon the load on a piectJ is made to vary 
over a given range a sufficient niiml)er of times, fracture may take [dace 
at a much lower stress than the jdeco would have originally stood under 
a static load. For examjde, in one of Wohler's tests on wuoughtr^iron, the 
tenacity under a static hmd w\as about *23 tons ])cr square inclu but vlien 
loaded and unloaded about 10 million times, th(^ load in eacdi case pro- 
ducing a tensile stress of 15*28 tons per square inch, the bar broke. In 
another test on the same material the stress was made to vary from 8*6 
tons per square inch in tension to 8*6 tons i>or square inch in compres- 
sion, and the bar broke when the number of repetitions of the load was 
about 19*2 millions. 

Wohler was the first to investigate in a coinjncdieusive iiianucr the 
effects of fluctuating loads on the strength of irnn and steel. His 
researches, which wctc (arried on for alxint twtdve years, end)ra(*ed 
loading and unloading, and also jiartial unloading iii tension, rej^eated 
bending in one direction and also in oj)posite dirt^clions, repoatetl twisting 
in one direction and also in op 2 >osite directions.* 

Further researches on this subject have been ctmducted by Ppaugeii- 
berg, Bauschinger, Sir Benjamin Baker, Dr. J. H. Smith and iVofessor 
Osborne Reynolds, Dr. Stanton, and others. The s:ul>je^ct is still being 
investigated by a number of ex])erimeiiters. 

The general result of the numerous cxTK?riments wliich Jia\'e been 
made seems to be that the maximum stress at w buffi fiacture will occur 
in any particular case depends to a large extent on the range of the 
fluctuation of stress as well as on the static strength of the material. 

Various empirical foruJul^e have been con.^tructed to ex})ress the rela- 
tion between the maximum stress at fracture after a very large number 
of repetitions of the load, the static strength of the material, and the 
range of stress. One v.ell-knowm formula is the following, given by 
Unwin in his “Machine Design,’^ 

where is the stress at whiidi fracture will probably occur after a 
sufiiciently large number o|, repetitions of the load, / is tlie static ultimate 

For details of Wohler’s tests the student may refi^r to Unwin’s Testing of 
Materials of Construction^ and also to EmjineerinQj vol. xi. (1871). 
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•BtresB, A is the ranige of stress, and n is a coefficient depending on the 
material. For ductile iron and ductile steel the average value of w k 
about 1*6. For the harder and more brittle qualities, n may be as high 
as 2‘2. In estimating the range of stress, if a tension is taken as positive, 
then a compression must be taken as negative. 

The following are examples of the af>i)lication of the foregoing formula 
to a bar of mild steel having a static tenacity of 26 tons jxsr square inch. 
72- == 1*5. 

(1) Range, of stress from to 0. A 

/max. = J/nmx. + - 1 *5 X Heucc = 15*75 tons per sq. in. 

(2) Range of stress from/.„^,, to = i/max 

./■.nax. = 1/max + - 1*5 X 26 X lleucc./;.,^^ = 21*43 toiis per sq. in, 

(3) Ranges of stress froni/,,,^,,. to A - 2/;,,^^. 

./'max. ^./max. + - 1 *5 X 26 X Hciice = 8*67 tons per sq. in. 

The safe working stress is obtained by dividing /max. hy a factor of 
safety. 

Other emj)irical formuhn fur fluctuating load stresses are given on 
p. 252, 

170. Fatigue of Metals. — The loss of strength which occurs when 

a metal is subjected to a fluctuating lojwl for a considerable time is 
fnM|uently said to be due to It is necessary, however, ^to dis- 

tinguish between deterioration (rf strength duo to mere fluctuation of 
stress and deterioration due to shfxiks. It is well known that a crane 
chain, if kept in use for a long time, may fracjture abruptly when carrying 
a load less than that whk'h it has been in the habit of carrying This 
deterioration of strength is, however, i>robal)ly due to a slow accumula- 
tion of ]>ermanerit set produced by shocks due to the sudden starting 
or stop])ing of the load when raising or lowering (see Art. 88, p. 69, and 
Art. 168, j). 177), and the chain becomes in consequence less able to 
lesist shocks. It has been found that the power of the chain to resist 
shocks is restored by annealing, and it is a common practice to anneal 
crane chains at frequent intervals, say, once or twice a year. Unwin has 
proposed to restrict the terra fatigue to deterioration due to shocks which 
is removable by annealing. 

171. Mechanical Properties of Steel after Heat Treatment. — 

The sixth report to the alloys research committee of the Institution of 
Mechanical Engineers by the late Sir William C. Roberts-Austen and 
Professor William Gowland, relatt's to the heat treatment of steel.* This 
voluminous re})ort contains a record of a large amount of research on the 
effects of various kinds of heat treatment on the mechanical properties of 
samples of steel contiiining different amounts of carbon. A few of the 
results will be given here. 

The table on page 181 gives the maximum stress and the elonga- 
tion obtained in tensile tests of the bars as ifeceived from the rolls, and 
also after the different kinds of heat treatment described. Additional 

* ProeeedingB of the Institution of Mechanical Engineers^ 1904. 
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results, and the results on the bars as received, are shown plotted in 
Fig, 254. 

The maximum stress is in tons per square inch of the original area of 
the test i)ieces, and the elongation is the percentage elongation on a 
length of 2 inches in each case. The reduced parallel part of each 
specimen was yV diameter before testing- 



'Iliefun lvnr.<< A, B, C, D, and E i^how the 'uttfximmn slrLsscti, 

The dotted lines a, c, and e show the elmujations. 

A, rt, refer to tin bars ((s rece! red from the rolls. 

B, b, refer to bars annealed at OGO"* C, for half-anr-hour, 

C, c, refer to bars simJced at 720*^’ Chfoi' twehe hours, 

D, d, refer to bars (punrhed, at 800° C, in wafer at 20" (!. 

E, e, refer' to bars (panched at 720° d in oil at t!. and suhsecjuenfhj 

reheated to 300° O, 

FiO, 254. 

JUirs as received.— Thf^ maximum stress for the bars as received from 
the rolls is al)out normal, but the elongatioji is oxtremedy low. Tlie low 
cbingation was found, after microscopic examination, to be due, to a 
certain extent, to rapid cooling near a cert^iiti critical temperature. 

Annecdine/, — The test pieces were annealed as follows, “The bars 
were packed in lime in |-incli wrought-iron tubes, closed at cacli end I)y 
screwed iron caps. These tubes were then j^acked in a large wrought- 
iron tube, the ends of which were covered by wrought-iron jdates. This 
was placed in a closed gas-muffle, and a record of the temperature was 
taken hy means of two thermo-couples attached to an autograj)hic 
recorder.” After attaining the temperature desired, the contents of the 


BEHAVIOUR OF MATERIALS IN TESTING MACHINE 181 


Tenacity and Elongation of Steel after Heat Treatment. 

Carbon, per cent. . j O' 130 [ 0180 | 0 264 | O dfiS 0-722 0-871 0-947 1-306 


Maximum stress 
Elongation 

Bars as received from, the rolls, 

. 30-22 ' 31-62 33-25 36-96 | 49 00 68 02 I 53 74 , 
. 20 (X) 12-50 12-70 6-25*| 11-72 5-47 [ 7-03] 

66-11 

7-03 


Bars annealed at 720° 0, for half-an-hour* 


Maximum stress 

. 20-16 26-52 28-80 3282 39 96 43 98 39-30 

f 50*58 

Elongation 

. 44-50 36-00 32-50 29 00 23 00 20 00 22 00 

7*00 


Bars anneaUd at 1100° C* for half-an-hour. 


Maximum stress 

26*91 28*13 31-38 42 38 47*69 49*62 

46 62 

Elongation 

39*50 33*50 27 00 1400 11 00 7*50 

6*50 


Bars soaked at (»20® C, for twelve hours. 

Maximum stress . 19-75 | 2fl-81 I 28-61 32 01 I 40-63 | 45-25 I 45-41 ( 46 96 

Klongatiori . . 48 50 | .32-50 3100 33-(X) | 29-50 j 19-50 1 18 50 11-60 


Bars soaked at C. for twelve hours* 

Maximum St russ . ... 26 91 29*rir) 29 91 21 49 32 47 76 44-4] 

Elongation 37 00 29 00 80 00 12 50 11 00 11-90 10 00 

! 


Bars quenched at 900® C, in Water at 20® 

Maximum stress . :53 34 49 92 | 70 32 1 .55-44 61-98 

Elongation . . 28 2U | 6-60 | 3-80 j 10(» 1-00 

C, 

26*04 

2 00 

21*60 

nil. 


Bars quenched at 1200° C. in Water at 20' 

Maximum stress . 45*29 72*78 ! 77 04 31*74 ' 13*44 

Elongation . -19 00 3*50 8 00 nil. nil 

’P'- 

5-40 

nil 

4*20 

nil. 

3*52 

nil. 


Bars (jtienched at 870® C\ in Oil at 80® and subsequently rehtaied to 350® C, 

Maximum strcjss . 24*50 86 12 j 41 18 54 65 78-59 i 90*68 102*62 j 90-^7 

I Elongation . . 89-50 28 50 j 24 50 25 00 28 50 j 10 50 7 00 j 5*50 

Bars quenched at 900“ C. in Oil at 80* (\f and suhsequendy reheated to 600° C, 

Maximum stress . | 24*55 30 18 ' 81-24 85'71 50*44 52*68 49*10 1 51*32 

Elongation . . j 40*70 30*00 I 26*20 27*20^17*50 15*50 17*00 | 13*00 


♦ Abnormal result. 
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muffle were kept at that temperature for the time required (half-an-hour 
in these tests), the gas was then turned off, and the whole allowed*. to 
cool slowly* 

It will be observed that the general results of annealing are, reduction 
of strength and increase of elongation of the steel when tested. 

Soaking , — The dififeronce between annealing and soaking is, that in 
the latter operation the bars arc lieated for a much longer time. 

Hardening . — By heating steels to the hardening temperatures, some 
or all of the iron carbide is dissolved in the iron, and the latter is re- 
strained from reverting to its soft condition by sudden cooling* Within 
certain limits, the more rapidly the heat is abstracted from the bar the 
more effective will be the hardening.” 

Referring to Fig. 254, and comparing the D, d lines with the A, a 
lines, the effect of quenching the steels at 800° C. in water is to increase 
the tenacity of all the steels considerably, but at tlie same time the 
elongation is diminished, except in the case of the 0*13 and 0*18 carbon 
steels. 

Tempering . — Steel which has been hardened by quenching in water 
or oil may be tempered, that is, its bardiu'ss may be reduced to any 
required extent, by subsequent annealing at a temperature depending on 
the degree of hardness required. 

Oil hardening . — “ When steel is quenched in oil at 80° O., the effec.t 
is to increase the tcmsile strength, but to a somewhat less exUmt than by 
quenching in water at 20° C., and also at the same time to increase the 
elastic limit and rather diminish the ductility.” 

“The most suitable temperature for (juenehing steel, in order to 
obtain the best combined results as regards tensile strength, elastic^ limit, 
and elongation, is about 900° (L, and the most suitable temperature for 
reheating, when elongation, and consequently resistance to shock, is not 
of paramount importance, is about 350° C. If, however, the steel be 
required to withstand violent percussive action, as in a gun tube, then 
reheating at a liigher temperature, say G00° ()., will be found to bo 
necessary, as such steel, when thermally treated in this way, althoTigh 
possessing a relatively high tensile strength and elastic limit, nevertheles.s 
has also a high j>crcontage of elongation.” 

The student is recommended to stmly carefully the results given in 
the table on p. 181 and in Fig. 254, and to plot the results as directed in 
Exercise 12, p. 190. 

172. Tests of Copper-Zinc Alloys (Brasses). — The eurvivs in Fig. 255 

show the tenacity and extensibility of all(»y8 containing different j»ro- 
portions of copper and zinc. These curves have been reproduced, with 
modifications as to scales, from the fourth re]>ort to the alloys research 
committee of the Institution of Mechanical Engineers by Professor W. C. 
Roberts- A usteii. * 


* Proceedings of the Institution of Mechanical Entjineers, 1897. 
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The full Ihtes T^, T 2 , and T.j show tenacifieR. 

The d of led Hues E, and Eg shmv eUmrfatiom. 

The linen tnid Ej refer to testa hy Vhariryy the test pieces being completely 
annealed. 

The lines To and Eg nfer to tests hy Thurston on cast brasses. 

The line T.." refers to tests by the alloys r€sea7xh committee on worked rods. 

Fig. 255. 

173. Tests of Copper-Tin Alloys. — The curves in Fig. 256 show the 
Lcity Jind extensibility of alloys containing clifferimt proportions of 


Bl 


10 20 30 40 50 60 70 80 90 lOOi*^ 

Copper. 100 90 80 70 60 50 40 30 20 10 0 j cent. 

Fig. 256, 

copper and tin. These curves represent the results of tests made by 
Professor I liurston . * 

* Proceedvu/gs of the Institution of Mechanical Engineers^ 1805, Plate 43, 
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174. Tests of Lead- Tin Alloys. — The results of tests on the tenacity 
and extensibility of alloys containing 'different proportions of lead and tin 
are shown plotted in Fig. 257.^ 



175. Tests of Alloys of Aluminium and Copper.— Tho eighth report 
to the alloys research conimittee of the Institution of Moehauical Engineers 
by Professor H. C. H. Carpenter and Mr. C. A. Edwards contains a largo 
amount of information on the proi)orties of alloys of aluminium and 
copper. Some of the results of the tests made will now be givt‘n. For 
further particulars the student is referred to tho full rojK)!*!.*)" 

The results of tensile tests of specimens cast in saiuJ moulds, and of 
S]:)ecimen8 cast in thick cast-iron immlds, are given in ilK‘ b»llowing 
table : — 


Sand (^astiniurs ( lull Castings. 


Alloy. 

Alumin- 

ium. 

Yield Point 
Stress 

intimate 

Stress. 

Klonjra- 
tion on 

2 inches. 

Vleld-Point 

Stress. 

Ultimate 

Stress. 

Elonga- 
tion in 

2 inches. 

No. 

Per ociit. 

Tons per 
sq. ineh. 

Tons per 
s<i. inch. 

Per cent 

MVms per 
sq inch. 

Tons per 
Sr| iii(.h. 

I*er cent. 

1 

010 

3 8 

11*5 

46*0 

4 1 

11 GU 

46*0 

2 

106 

30 

13 4 

52*0 

5-2 

11-8 

.53- 0 

3 

2- 10 

3-4 

13 5 

53*5 

1-5 

13-7 

54-5 

4 

2-99 

3-8 

14*5 

GOO 

6 8 

13 8 

60-0 

5 

4'05 

3-5 

16-7 

830 

4-9 

17 1 

82 0 

« 

5-07 

4-3 

18*1 

75-0 

71 

18 1 

60 5 

7 

5*76 

4-8 

17*8 

G'T 0 

6* 0 

18 S 

61 0 

8 

6-73 

4-8 

18 65 

... t 

• § 

19,96 

69-0 

0 

7*35 

6-6 

21-3 

71*0 

•• § 

21-58 

84-0 

10 

8*12 

7-7 

91 

‘ .58-0 

9-7 

27*47 

62-0 

11 

8*67 

9-8 

28-1 

48-0 

. § 

:jo-8 

55 0 

12 

9*38 

9-7 

30-.38 

36*2 

JO 5 

33-98 

43 5 

13 

9*90 

11-8 

31*70 

21-7 

12 4 

3()-93 

30-5 

14 

10*78 

14-1 

29-52 

9*0 

IG 9 

36-73 

9-0 

15 

11-73 

14-0 

25-43 

5*0 

14'8 

30-63 

6 0 

16 

1302 

19*75 

19-75 

1 0 

2.1-06 

25-06 

nil. 

The stres.ses are given (wi 

the original area. 



■ 


J roceedintfn of the Institution of Mechanical EiigineerSy 1S97, Plate 4. 

T Ibid,, 1907, X Could not be measured, § Not taken. 
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The Hpecimens were turned to the forms and dimensions shown in 
Figs. 258 and 259. 
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1 2 '^-_ .. 

1 


i 


Fia. 258. 


CMl Castings. 



Fig. 259. 


The next fcible shows the results of tests on specimens turned out of 
rolled bars ] ^ inch diameter. These roiled bars were made as follows. 
Billets 3 inches in diameter and alM>nt 20 inches long were cast in 
cast-iron moulds. These "billets were first turned in a lathe, and the 
dianicter thus red need to i] ^ inches. They were then heated to 
about 800^ C. (1472° F.) and rolled down, first to IJ inches diameter, 
hikI then to inch diameter. The gauge length of the specimens 
was 2 inches. 


\Ilny. 

Alutiiiiiiuni 

Vu4<l- 

INunt 

Stress. 

TUtiiiiaU' 

Stress. 

Klonj^ation 
on ‘J inches. 

lieduction 
of Area. 

•Weight 
per 
( 'ubic 
Foot. 

No 

1 

I’lT fent, 

()-l() 

Tons jier 
S(i. inch. 
0-9 

Tons ]M*r 

M| inrh. 
14-50 

Ter cent. 

(15*5 

Per cent. 

90-71 

Lbs. 

5n(> 

1! 

1*00 

5-9 

15-88 

CIO 

88*63 

548 ' 


2-10 

8*0 

17-4(> 

,50 5 

89-65 

537 

\ 

2*99 

11*0 

19-7'J 

57 2 

86 1 1 

528 

5 

4-05 

U-:i 

23-80 

07 0 

8.3-27 

518 

(j 

rr07 

1 1*4 

20*4 1 

09 2 

77*80 

.510 

7 

5-76 

11*8 

28-40 

71*2 

70 9.3 

503 

8 

tJ Til 

10-4 

2S-85 

71 0 

75*02 

499 


7'i?5 

10*0 

29 08 

72*5 

74-34 

492 

10 

812 

i;j-o 

3.1*22 

,51 *5 

00*40 

487 

11 

8*(;7 

11*1 

3(JT)7 * 

3S-0 

' 50*(i6 

482 

12 

9-:j8 

177 

38-00 

.34-0 

33-00 

477 

i:i 

9*90 

14 8 

.38*10 

28*8 

.30*80 

473 


1078. 

i:r4 

38-02 

14-0 

18*60 

466 

15 

11*73 

J2-G 

33-85 

8-5 

15*. 37 

4 GO 

k; 

13'02 


37-14 

2*0 

1-87 

451 


Fig. 260 shows stress-strain diagrams taken from longer specimens 
iu‘e[)ared from the ^ J^-inch rolled bars. The parallel ])ortiou was 10-5 
inches long and 0*564 inch diameter, and the gauge length was 8 inches. 
The numbers on the curves arc the descriptive numbers of the alloys. It 
will be observed that the various diagrams are Misplaced to the right, so 
that the zero points of elongation are at the points showing the percentage 
of aluminium in the respective alloys. 





176. Tables of Strength and Elasticity of Materials. — Tlie tables 
which follow give approsi mate averafje rallies of the ultimate strength 
and modulus of elasticity of various materials. 


Ultimate Urnsliimj Stremjth in 2\ms par Stjuare Inch. 


Cast-iron .... 

. 45 

Granite . 

. 0 

Brass, cast . . . • . 

. 5 

Brick, London stock 

1 

TimVicr ..... 

. :i 

,, Staffordshire blue; 

3 

SandstoMo .... 

. 3 

Concrete . 

. 0*5 
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Ultimcde Tensile Strength in Tom per Square Inch. 


Cast-iron .... 

. 8 

Aluminium, cast • 

. 5 

Wrought-iron 

. 23 

„ rolled 

. 8 

Mild steel . , , , 

. 28 

Delta metal, cast 

. 20 

Steel castings 

. 30 

„ rolled 

. 30 

Steel wire .... 

. 80 

Manganese bronze, cast 

. 25 

Copper, cast .... 

. 10 

„ „ rolled . 

. 30 

„ rolled or forged 

. 14 

Muntz metal 

. 22 

„ wire, annealed 

. 18 

Naval brass .... 

. 24 

Brass, cast .... 

. 11 

l|p>sphor bronze, cast • 

. 16 

,, rolled .... 

. 20 

Leather .... 

. 2 

Gun-metal or bronze . 

. 14 

Timber 

. 6 

Ultiwnte Shearing Strength 

in Tons pe)^ Square Inch. 


Cast-iron .... 

. 12 

Gun-metal, 

. 16 

Wroitght-iron, across fibre . 

. 19 

Yellow pine, across fibre , 

. 2 

,, ,, along fibre . 

. 10 

„ „ along fibre . 

• i 

Mild steel .... 

. 22 

Cak, across fibre 

• 2} 

Brass 

. 10 

„ along fibre 

i 

Modulus of Elasticity in 

Ihns per Square Inch. 

• 



Direct. 

Transverse. 


(E.) 

(C.) 

C’ast-iron 

0,700 

2,600 

Wrougbt-iron . 

13.0(X) 

5,rr)0 

Steel . ........ 

13,400 

5,r)0{) 

Copper, cast ........ 

,, rolled 

5,500 

2,100 

0,700 

2,500 

Brass 

5,600 

2,200 

Gun-nictal ........ 

5,(>00 

2,200 

IMiosphor bronze 

Timber ......... 

6,100 

2,300 

700 

Hr 

270 


Exercises XI. 


1. In a tensile tost of a wrought-iron bar, the following observations were 
made: W = load in tons, x = extension in inches in a length of 8 inches, 
smallest diameter of bar 
ill inches. 9*24 was the load 
at the yield point, liJ-d was 
the maximum load, and 12-78 
was the breaking load. The 
second value of x (0-175) w-as 
at the end of the “ yield.” 

Plot as and the nominal stress (load — original area),%lsc) :r and the actual stress 
(load actual area of least section). Scales. — Stresses, 1 inch In 5 tons per square 
inch ; X, 2^ times full size. 


W 

0 

9-24 

11-94 

13-21 ii.s-eo 

12-78 

X 

0 

0175 

0 55 

0*075 ! 

1-56 

2*45 

d 

0*881 

()-872 

0-854 

0-833 j 


0-809 

0-628 
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2. In a tensile tost of a mild steel bar, the following observations were made ; 


in a length of 8 inches in inches, d -smallest 


W^load in tons, * = extension 
diameter of bar in 
inches. 10*64 was 
tbe load at the yigld 
point, 15*64 was the 
maximum load, and 
12*97 was tlie break- 
ing load. The second 

value of X (0*24) was at the end of the “yield.” Plot x and the nominal stress, 
also X and the actual stress. Scales. — Stresses, 1 inch to 5 tons per square 
inch ; jc, 2^ times full size. 

3. In a tensile test of a mild.Aeel bar, the following observations were 
made: Diameter of bar, unloaded, (r748 inch, W = load in tons, a; = extension, in 
inches, on a length of 8 inches. Load at elastic limit, 6 tons. Maximum load, 
12*54 tons. 


w 

0 

10-64 

13*81 

15*07 

15-64 

15*60 

12*97 

X 

0 

0*24 

0*60 

1*02 

1*57 

2*12 

2-79 

d 

0*906 

0*891 

0*871 

0*851 

0*825 

0*799 

0-588 


w 

1 

2 

3 

4 

5 

6 

08 1 “yield” point. 

X 

0*0014 

0‘(M)27 

0-()04() 

0*0055 

o-o(h:8 

0*()082 

0*18 at end of “j ield.^’ 

W 


9*0 

10*5 

12*0 

12-54 

1 12-25 

10 25 Breaking load. 

X 

0*19 

0*27 

0*55 

1*05 

1-75 

1 2-10 j 

2*42 Total extensi^m. 


(tt) Plot W and x up to W = 0and ar— 0*0082. Scales.— W, 1 inch to 1 ton ; 
ic, 1000 times full size. 

(6) Draw the straight line which most nearly contains the i>oints in (a), and 
calculate from it the modulus of elasticity in lbs. per square in<*.h. 

(c) Calculate the load, in tons, necessary to eloiigatci the bar 0*00() inch, 

(d) How many ft.-lbs. of work have been done in stretching the bar 0*0082 
inch ? 

(c) Plot W and x from no load up to the breaking point. Scales, — W, 1 inch 
to 2 tons ; a:, 2J times full size. 

(/) Determine the total work done, in ft.-lbs., in breaking the bar. 

(g) Plot X and the nominal stress, also x and the actual stress. Scales. — 
Stresses, 1-inch to 5 tons per square inch ; Xy 2| iimovs full size. Assume volume 
of bar constant in llnding cross .section Uf> to maximum load. Assume also that, 
the contracted section at fracture is 0*43 of the oiiginal section. 

4. A cylindrical piece of mild steel was tested in con\pre,ssioii. The load W, 
in tons, acted on the ends of the piece. The mean diameters of the j)icce at the 
top, middle, and lH)ttom of its length were (/^ fL^ and d, inches respectively, and 
its length was / inches. Values of these dimensions for various values of W arc 
given in tlie following; table : — 


VV 

0 

5 

10 

16 

20 

25 

30 

35 

40 

d, 

0*719 

()*.720 

0*757 

0*813 

0-884 

0-965 

1 *054 

1*13 

1*20 

dtt 

0*719 

0*723 

0*763 

0*832 

0*922 

1-045 

1*144 

1*21 

1-60 

4 

0*720 

0*721 

i 0*760 

0*815 

0*886 

1-000 

1*085 

1*14 

122 

1 

1*624 

1*589 

1*4.52 

1 *23(1 

1 *025 

0-804 

0*690 

0*61 

0*54 


Under tlie greatest load the piece was free from cr:i(;ks. 

Oalcuhite the nominal and actual compressive stresses on the smallest sections, 
and plot the results in the manner shown in Pig. 243, p. 171. Scales. — Linear, 
twice full size. Stresses, 1 inch to 20 tons per .square inch. 

6. A test piece of steel boiler plate of rectangular section IJ inches wide and 
5 inch thick, when tested IPor elongation, gave, after fracture, the following 
results : — , 
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Gauge length (Z), inches 

4 

6 

8 

10 

" 12 

14 < 

Elongation (c), per cent. 

37*8 

31-8 

28*5 

20*7 

25*5 

24*5 


Plot on squared paper e and 


tjfi 

T 


where a is the area of the cross section of 


the bar in square inches. Draw the straight line which most nearly contains all 
the pointwS, and find the values of the consijants c and h in the equation to the 

line, which is Apply the cquatmn to find the probable elongation 


per cent, in 8 inches of a test piece of the same material 1 inch wide and \ inch 
thicjk. 


6. A bar of mild steel 10 inches long and 1 J inches in diameter has a groove 
turned on it at the centre of its length, the groove being J inch wide and ^ inch 
deep. Another bar of the same material has the same length and a uniform 
diamelror of 1 inch. Compare the resilience of the second bar with that of the 
first for the same maximum stress, the bars being loaded in tension. 

7 . The averages of tlie results of numerous tests of fhe crushing strength of 
hard steel balls are given in the following table : — 


d . 

. inches 

1 

d 

» 

i ^ 

i 

A 

g 

i 

§ 

W 

. . tons 

0*77 

1 <>() 

2-,SS 

4*07 

5*82 

9*50 

lH-04 


where d is the diameter of the ball, and W the crushing load, 'riin balls were 
tesled between tw'o hard steel plates. Calculate for each size of ball the stress 

/in the formula Plot / and^ft, also W and d. Scales. — For d. eight 

limes full size; for/, 1 inch to 10 tons per square inch ; for W, 1 inch to 2 tons. 
Show tliat an (‘xpression of the form/- a — gives approximately the relation 
brtw^ecn f and d in the above results, where a and b aio constants, and find 
the values of these constants. Hence the relation between W and d is 

W = ^f/®(n-6c0. 

8. The following liable gives the results of crushing tests on castdron rollers 
tested betw'oen steel plates : — 


d . 

. inches 

1 

n 

A 

•1 

R 


n 

a 

? . 

. inches 

n 

4 

1 

li 

1} 

u ^ 

li 

n 

w 

. . tons 

4-32 

G-90 

9 -or. 

12-70 

17*11 

21 -20 

27-00 

1 . 



1 

L 


. , _ 


— 


<Z -=^ diameter of roller, Z - length of roller, crushing load. Plot W and dxl, 
and find the most ajiproximate value of c in the expression W ^cdl for the above 
results. Scales. — For d x /, 1 inch to } square inch ; for W, 1 inch to 5 tons. 

9. A cylindrical piece of cast-iron 0*727 inch in diameter and 2 inches long 
was tested in compression, the load being axial. The piece gave way by 
shearing in a plane inclined at .*17'’ to the axis when ■ the crushing load was 
22*91 tons. Neglecting the alteration in the diameter of the piece, calculate the 
intensity of the shear stress in the plane of fracture. What is the value in this 
<;ase of the cooflflcient /n used in Art, p. 175? 

10. Same as Exercise 9, except that the angle was 33'’ instead of 37”, and the 
crushing load was 19*25 tons instead of 22*91 tons, o 

11. 'l^lie load on a certain steel tie-bar in a bridge truss varies from 14 tons to 
21 tons (both tensions). If the tenacity of the material is 28 Ions *'per square 
inch, and the coefficient n in the formula given on p. 178 is 1*5G, what must bo 
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the area of the cross section of the bar if the maxim iiin stress allowed on it is 
one-fourth of the maximum stress due to the above fluctuating load 7 

12. Plot on squared paper in the manner shown in Fig. 254, p. 380, the results ' 
in the table on p. 181 and in Fig. 254, grouping the results on separate diagrams 
as follows: — (1) Annealed bars; (2) soaked bars; (3) bars quenched in water'; 
(4) bars quenched in oil. Show also on each diagram the results of the tests on 
the bars as received from the rolls. Scales. — Carbon, 1 inch to 0*2 per cent. ; 
stress, 1 inch to 30 tons per square incli ; elongation, 3 inch to 10 pe^r cent. 
Examine all the results carefully, and discuss the effects of the different kinds of 
heat treatment on the different steels. 



CHAPTER XII 

STRi^SS DIAGRAMS 


177. Stress Diagrams for Framed Structures. — It will be assumed 
that the framed structures considered are made uj) of bars which are 
connected by frictionlcss pin joints at their ends. It will also be assumed 
that the loads on the xstructure are concentrated at the joints. If a bar 
carries a load uniformly distributed over its length this load is divided 
into two ecpial parts, and one part is placexl at each end of the bar. If a 
bar carries a load concentrated at an iiitennediate j>oint, this load is 
divided into two parts, which are to one another as the distances of the 
l(jad from the eTid.s of the bar ; these parts are then placed one at each 
end of the bar, the greater part being at that end of the bar which is 
nearest to the original load. 

In studying the equilibrium of a structure, two kinds of forces 
have to be considered, (1) the external forces, which for the w^hole 
structure must balance otio another, and (2) the internal forces. As 
a con.se<picnco of tlie two assumptions mentioned at the beginning 
of tJiis Article, the bars forming \he structure are subjc(*ted either 
to direct compression or to direct tension under the action of the 
external forces. It follows, therefore, that the lines of action of 
th(! internal forces are the lines whicli represent the bars on the 
diagram of- the structure ( called the frain^ (luKjraw), At any joint, 
therefore, the forces acting are the ititenial forces acting along the 
bars meeting at that joint, and the external forces, if there are any, 
acting at that joint.. 

If a sufficient number of the forces ac'ting at any joint are known, the 
] polygon of forces for that joint can he drawn and tb||.uiikriown forces 
determined. 

The general method of drawing the complete stress diagram for 
a framed structure will be understood by reference to the examjde 
worked out in Fig. 262. A simple roof truss is shown carrying 
a. load AB at its apex. The other external forces are the reactions 
l>0 and CA at the supports. The intonial forints arc the forces 
acting ^.long the bars AD, BD, and CJD. The lines of action of all 
the forces arc known, but AB is the only force whose magnitude is 
ku()wri as yet. 

At each joint there are three forces acting, and the polygon of forces 
for each joint is therefore a triangle. The triangle of forces for the joint 
2 or for the joint 3 cannot yet be drawn, because the magnitudes of all 
the forces at these joints are as yet unknown, but the triangle of forces 
for the joint 1 may be drawn, and this is shown at {'tn). This triangle 
determines the magnitudes bd and da of the internal forces in the bars 
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BD and DA respectively. The sense of these forces is also deter- 
mined, and it 'will be observed that the internal forces in the bars 
BD and DA both act to-wards the joint 1, therefore these bars arc 
in compression. In dra-wing the triangle (???) the forces have been 
taken in the order in which they occur in going round the joint 1 
in the watch-hand direction, beginning with the known force AB. 
Beginning "with BA, and going round the joint in the opposite direc- 



tion, the triangle (.s*), which is similar to (;/?) bub dilFcTeiitly situated, 
is obtained. 

Passing next to the joint 2, the three forces acting there are known 
in direction, and the inaguitudo of one of them, IJI), has l)een determined 
by tlie drawing of the triangle (;/?)* or the triangle (s). Beginning with 
DB, and taking the forces in the order in wliich they oc(!ur in gcang 
round the joint in the watch-haiid direction, tlie triangle of forces (/?) 
is drawn. If the forces bej taken in the order in whiclj they occni 
in going round the joijit in the opposite direction, beginning with 
BD, the triangle (?/) is obtained. Pro(;ec^ding lu'xt to the joint 3, 
the triangle (r?) is ol^tained 'vrlien the forces are taken in the watch- 
hand order, and the triangle (??) is obtained when the forces are taken in 
the opposite order. 

The construction of the three triangles (???), (n), and (u), or the three 
triangles (.s), (?/), and (v), determines the magnitude and sense of each of 
the three internal forces, and also the magnitudes and sense of the 
external forces BC and CA. 
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It is obvious that the triangles {n) and {o) may be applied to the 
triangle (m) so as to form the figure (r), and this figure gives all the 
rt'sults which were found from the separate triangles (m), (w), and (o), 
ainl this figure (/*) is the complete stress diagram for the given framed 
structure. The figure (r) may of course be drawn at once without 
drawing the triangles (m), (w), and (o). It should, however, be noticed that 
in order that the force polygons for the diffenuit joints may be combined 
into one diagram, these polygons must be drawn by taking the forces in the 
order in whicli they occur in going round each joint in the mvm direction. 
(? ) is the form of the stress tliagram when the forces are taken in the 
order in which they occur when going round eacli joint in the watch- 
liaiid direction, and (v/;) is the form of the diagram when the order is 
leversed. 

178. Example. — A roof truss carrying a load at each joint is shown 
in Fig. 263. The loads are in pounds. The total load is 10,000 lbs., 
and sinc(^ tlie loads are placed symmetrically about the centre of the truss, 
it is obvious that the reaction at each support is 5000 lbs. Tn cases 
wlicre the loading is not synunetrical, the reactions at the suj>ports may 
1)0 determined by means of a funicular jiolygon. 



The line of loads ahedefyliJca is first drawn. Starting with the joint 
ABLKA at the left-hand sup])ort, the jiolygon of forces aUka is drawn. 
Proceeding next to the joint BCMLB; the j)ol^gon of forc.es hrmlh is 
<lrawn. The polygon of forces Imnlikl for the joint LMNHKL may now 
be drawn, and for practical purposes no more of the stress diagram need 
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be drawn, since the truss is symmetrical, and symmetrically loaded. The 
complete stress diagram for the whole truss is, however, shown in Pig. 
263. The results are tabulated under the heading “ dead load '' in the 
table on p. 1 96. ^ 

179. Wind Pressure. — The force exerted by the wind on a plane 
surface at right angles to the direction of the wind may amount to about 
50 lbs. per square foot of surface. When the surface is inclined at an 
angle B to the direction of the wind, the normal pressure on the surface 
is usually determined by Hutton’s formula, which is 


or 


? = (8in 0)1-84 CO.S-1 


log^ = (l-84 C 08 0-1) log sin 0, 


where p is the normal pressure, and P is the pressure on a plane at right 
angles to the direction of the wind. Values of for various values 

of 6 are given in the following table : — 


e 

o 

O 

15*^ 

O 

25° 

O 

0 

35° 

pi^ 

0-241 

0-360 

0*457 

0-563 

0*663 

0-764 

0 

40® 

4S® 

50° 

(50° 

70° 

80° 

p/p 

0-SU 

0-901 

0-952 

1-012 

1*023 

1*010 


When 0 = 90", 


180. Stress Diagrams for Wind Pressure. — It is usual to assume 
that the direction of the wind is horizontal, and that its maximum 
prcvssure on a plane at right angles to its direction is 50 lbs. per 
square foot. The inclination of a roof being known, the normal pres- 
sure of the wind on it may be determined b^ the formula given in 
the preceding Article. It is assumed that the wind acts on one side 
of the structure only at one time. The total load due to the wind 
pressure is divided up into parts, which are placed at the joints, as 
explained in Art. 177. 

Figs. 264 and 2^ show the stress diagrams for the wind pressure on 
the roof truss ^ whose dimensions are given in Fig. 263. The truss is 
assumed to be fixed rigidly at the right-hand end and simply sup])ortc‘d 
at the other end, so that it may exj^ancl and contract freely with changes 
of temperature. The reaction at the left-hand end must therefore be 
vertical, and the line of the reaction at the right-hand end must therefore 
pass through the point where the resultant of the wind pressure cuts the 
line of the reaction at the left-hand end. 

The directions of the reactions having been fixed, the load polygon 
ahede can be drawn, and^upon this the stress diagram is built, as in Fig. 
263, which shows the stress diagram for the same truss under the dead 
load. 

The stresses in the v6,rious bars of the truss due to the dead load and 
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No. of 
Bar 

Bead 

liOad. 

W 

Wind on 
Left. 

P 

(KilDT. 21JS). 

(Fig. 2r)3) 

(Fig. 2G4) 

1 

13715 

9180 

2 

12820 

9180 

3 

12820 

4980 

4 

13715 

4080 

5 

12450 

1253 

6 

6438 

1006 

7 ; 

12450 

7517 

* 

8 

1789 

3600 

9 

690G 

6577 

10 

6906 

313 

11 

1789 

0 


Wind on 
Pdght. 

Q 

- Maximum Stress. 




6900 

1 

\V ) - P 

22895 

6900 

W H P 

22000 

11100 

Wh-Q 

23920 

11100 

W 4 Q 

24815 

12528 

W-rQ 

24978 

5031 

W + Q 

11469 

6264 

W + P 

19967 

0 

W + P 

5389 

1566 

W-fP 

13483 

7830 

W4 Q 

14736 

3600 

wh Q 

5.389 


181. The Method of Sections. — Conceive that a fra]i)f‘d .structure is 
divided into two parts by cutting three bars A, 1^, and Next suj^pose 
that one of those parts is removed, and 
that external forces P, Q, and S are 
applied to the bars A, B, and C re.s 2 )ec- 
tively, so as to balance the internal 
forces in these bars, tlicn tJio part of the 
structure which remains (Fig. 267) will 
evidently bo in equilibrium. 

If moments of all the external forces 
acting on the 2 )art of the structure under 
consideration b(i taken about the })oint 
O, where the bars A and intersect, 
then the moment of »S will balance the resultant moment of all the 
remaining extoAial forces ; and since, the n'loments of J* and Q are 
zero, and the other forces are known, their resultant inome?it can be 
determined, as in Art. 60, 43, a>>d therefore the moirumt of S is 

found. AgJiin, since ?/, the j)eri)endiciilar distance f>f S from O, is knov^ii, 
therefore S can be found. If in constru(‘ting the resultant inomeid of 
the known external forces the ^^olc distance bo made t‘qnal to y, then the 
lijie which (measured with the force scale), multi] >Uc(l by the 2 )ole dis- 
tance, give.s the resultant moment, will, when measured with the force 
scale, give the magnitude of S. 

Having found >S, the force P may be found in like manner by taking 
moments about another ]>oint in the bar B (say at the intersection of B 
and C). Lastly, the force Q may be determined by taking moments 
about a point outside the bar B. 

The forces P and Q q^ay, however, be determined by the polygon of 
exteiTial forces after S has ])ocii found. 

Another method of finding S is by means of the j^olygon of forces 
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and a funicular polygon, the latter having one angular point at O, as 
oxidained in the latter part of Art 57, p. 38. 

182. Th© Throe- Hinged Arch. — If the ends of a roof or bridge truss 
arc secured to foundations by hinged joints, and there is another hinged 
joint at an irftermediate 
point, say, at the middle 
of the truss, such a truss 
is known as a three-hinged 
areh, and it is said to be 
constructed on the three- 
hinged system. The de- 
termination of the stresses 
in the various bars of such 
a truss may be j>roceeded 
with as in an ordinary 
truss as soon as the re- 
actions at the hinges are 
determined. 

One method of find- 
ing the reactions at the 
liingos is as follows. 

Fig. 268 shows a truss 

- - » 
hinged at A, B, and C. The resultant load on tlie part AB is the force 

and the resultant load on the part BC is iho force Q. First neglect the 
load acting on the part BC. The part is tJien under the action of two 
forces oidy, viz. the reactions at B juid C, and these forces must^ balance 
one anotlier, and will therefore act in opposite directions along the straight 
line i5C. The truss as a whole is now under tiu' action of three forces, 
viz the force P, the reaction T^ at C, which acts aiong C?.B, and the 
rea<!tion Sj at A. Since these three forces ajc in equilibrium, and since 
the lines of action of two of them, T^ aiul P, meet at in, therefore the line 
of action of the third one, must be Am. By means of the triangle of 
for<ies the magnitud(‘s of and T| can be dotonnined. 

Next neglect the load on the j)artAB,and consider the load Q on the part 
P>C. This hiad Q wall cause reactions B., and T^, at A and B respectively, 
and these reactions may be found in the same way as Bj and T^ were 
foiitid. 

AVhen both loads P ami Q act, it is evident that the reaction at A will 
lu* the resultant of S, and B.,, and the reaction at B will be the resultant 
ofT-jandT,. 

I'hc reaction of the part. AB on the ])art C/B at B will be the force 
which will balance the force Q and tln^ redaction at C, and the reaction of 
the ])art CB on the j)art AB at B will l)e tlie force which will balance the 
force P and the reaction at A. These two reactions ivilJ, of course, be 
c({ual and o])posite. 

When the truss is symmetrical about a vertical centre line, and is 
symmetrically loadt^d, the reactions at B will be horizoidal, and the line 
of action of the reaction at A will be the line joii^ing A with the jioint of 
iiitcrsoction of the line of action of the re.sultant load on the half truss 
AH with the horizontal line through B. The direction of the reaction at 
C is found in like manner. 
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Exercises SIX. 


l-S. Draw the stress diagrams for the structures shown in Fig* 269. Measure 
the results^ and either tabulate them or mark them on the frame diagram* Indi- 



cate on the frame diagram the members which are in compression by lining them 
in with thick lines. In addition to detormining the rcbults graphically, they 
should also be found by calculation. 

1 . Span = 24 feet. The loads are as follows : AB = EF = 250 lbs., 
BC = CD = DK = 500 lbs, 

2. Spaa = oO feet. The dead loads are as follows: AB = GII =400 lbs., 
BC = Cp = DE = EF = FG = 800 lbs. The wdnd pressure is to be taken at GOOO lbs., 
acting at right angles to, and distributed over, the sloping suiiaoe as follows : 
2000 lbs. at each of the intermediate joints, and 1000 lbs. at the top and bottom 
joints. The reactions at the supports due to the wind pressure are to be assumed 
to be parallel. Tabulate the stresses due to (1) dead load, (2) wind on left, 

on right, and state also the mavNiiuin stress in each bar. 

3. Span = 48 feet. The loads are as follows: aB = GH = 600 lbs., each of the 
other loads = 1000 lbs. 

4 . A wall crane. The bar BO is hori*?ontal, and 10 feet long. The bar BD 
bisects the angle ABC, and is 3 feet 0 inches long. The distance AB is 8 
feet. The chain passes over a pulley at C, as shown, and supports a weight W of 
1000 lbs. 

5 . Pent roof truss projecting 18 feet from the wall. Each load shown is 1000 lbs, 

6. Warren girder of 40 feet span* Case (a). There is a load of 10 tons at the 
joint BJKLD. Case (6). There is a load of 8 tons at the joint EJKLD, and a 
load of G tons at the joint CNOPB. Gaip (c). There is a load of 6 tons at each 
of the joints in the bottom boom, 

7. Span, 48 feet. Load AB=load GH = 3 tons. Each of the other loads 
shown = 6 tons. 

8- Curb roof truss of 48 feet span. The loads AB and JK are each 500 lbs., 
and each of the other loads shown is 1000 lbs. Case (re). Take the truss as 
shown. Case (6), Suppose the bar LS to be removed, and that the truss is 
converted into a three-hiaged arch, as explained in Art, 182. Determine the 
reactions at the hinges, and the stresses in the various members. 

9. A jointed frame, shown in Fig. 270, is subjected to six forces, acting one 
at each joint. The directions of the forces bisect the angles marked, and the 
magnitudes of three of them are given in the sketch. Find, graphically or other- 
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wis 0 , the magaitudoB of tho unknown forces X, Y, Z| and deduoa tlio fopoe in 
the member AB. [tJ.I*] 



10. In the truss shown (Fig. 271), AB is a beam member. The links AB, EG, 
GF, and FB are equal, and the links EC and FD connect the joints E and F to 
the points C and I) of the beam member. The reaction at B is vertical. Draw 
to sccile, diagrams of bending moment and shear force for the beam member 


AB. 

11. The span 
of the frame given 
in Fig. 272 is 57 
foot, the depth 
LM is 7 feet, and 
the distance NO is 
1 -8 feet. There 


ru.L.] 









[p 1 

5 ■■ 

[R 



Fig. 272. 


Find the stresses in the 
[U.L.] 


are loads of 2 tons at P, 4 tons at O, and 2 tons at M. 
members, 

12. A truss is as shown in Fig. 273. 

Each top joint carries a load W, and 
the top boom is divided into equal 
segments. The length of the horizon- 
tal tie- rod is half the span. Deter- 
mine the ratio of depth to s^tan so 
that the tension in all the tie-rods 
shall be the same, and verify your result by drawing a force diagram. [U.L.] 

13. The sketch (Fig. 274) shows the frame of a tandem bicycle. Calculate 




Fig. 273. 



and draw bending moment and shear diagrams for tj^is frame, when each of the 
two riders weighs 150 lbs., 30 lbs. of the weight of each rider being assumed to 
be borne at tho driving axle centres. Regarding the frame as a plane structure, 
draw a complete force diagram for it. [B.E.j 
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14. A ti'uss is shown in Fig. 276, The vertical struts divide the 

span into sir equal parts. The truss carries a uniformly distributed load of 
1 ton per foot run, and 
a single load of 10 tons 
at 20 feet from the left- 
hand support. Find the 
forces, in tons, in the 
various members. Note 
that the sloping mem- 
bers have joints at their 
ends only. The top 
member is really a 
beam, but in working this problem the beam may bo assumed to have pin joints 
at the junctions with the vertical struts. 

15. Show that for a Bollman truss, if w = number of equal panels In the truss, 
= depth of the truss, i = span, and «; = intensity of the uniformly distributed 

load, then the horizontal stress in the top member is 

16. A Firik truss is shown in Fig, 27fi. The vertical struts divide tlio s|mn into 
eight equal parts. There is a load of 8 tons at the top of each vertical strut. Firid 




the forces, in tons, in the various members. Note that the sloping members have 
joints at tlicir ends only. The top inembc^r is really.a beam, but in working this 
problem the beam may be assumed to have pin joint^ at tbe junctions with the 
vertical struts. 



CHAPTER XIII 

DESIGN OF STRUCTURES— ROOFS 


183. Roofs diHd Roof Trusses. — The function of a roof or upper 

coveriiiK to a building is to protect the interior from wind and weather. 
It c(»iisists oi a weather-proof covering supported on a suitable framework. 
Tins coverijig may bti made either flat, sloping, or curved, the pitch or 
sloi>e depending largcjly upon fhe nature; of the material of which it is 
coiu[>nsed. The framework consists of (1) the roof ov principals^ 

which s|)an from support to su}>port and carry the roof structure ; (2) 
tlio longitudinal 

boanis which run from 
truss to truss along the 
roof ; (3) the rafters^ sash 
hars^ etc., which rest 
upon the purlins, and to 
whi(‘h the covering j)ro- 
]>ci‘ is fix(;(l ; (4) the if ind 
firs^ w'hicli j)rcvcnt longi- 
tudinal distortion of the 
roof by the wand. 

1ti Fig. 277, which 
show's, ill oblhjue projec- 
tion, the fra-ming of a 
roof, TT . . . are the 
main trusses or princi- 
]»als, VV . . . the j>ur- 
lins, WW the wind ties, and the nK»f covering. Rll is called the 
r/(l(jr of the roof, and tlie ]ow(;r longitudinal edges are called the eares, 

184. Iron Roof Trusses.— Roof truvsses may be made of wood, but 
iron or steel princijials are su}>erior in nearly every resjiect for sjians of 
any <!onsiderable size. Figs. 278-290 re[ae8ent the more common types 
of iron or st(‘(‘l roof trusses. They arc all composed of the following 
members or parts: (1) the principal rafff'-rs, which are the members, 

( ither straight or curved, running from tlu' ridge to the abutments or 
su[)ports, and carrying the purlins ; (2) the tic rod, wdiich may be straight 
or cambered, w'hosc function it is to tie the twx> feet of the princijial 
rafters together, and thus j-olievo the abutments of the horizontal thrust, 
which w^ould otherwise come upon them; (3) sermidanj bracing, which 
divides tin; prineipal raft(;r into iianels, and thus supyiorts it both as a 
strut ami as a beam. The upper ends of tliese sceondary members 
should eoHie directly under the ])UiTins, and thus relieve the princii>fil 
]‘after of trans\'or.se bending actions. The axes of any three adjacent 
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members of a truss sliould either meet at a point or form a triangle. 
All members of the truss should either be simple , ties or struts. Struts 
should be as short as possible, and as many members as possible should 
be in tension. 


The feet of the principal rafters rest in slwes^ which rest in turn upon 
wal.l plaies^ bolted to the walls or other abutments. 

185. Forms of Roof Trusses. — Figs. 278-283 represent six of the 
commoner forms of “ King-rod ” and “ Queen-rod trusses. The member 
depending from the apex at the junction of the principal rafters is called 
the king-rod, while the other ver- 
tical suspension rods are called 
qtceen-rodii. 



Pig. 278 shows the simplest 
form of iron roof truss. The prin- 


Fig. 278. 


Fig. 279, 


cipal rafters are only supported at their ends, and a single king-rod with the 


tie rod complete the framing. This design may be used for spans up to 
15 feet. In Fig. 279 each principal rafter is divided into two equal 
panels by a secondary brace (a strut), and the span may 1x5 increased to 


about 25 feet. 


The design shown in Fig. 280 may be used for spans u]> to 30 feet. 
By dividing each principal rafter into three equal panels, and adding 



Fig. 280. Fig. 281. 


two queen-rods in addition to the king-rod, as shown in Fig. 281, the 
span may ])e from 35 feet to 45 feet. 

The design shown in Fig. 282 is sometimes called an English ttmss. 
The i>rincipal rafters 
are each divided into 
four equal panels. Tliis 
truss may bo used for 
spans up to 60 feet. 

The sa'fr - tooth or 
wprJcshop truss is shown 
in Fig. 283. This form 
of truss is extensively used for the roofs of weaving sheds and tlie like. 
The slopes of tlie rafters are unequal, the covering on the lesser slope 
being slates or tiles, while that on the 
greater slope is glass to light the in- 
terior. The truss shown may be used 
for spans of from 20 feet to 35 feet. 

King and queen -rod roof trusses, 
having vertical members, are very 
suitable for hipped •roofs. They 

have the disadvantage that the long braces are struts and the short 
ones ties. This is sometimes obviated by sloping the diagonals in tho 
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other direction, as shown in Kg. 284. The Terticals, except the oenitfe 



Figs. 285-“288 show the more frequent types of trussed rafter roofs. 
The principal rafters are supported by trusses, consisting of struts and 



ties. The upper ends of the struts divide the rafters into panels, and 
the lower ends are supported by the tie rods. The trusses supporting 
the two opposite raf- 
ters are held together 
by the main tie rod. 

This type of truss has 
the advan tage that 
the struts, which are 
usually perpendicular 
to the rafters, are 
short. For a given span and a given system of lf>Tds, this type of truss 
probably makes a lighter roof than any other type of principal. 

The design shown in Fig. 285 is 
used for small s})an.s up to, say, 20 or 
liO feet. The design shown in Fig. 

286 may be used for spans up to 40 ^ 

feet, and that in Fig. 287 up to 289. 

45 feet. The truss shown in Fig. 288 

is known as the Frmrh, Belgiariy or Finh tmss. It is a very common 
design for trusses of from 40 to 60 feet span. A light suspension rod, 



shown dotted, is often introduced to give support to the main tie rod. 
Two types of curved roof truss are shown in Figs. 289 and 290 j that 
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shown in Fig. 2? 9 has curved rafters, and may have a sj)an of from 20 
to 40 feet. The sickle-shaped truss, shown in Fig. 290, is of a type 
suitable for large spans of, say, from 40 to 100 feet. 

For very largo si">ans, arched principals arc used. The abutments 
must then be made strong enough to carry the thrust of the arch. The 
span may, however, be divided, and combinations of simple roof trusses 
used. 

186 . Roof Coverings. — Zinc^ in sheets, about inch thick, laid upon 
boarding with wooden rolls, forms a light covering. The joints must be 
arranged to allow free expansion and contraction of the metal with 
changes of temperature, while still remaining water-tight. The sheets 
are 7 to 8 feet long and about 3 feet wide. 

Cormijated iron is much used as a roof covering. For small spans, 
not exceeding 10 feet, it may be simply arched, and used without any 
main trusses, the free ends being hold in at intervals by tie rods, or 
siinjdy screwed to timber wall plates. On larger spans curved angle or 
tee-irons are introduced as rafters to give siii)port and stiffness. If, how- 
ever, the span exceeds 1 5 feet, a j)roperly designed roof truss should Ih? 
used ; the sheets of corrugated iron arc then laid upon jmrlijis. The 
sheets of corrugated iron vary from 6 to 8 feet in length, 2 to 3 feet in 
width, and from 24 to IG I.S.W.O. thick (0*022 to 0*064 inch). The 
corrugations vary in width from 3 to 6 inches centre to centre, the depth 
being about one-fourth of the width. 

span of the sheets di^f>eiids upon the depth of tin? corrugations, 
the thickness of the nuital, and the weight per square foot to be, carried. 

The following formula may be us(id. L = 1 where L = span in feet, 

j^-=thickTiess of metal in im.'lies, = depth of corrugations in inches, and 
= weight per S(iuare foot to be supported. 

The sheets may be laid directly on the purlins, the corrugations 
following the slope of tluj roof. The lap of the horizontal joints sliould 
not be less tliaii 6 inches, and those joints should come directly over the 
])nrlins. Where two sheets join along their sides, at least one complete 
corrugation should ovorla{>, and the two sheets s'Jiould be fastened to- 
gether by screw bolts or j-ivets pitched abrnit 9 inches a2)art. 

If the jjurlins ar(i of wood, the coiTUgated iron may be fastened to 
them directly by means of screws or by stirruj) bolts, as shown at (A), 
Fig. 291. If angle iron 2 )urlijis are employed, the sheets are best fixed 
by )neans of hook bolts, as shown at (o), Fig. 291. These hook bolts are 
commonly about ineli in diameter. All bolts and rivets should i)ass 
through the ridges of the corrugations, and should be 2 )rovidod with 
washers to prevent leakage. A flat bar, or soiiietiines an angle bar, is 
often introduced at the eaves, running along the length of the r<x>f, and 
held down by the lowest row of bolts. This lu’events the wind from 
tearing the corrugated iron from the roof should it vget beneath the 
sheets. This wdrid tie is shown at (/>), Fig. 291. 

Large sJatfifi (Duchess, 24 inches x 12 inches, or other sizes) are often 
used ff»r the covering of irpii roofs. These may be laid uj>on boarding 
and nailed in the usual way, or light angle iron [)urlins may be fixed to the 
rafters, and on those the slates are laid and then wired on, as sliown at 
(e), Fig. 291, These angle iron purlins may be about 1| in. x in. x ^ in. 
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when the distance between the rafters does not exceed 8 feet, or 
2 in. X 2 in. x in. when that distance is increased to 10 feet. 

Tiles of great variety are used for roof coverings. They are sufi- 
ported in the same way as slates. Tiles are heavy, and they require the 
roof to be of high jutch. 

Glass is largely used as a roof covering. Many roofs have glass sky- 
lights, while some are entirely covered by glass. The sliorter slope of a 
saw-tooth roof and many railway station roofs have ghisa coverings. The 
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glass may be laid in sasli bars of wood or teo-irou, with putty. Iron sash 
bars, liowcvor, oxj)and and contract more tJi.'in the glass Avith cdianges of 
tcTn])crature, and the putty is liable to crack. Hcnco many sy.stems of 
glazing without ])utty have been introduced. 

Glass sheets suitable for roofing vary in width from 1 2 to 20 inches, 
and in thickness from | inch to J inch. They are made in lengths up to 
feet. About 3 inches of lap should be allowed between two sheets. 
Tee-iron sash bars vary from 1 inch to 2 inches in depth, and from J to 
inch in thickness* • 

187. Details of Roof Trusses. — llie various ])arts of roof trusses 
should be made as plain and simple as possible. Forging and welding 
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aliould be avoided, being expensive, and welding is not always reliable. 
iN^iveted and bolted joints form the best connections* Rivets and bolts 
best placed in direct shear, but if such fastenings have to bo in 
tension, bolts sl^ould be used in jireference to rivets. Bolts are also gener- 
ally preferred when the diameter exceeds 1 inch. Gussets, in many 
cases, form a convenient means of attachment, particularly where many 
members meet. Care should be taken that at a joint the axes of the 
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various jrnenjbers iniersecc at a point. This is a condition which is too 
often neglected in j)rac,tice. 

Sections of rafters are shown in the upj>or i>art of Fig. 292. A tee 
section is the most common f<>rm for small roofs. Double angles and 
built up sections are used for larger s])ans. A rafter must be of a form 
enabling it to act as a strut, and at the same time aflbrding convenient 
attachment for the secondary members and })urlins. 

At the ridge or apex the rafters are united by double gussets, whicli 
also form the fastening for tlae braces which are attached there. The 
trusses should be tied together at the apex, either by the purlins placed 
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thures^ or by a special ridge member. Examples of ridge joints and 
methods of connecting the secondary braces to the rafters are shown in 
Fig. 292. 

Furtlier detail illustrations, mainly ^elatil^g to struts and shoes, are 
given in Fig. 293. Struts are usually angles or tees, or combinations of 
them. A simple and efficient strut is formed of tw'o flat bars, or two 
bars of other suitable section, held apart by distance pieces suitably 
s]>acod. Such a strut must be arranged to carry the total load upon it 
while acting as a whole, and must also be strong enough between the dis- 
tance })iecos to resist local buckling. The attachment of struts to the rafters 
is usually by means of gussets, but they may also be attached directly. 
Angles, tees, etc., are sometimes joggled at the ends to suit the rafter. 

►Shoes may be made of cast-iron, but built up shoes from rolled 
sections are common. Tliey must hold the end of the rafter firmly, 
allow convenient attachment for the tie bar, and afford suitable bearing 
for the truss. The axes of the tie bar and rafter should meet at a point 
uji the line of the vertical reaction from the wall or suijport. When the 
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truss rests ui)on a wall a stone templet is provided for the shoe to rest 
upon ; Lewis or rag bolts let in with lead form a suitable bolding. When 
the shoe is to slide, slotted holes are j>rovided for the bolts. Sliding 
.slioes often rest upon solo jflates. 

Ties and their connections are shown in Fig. 294. Flat bars jdacod 
with tlioir wulths in the plane of the truss form good ties. Round bars 
may look neater, but they are more costly than flat bars as ties, especially 
for largo sizes. Angle and tec bars ivork in well for ties of large section. 
With flats, angles, etc., the joints arc usually made by means of gussets 
Avith rivets or bolts. In the ease of round tie bars, forked ends or eyes 
may ])e forged on them to-make pin joints. Another practice is to screw 
the ends of rouTid tie bars, and the ends arc sometimes staved up before 
screwing in order to save w^eight. Adjustment may be obtained by 
making a cottered joint, or by cutting the rod and introducing a turn- 
buckle. With good workmanshif) such adjustment should be unnecessary* 
At the foot of the king- rod a tie between the twisses is often introduced ; 
this prevents lateral movement of the tie rods. 

Fig. 295 shows cross sections and details of fixings for purlins. 

o 
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Several forms of joints for purlins are shown in Fig. 296, 




Two methods of introducing longitudinal wind bracing are shown in 
Fig. 297. 







Fig. 297. 


188. Weight of Roof Coverings.— For the purj)ose of estimating 
approximately the weight to be carried by a roof truss, the particulars 
given in the following table may be used. The weights given are in 
pounds per sc^uare foot (jf covered area. 


Sheet zinc . 

. li 

Slates, large 

. 10 

Corrugated iron 

. 34 

„ medium . 

7 

Tiles, plain 

. . ] 

„ small 

. 

Pantiles 

. 12 

Boarding, 1 inch thick 

. 


189. Pitch and Slope of a Roof. — The ratio of the rise to the span 
is called the pitch of a roof. If the roof is symmetrical and the slope or 
inclination is denoted by then tan 6^ = rise half the span. The min- 
imum slope for a roof dej)ends on the nature of the covering, and is roughly 
5" for zinc, IT for corrugated iron, 22“ for large slates, 26“ for jjantiles 
and medium sized slates, 30“ for small slates, and 45“ for plain tiles. 

190. Procedure in Besigning a Roof. — The method of procedure 
in getting out the designs for a roof may now be briefly given* 

Decide upon the type of truss. This will depend upon the various 
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conditions which -the roof has to satisfy, the type of bxulding it has to 
cover, the spdn, whether the ends are to be hipped or not, etc. 

Settle the type of roof covering, and arrange for a suitable support 
for it, seeing that the proposed distance apart of the purlins works in 
with the secondary bracing of the truss chosen. 

The pitch should next be fixed. This depends largely on the type of 
covering to be used. 

Decide whether the tie rod is to be cambered or not. This depends 
upon the conditions of the case, whether the roof is to support a ceiling, 
whether head room is a necessity, etc. The advantages of a camber are, 
shorter struts, greater head room, and better appearance. Speaking 
generally, it is better to give the tie rod a small camber if possible. 

Draw an outline diagram of the truss. The proportions should please 
the eye. 

Fix the distance apart of the principals. This will depend to some 
extent on the type of roof covering, purlins, etc. Usually it may be 
made from one-eighth to one-femrih of the span. The larger the interval 
chosen, the larger the ratio of the least lateraF dimension of the struts to 
their length, and they will therefore be lighter in proportion to their 
strength. Too large a pitch of judncipals involves heavy purlins and 
increases the cost. 

Find the loads ui)on the truss. These are : (1 ) The weight of the 
]»rincipxl. (2) The w^eight of the covering. (3) The weight of snow upon 
the roof. (4) The weight of the ceiling, if any, carried by the trusses. 
(1) is often neglected, but in large roofs it should be allowed for. (2) 
can be approximately estimated (see table, p. 210). Allowance should 
also be made for the weight of €lio }>ur]ins, rafters, etc. (3) can be 
taken at about 6 lbs. per square foot of area covered in the British Isles. 
(i)niust be estimated approximately, the weight being carried from the 
lower joints of the roof. For wind pressure, see Arts. 179 and 180, 
j). 194. 

The loads should now bo divided up, and tlie resulting forces at each 
of the joints found. It is well to keep the loads at the joints due to the 
wind pressure separate from the others. 

Caboose next the methods of snf>})ort for the ends of the trusses. 
Usually one end is left free, to allow the principal to ex})and and contract 
witli changes of tcinperaturc. The reaction at this end is then assumed 
to be verticjil. 

Find the stresses in tht; members, either graphically or analytically, 
or preferably by both methods. The dead load stresses should be found, 
the stresses w ith the wind pressure on one side and theu on the other, 
and the three sets of figures should be c(»iubined, as shown on p. 196. 

The sections of the various members can now be ascertained by the 
ordinary rules. It is safer to assume that all the struts are hinged at the 
ends. See also that members in wiiich the stress reverses are capable of 
withstanding the reversed load, although it may he smaller than the 
normal load. Use a low w^orking stress for these members. Use also 
a low stress for members which are welded. 

Design the joints. Arrange sufliciont riv^s, bolts, or pins to take 
thp stress from the bars on to the gussets Where a gusset connects one 
or more ties or struts to a rafter, bear in mind that the total shearing 
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force on the rivets connecting the gusset to the rafter is the resultant 
of the forces acting along the various members, other than the rafter 
itself, connected to the gusvset. 

Design the shoo and whatever other details of the truss have not 
already been arranged for. 

Fix the size of the purlins, treating them as beams carrying their 
load from rafter to rafter, and arrange for suitable joints in them. 

Settle any further details of the covering which may be necessary. 

Arrange for suitable wind ties if it is deemed prudent to fit tlieso. 

Make comi)lcte working drawings of the whole roof, seeing that 
all the parts go together properly, can be easily made, and are in every 
way suitable for the functions which tliey have to perform. 


Exercises ZIII. 


In ihi foUoioiTig exercises the various members must he proportioned according 
to the loads which they have to carry ^ and working dratoings of the various details 
should he made. 




1. Design for a king-rod roof truss (Fig. 298). Span, 20 feet. Rise at centre, 
5 feet. Distance between principals, 6 feet. Assume that the truss has to 
support a total load of 2 tons per “ square ” acting verti- 
cally. (A ".square” is 100 square feet of area covered.^ 

The following sections are to he used. — Rafters, tee; 
struts, angle ; ties, flat. Material to be mild steel, Jind , _ 

the joints to he riveted. ^ - - 20 " " 

2 . Design a roof suitable for covering a shod with ^ 

open ends. The span between the supports is 8.1 feet, wJS. 

and the trusses are to lie plac*ed 8 f(^et apart. The principal rafters have a 
rise of 10 feet, and the tie bar lias a camber of 2 feet. The form of tru.ss to 
be used is shown in Fig 299. The covering is to be corrugated in»n on angle iron 
purlins. The dead weight upon the roof may }>e assumed in the first instance 
to be 10 lbs. per square foot. Snow, 0 lbs. per square foot, and horizonlal wind 
pressure 50 Jbs. per square foot. Lateral wind bracing is to be provided. 
Rolled steel sections and riveted joints are to be used. 



3. A design is required for a trussed roof of the saw-tooth pattern (Fig. 300), 
There are several similar spans. The trusses over the first span are bolted to 
a wall at one side, and all tljo other supports are columns, as shown. The 
distance apart of the principals longitudinally is 7 feet G inches. The steep sloiio 
IS to be covered with glass, the other with slates on boarding. Take the dead 
weight of the roof as 18 lbs. per square foot, the weight of the snow as 6 lbs. 
per square foot, and the horizontal wind pressure as .50 lbs, per square foot. 
Round bars may be used for the ties, angles and tees for the other members. 

^€^sign for a slated roof. The trusses to be of the " French pattern, 
in*"# Camber of tie rod, Span, 60 feet. Distance apart of principals, 

10 leet. Ihe covering to b» Duchess slates laid upon 2 inch boarding ^supported 
by angle purlins. The roof is estimated to weigh as follows : Slates, 9 lbs. per 
^uare foot. Boarding, 7 lbs. per square foot. Purlins, 3 lbs. per square foot. 
One truss, f ton. Snow, 6 lbs. per square foot, and the normal wind pressure 
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28 lbs. per square foot. One end of the truss is to be firmly bolted down, and 
the other to be csapable of sliding. Rolled steel sections only to be used, 'with 
riveted joints. 

5. Design a queen^rod roof truss with vertical struts of the form and 
dimensions shown in Fig. 301. Distance apart of principals, 3.0 feet. Take the 
total dead weight of the roof as 20 lbs. per 
square foot, horizontal wind pressure as 50 
lbs. per square foot, and snow as 6 lbs. per 
square foot. One end of the truss to be free 
to slide. The struts to be formed of flats, 
with distance pieces. The ties also to be 
formed of fiats. 



6 . Design for a sickle-shaped roof truss Fig. 301. 

of the form showp in Fig. 200, p. 203. The 

span is 100 feet. The total rise is 2.5 feet, and the bottom chord has a rise of 
10 feet. There are eight equal segments in the top chord, and seven equal 
segments in the bottom chord. The trusses are 20 feet apart. Take the dead 
load as 18 lbs. per square foot. Snow. 6 lbs. per square foot. Horizontal wind 
pressure, 50 lbs. per square foot. One end of the truss is bolted down, and 
the other slides. Use rolled kteel sections only. 

7. The principals of a steel roof for a dock shed are of the form sketched in 


Fig. 302. The rafters are 
equally divided at the joints, 
and a vortical load of IJ 
tons acts at each top joint. 
The principals are sup- 
ported on girders 8 inches 
wide. Draw the force dia- 
gram for the roof, and 
tabulate your results, dis- 
tinguishing between ties 



and struts. Design also -n, o^p 

the joints at A and B. % . w. 

Choose your own stresses, and draw the details one-quarter full size. [U.L.] 
8. The tie rod of a roof tru.'ss is corint‘Ct(‘d to the foot by two clip jdates, and 
by a cotter joint with two giV)S, The diameter of the tie rod is 1| inches. 


D(*sign this joint for equal 
strength throughout. The 
type of joint is indicated in 
till! sketch (Fig, 30.3). * Draw, 
lull size, plan and elevation, 
and any necessary seeTions. 



Tbfi drawings must be fully 


Fig. 303. 


dimensioned, and finished 

off neatly in pencil. All calculations must be fully worked out, and must be 
handed in with your drawings. [U. L. ] 



CHAPTER XIV 

DESIGN OF STRUCTURES— PLATE GIRDERS 

191. Beams and Girders. — In Chapter VIL it has been shown that 
the straining actions at any cross section of a beam, due to any system of 
vertical loading upon it, may be resolved into two distinct effects, namely, 
a bending action and a sheai ing action. It has also been shown that, for 
economy, beams arc made with a cross section shaped like the letter I, in 
which case the top and bottom flanges may, for practical purposes, be 
assumed to resist the bending moment, whilst the web takes the shearing 
force. 

The concentration of the material into a w’eb and flanges may be 
obtained by using a rolled stool joist or channel, and tht'se may be 
combined with jflatos for stronger sections. Again, se 2 )arate jflates may 
be used for the web and flanges, which are united by angles. Another 
form is obtained by substituting diagonal bracing or lattice work of bars 
for the plate web. 

192. Beams of Boiled Joists or Channels and Plates.— The most 
common form of beam in use for short spans is the rolled steel joist 

(«) ('>) {r) id) ic) 

Fig. 304. 

shown at (a), Fig. 304. The standard sections for rolled steel joists are 
numerous, and range from 3 inches deep by inches wide, weighing 
4 lbs. ])er foot of length, to 24 inches deep by 7 inches wide, weighing 
100 lbs. per foot ol leiigth. Those joists can generally be obtained from 
stock in lengths of every foot from 10 feet to 40 feet for ordinary sections. 
For convenience in rolling, the flanges are tajicred in section, as sbowm, 
the angle between the inside of tlie flange And the web being 98°. Should 
the load require it, two or more of these joists may be placed side by 
side, and they may also bo strengthened by having jflatos riveted to their 
flanges, as shown at (A), and (e), Fig. 304. A beam, formed of two 
channels connected by plates, is shown at (c), Fig. 304. 

193. Connections Itotween Boiled Joists. — When two or more joists 
are used side by side, without connecting flange plates, cast-iron separatorsy 
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or distance pieces, are placed between* them, as shown in Fig, 305, 
Separators should be jjlaced at intervals of about 5- feet, and also where 
ji concentrated load occurs on the beam, 

A joint between two lengths of joists is made 
j»y means of fish plates, as shown in Fig, 306, 
and if there is any bending moment where this 
joint is made, cover straps on the flanges should 
bo added, as shown by the dotted lines, 

Anglo connections between horizontal joists 
at right angles to one another are shown in 
Fig. 307. Angle connections between horizontal 
joists and joists used as columns are shown in 
Figs. 308 and 309 . In these various connections, where the load on one 
beam is transmitted to another, or to a column, through rivets or bolts, 




Fig. 306. 


Fig. 307, 


care must be taken that the rivet or bolt section is sufficient to transmit 
the load. Many of these details are,"^ how^ever, standardised by the inanu- 



Fig. 308. ' Fig. 309. 


facturers, and [provided that the sbiiidard connections are capable of 
carrying the loads which will come ui)on them, they sliould bo used 
in preferences to specially designed ones. 

194, Parallel Girders and Girders of Variable Depth.— 

gi rders^ as their name implies, have their flanges parallel to one another, 
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and they are therefore of constant depth throughout their length. MoQ- 
backed girders have a curved top boom, and jUh-bellied girders have a 
curved bottom boom, as shown in Fig. 310. The effect of curving one 
boom is to increase the depth of the girder towards the centre, where the 
bending moment is greatest. This permits of the cross section of the 
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booms being kept more nearly const^xnt. Except under si)cc5al cireum- 
staiicos, it is generally bettor and cheaper to use a ]>arallel girder than 
one of variable depth, tlie cross scctioi; of the flanges being vaiied to 
approximately suit the bonding inoinent. Fish-bellied girders are usually 
adopted for overhead travellers of large span. Hog-backed girders are 
frequently used for large span railway bridges. 

195. Plate Girders. — When the depth of a girder exceeds a foot, but 
is less than the limiting depth for a rolled joist., it is frequently more 
economical to build it up of j dates 
and angles rather tliau use a rolled 
joist, and when the dei)th exceeds 
the limiting depth for rolled joists, 
the built up girder must be used. 

Tyj)es of built up jdate girders are 
shown in Figs. 311 and 312. For 
smaller spans and lighter loads, one 
web plate and one or twc) flange 
plates may be sufli(*i(‘nt, while for 
larger spans and heavier loads two, 
or even three, web ] dates and many 
flange plates may })e required. When 
more than one w(d> j^hite. is used, as 
in Fig. 312, tho girder is called a 
box The box type is more suitable for large* than for small 

girllerT, and it is better only to emjdoy this type when there is siifticient 
room inside for the girder to bo i>roperly painted, and so protected from 
corrosion. C^aro must ;dso be taken that the girder can bo properly riveted 
up, a not altogether unnecessary caution. 

The depth of the girder must never be less than l-20th of the S2)an. 
For economy, the depth should be l-12tli to 1-lOtli of the span. The 
breadth varies from l-20th to l-50th of the sj>an, depending on the 
amount of lateral support tlie girder gets. If there is no lateral support, 
the breadth should not be less than l-20th of the span, whilst if it is 
I well supported laterally, say by closdy S])aced cross girders, this dimen- 
i sion might be diminished to l-40th or l-50th of the'sjjan. 
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196. Booms or Flanges.— The booms, or flanges, of built up girders 
are almost invariably made up of flats* or plates. These are unit^ to 
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Fjo. 313. 

th(^ web plates by anglers, 'which of course act with tlie plates in resisting 
the bending nionieiits. 

The boom plates are not all of the same length, but are curtailed as 
the bending moment falls off. The usual graphical method for determin- 
ing the length of the flange plates is shown in Fig. 331, p. 227. Care 
should be taken that 

_ ^ • j ^ 1 "Vis' yM ' vj/ ’ 

of convenient lengths. q OGOGOGGGOGGG 
A^Hicn th(;rc an; many 

|hites in a boom, the Fia. 314. 

joints in them should be 

grou])od, where possible, under one cover, as shown in Fig. 313. It i.s, 
however, sometimes convenient to make one flange plate form the cover 
for the joint of another, as shown in Fig. 314. 

.Joints in the flange angles are made Avith nmnd hcAch covers^ and are 
arranged as shown in Fig. 315. 

In the ty}>e of groujied j(»iiit show'ii in Fig. 313, a single cover is used 
and is ])laced on the outside, hence the rivets in the joint, although they 
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]>ass through several plates, are only in single shear. An underneath 
flange plate or angU‘ must not be regarded as forming a cover to the joint 
in a plate above it, for it has its owoi *load to carry, and cannot act as a 
flange*, jdate and also as a cover at the same time. 

^ Fiats are narrow plates, rolled to definite widths, usually not exceeding 
12 inches. * 
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Various means are adopted to place the rivets in a flange joint in 
double shear. The rivets which do not pass through the flange angles 
may be placed in double shear by the f^dition of covers underneath the 
flange plates, as shown in Fig. 316. The addition of round back covers 
to the angles, as shown in Fig. 317, will place the remainder of the 
rivets in double shear, but these angle covers cannot act as just stated 



Fig. 316. Fig. 317. Fio. 318. Fig. 319. 


—/at ^ A 


and also act as covers to a joint in the flange angles at the same time. 
The underneath cover may extend right across the flange, as sho^iVTi in 
Fig. 318, which is a section of the flange in the neighbourhood of the 
joint. This, however, prevents the flange angles being placed directly 
on the flange plates, and where the covers do not occur, packing pieces 
have to be introduced, as shown in Fig. 319. These packing pieces 
cKinnot, however, be counted as forming part of the flange section, at any 
rate in the neighbourhood of a joint. 

s The thickness of each flange plate should not be less than f inch or 
' greater than J inch. Four | inch plates, or three | inch plates, make a 
i much better flange than two | inch plates, supposing the required flange 
thickness to be 1^ inches. 

197. Web Plates. — The web in small plate girders consists of a 
single plate suitably stiffened to resist the shearing forces. Except for 
very small and unim- 
portant girders, it is 
not desirable to make 
the web plate less than 
f inch thick. On the 
other hand, the thick- 
ness of a single 'vveb 
plate should in general 
not exceed | inch. 

Wlien more than 
one plate is recpiired 
to form the web, the 
different plates are 
united by butt joints 
with double cover 
straps, as in Fig. 320, 
which shows a vertical joint in a wob. Sometimes stiffeners are utilised 
to do duty as covers, as shown in Ftg. 321, This figure also shows how a 
change in the thickness of the web plate may be effected. Such changes, 
made with the id^\)f proportioning the thickness of the web to the shear 
stresses, are only advisable in large and important girdam, or when 
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Fig. 321. 
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inany of a type are required. It is often more eponomical to have the 
same web thickness throughout, especially in small spans, where the web 
plate can be obtained in one piece, than to use plates of different thickness 
Mild special joints. 

198. Woh prevent buckling and twisting it is neces- 

sary to give web plates lateral support. This is done by riveting to 
them at intervals angle- or tee-section bars placed vertically. Fig. 322 




Fig. 322. 




shows examples of stiffeners ajiplied to single web girders. Wien the 
stiffeners are straight and not set in to meet the web plate, intermediate^ 
packing ])]eces are introduced. Stiffeners 
formed of jdates and angles are shown on 
the main girders in Figs. 32S ancj 329, 
p. 223. 

Box girdeTR sliould have diaphragm 
] dates fitted be^ tween the webs at intervals, 
as sliown in Fig. 323. 1'his ensures that 
the cross section of the girder remains 
rectangular, and that all the parts bend 
together. Manholes must be jirovided so 
that the space enclosed niay be got at. 

The divstance aj>art of the stiffeners is 
determined by thc‘ shearing force upon the 
web. Tt is necessary, however, to place 
a stiffener wherever a local load occurs 
upon the girder. 

No satisfactory theory for the spacing 
of the web sjtifferiers has yet been formu- 
lated, and the rules which wdll be given 
presently arc almost entirely empirical. In 
Chapter IX. it was shown that a shear 
stress in one direction must be accompanied 
by another of the same intensity, but in a 
direction at right angles to that of the first. 

Also, it was shown tha^t these two shear stresses equivalent to tensile and 
compressive stresses of the same intensity as the shear stresses and at right 
angles to one another, but in directions making angMs^of 45*^ with the 
directions of tdie shear stresses. A square panel of the web plate is therefore 
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in compreasion aJon^ one diagonal, and in tension along the other. Since the 
thin plate is much less able to withstand the crumpling tendency of the 
compression than the direct tension, it is usual to consider the web as if 
composed of a number of parallel strips inclined at 45®, terminated either 
by the stiffeners or by the flange angles, and acting as struts. This con- 
sideration establishes a relation between the thickness of the web and its 
unsupported length. The shear force at any one section is assumed to be 
uniformly distributed over the depth of the web, which is very nearly 
correct (see Fig. 203, p. 150). This determines the shearing stress 
and the diagonal compressive stress, which is equal tcj^ it, and hence the 
load ui)on the strut. The foregoing reasoning leads to the construction 
of fornmlte such as are given below. It will be observed that these 
formulae are of the form of the Ilankine-Oordon formula for struts. 

S = safe shearing force in tons per inch of depth at any section, 
found by dividing the total shearing force, in tons, at the 
section, by the over-all depth of the web j>late there in 
inches. 

t “ thickness of web plate in indies 

(I = horizontal distance between centre lines of stiffeners, or vertical 
distance between centre lines of rivets in the boom angles, in 
inches, whichever is least. 

^ 4000 "" 

Another rule, due to Mr. Theodore Cooj)er, reduces to the following, 

rr36/ 

3000jf2 

In any case, S mu.st not exceed \t. 

Preferably proceed graphically, as shown in Fig. 330, p. 226. Draw 
the shear per inch of depth diagram found as aUive. Plot on tJjis lines 
parallel to the datum line representing the possible shear per inch of 
depth of I inch, inch, ^ indi, etc., jdates, corresponding to the pro- 
posed sjiacing of the stifibners, as found by one of tln^ forrnuUe given 
above. An examination of such a diagram will show, either the* limits 
between which a given thickness of jilate may be used with a given 
spacing of the stiffenc3rs, or the limits between whicli a given spacing of 
the stiflbners may be used for a given thickness of web jilate. This 
matter is further considered in connection with th(3 w^orked* example, 
Art. 204, p. 223. 

199. Riveting of Plate Girders. — For ordinary everyday work 
punched holes, ^ inch greater in diameter than the rivets, are usually 
specified. In firsii-class work the holes arc punched inch to inch 
smaller than the rivets, and rcamered to size after the work is bolted 
together. The bolts are then removed, and the burrs formed by the 
reamer taken off, after whic^h the work is riveted up. 

The riveting in the joints of the plates in the booms must be designed 
to carry the tension or compression which exists in the plates they unite. 
The riveting through the angles connecting the boom plates to the web 
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j)late i» determined by the shearing forces tending to slide the boom over 
ihe web. Where the shearing force is small, the pitch may be large, but 
near the ends of the girder, or where the shearing force is large, closer 
riveting must bo adopted. It is sometimes even necessary to adopt zig- 
zag riveting, or larger rivets at places where the shearing force becomes 
very groat. It is not economical, however, to make many changes ; two 
different diameters or two different pitches may be regarded as the limit. 

The riveting in the vertical joints of the web itself must be made 
ca])able of withstanding not only the shearitig forces in the web, but also 
the stress in the web plate, due to the bending moment, for although the 
l)(M)m may be considered as carrying the bending moment, there is also 
jL bending stress in the web. In fact, the stress in the outer fibres of 
the web is the same as that in the l)Ooin. 

Roughly, the size of the rivets may be as follows. For plates under 
} inch thick, | inch rivets. For plates from § inch to J inch thick, 
■/ inch rivets. For plates^ from 1 inch to inch thick, I- inch rivets. 

] n each case the hole is inch larger than the rivet. These are about 
the usual proportions for punched work, and will serve as a guide. 
When many plates are to be united, larger rivets should be used. 

The jhteli of the rivets should not be less than three diameters, or 
greater than sixteen times the thickness of the thinnest outside plate. 
Unless it is absolutely impossible, sim])le pitches 3, 3-J, 4, 4|, 5, or 
6 inches should be ado})ted. It ivS riot advisable to go above 6 incdics if 
the work is exposed to the weather. 

Tlie longitudinal pitch is easiest determined giaphically. Since the 
shear stress in the we]> is uniformly distributed, or practically so, over 
its deptli, and the shcjar in two dire(*ti<)ns at right angles to one another 
is the same, the shearing force j>or inch-run, wliich the longitudinal rows 
of rivets must carry, is ecpial at any p<nnt to the she.' ring force per iiicli 
of de[»th there. Tiie shear ]»er inch of depth diagram, already referred 
to (Fig. 380, }>. 226), (*an therefore be used t(» determine the pitch of the 
longitudinal riveting. Let P be the safe load on a single rivet, and p 
the ]»itch of the row, then V/p is the shear ])er inch of depth or length it 
will safely carry. Set this up on tlie diagram as a line parallel to the 
base line for a miiiiber of different pitches. The fjoints of intersection of 
thesc 3 horizontal lines with tlie shear per inch of depth diagram deter- 
mine the points to which each piti'h must exten<l. This question is 
further considered in connection with the worked example, Article 204, 
p. 223. 

200, Ends of Girders — Bearings for Girders. — The ends of girders 
are sj/ecially formed to carry the reactions. Special web stiffening is 
])rovided to spread the load over the depth of tlie web plate. Kxamplcs 
are shown in Figs. 324 and 325. When tlui end of a girder is carried 
oil a wall, a stone tcmidct is built into the wall to give a strong support 
for the girder. Pe.tweeri the stone templet and the girder a hair felt or 
sheet lead packing is placed, in order that the pressure between the girder 
and the stone may be properly distributed. It is better to limit the 
length of the bearing surface by riveting a {liece of jdate, called a holster 
plate^ to the under side of the bottom flange, as shown in IHgiS. 324 
and 325. 

The safe bearing pressure between the girder and its supports will 
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depend on the nature of the mahi^al on which the girder rests^ and iH 
usually limited in the case of stone to from 12 to 20 tons per sg^uaro 
foot. The safe bearing pressure between the stone and Bricfcworfc set in 



Fi( 4. 324. Fia. 325. 

cement may Ixj taken at from 6 to 10 tons per square foot, and between 
stone and brickwork in mortar at from 4 to 5 tons per square foot. 

One end, and sometimes both ends, of a girder are left free to slide, 
so that a certain amcnint of expansion or contraction can take place with 
changes of teni])eraturc. 

For large spans, say, of 50 feet and ui)wards, east-iron bed plates are 
provided, on which tlie ends slide. Tln^se bed plates are usually sunk 
into the stone templet a small distance, as shown in Fig. 326. These 



Fio. 326. 


bed plates are bolted down to the stone templet. At (a), in Fig. 326, the 
holding down bolts for the bed plate are shown i)assing through the 
bolster plale, the bolt boles in the bolster plate being elongated to permit 
of the girder sliding a small amount. 

For sj>aiis of over 80 feet, Ijearings similar to those showm in Figs. 
368 and 369 would be used. 

201. Connection of Cross Oirders to Main Girders. — Figs. 327, 
328, and 329 show methods of attachment of cross girders to main 
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srirders. It will be observed that.frhile the flange of the main girder 



Fig. 327. Fig. 328. Fio. 329. . 


gives some support to the cross girder, the end of the latter is securely 
riveted to the web of the former. 

202. Weight of Plate Girders. — An estimate of the probable weight 
of a plate girder may be made by means of Unwinds formula. . 

W = total external distributed weight in tons (exclusive of girder), 
?/; = weight of girder itself in tons. 

I = actual span in feet, 

/= stress in booms in tons por square inch, 

T = ratio of span to dei)th. 

c = coefficient varying from 1400 to 1500 for small plate girders, 
and varying from 1500 to 1800 for large plate girders. 


W/r 

w = 

cf~ Ir 


As a check, the following rough rule is given, w 


Wl 
500 ' 


203. Camber and Deflection. — Girders are usually given a slight 
camber while being built, so that they just bec^onie straight when in j»lace 
and l(»aded. A common allowance for camber is ? inch to | inch per 
10 feet of .span. In calculating the deflectibii, take E^he modulus of 
elasticity, equal to 9000 tons per square inch, for riveteo^tructures. 

204. Plate Girder— Worked Example. — The method of procedure 
in designing a plate girder will be showm by working out a practical 
example. 

It is required to design a plate girder such as might be used to carry 
a heavy floor, the clear span }>cing 36 feet. Jt is to carry twelve loads of 
6 tons each, spaced 3 feet centre to centre. An inexpensive design is 
required, and it is not desirable to take up much head room. 

Type , — Parallel flanges. Single web plate. Puncherl holes. Material, 
mild steel. This will make the cheapest design. 

Acttial S2>an , — The clear span is 36 feet. Each end reaction will l:>e 
about 40 tons. Two square feet of bearing area at least will be required 
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at each end, supposing the girder ti^jpest on stone tcrnplots. Wall plates 
I foot 6 inches square would give a bearing area of 2| square feet at 
each endy and the actual span or the distance between the reactions would 
then be about 37 feet 6 inches. 

Depth and Width, — The minimuni depth would l>e ,y(i of t37 feet G 
inches, say 22 inches. It would be desirable for (3Cononiy to go to of 
37 feet 6 inches, say 37 inches. Since head room is valuable, a com- 
promise of about 30 inches will be tried, say 24 inches between the centre 
lines of rivets in the flange angles. The girder is, it may be auj)po8ed, 
fairly well supported laterally by the cross girdi^rs which bring on the 
loads, and a widtli of to of the span may be taken, say a flange 
width of not less than 12 inches. 

Weight, — Using Unwin's formula (p. 223). W ~ 72 tons* Z — 37 J ft. 
r — 37 J /2| =15. c = 1500. /= 7 tons ]>er square inch. 


w = 


72x37Jx 15 

IDOOxY-V^xlb 


= 4 ’07 tons. 


As a round figure, the weight of the girder will be taken as 4 tons. 

End Searings and Exact Span, — The total weight is 724-4 = 76 tons. 
Each end reaction will be 38 tons. If Avail plates 18 inchevs by 18 inches 
be used, the bearing pressure on each stone templet will bi^ pi actically 17 
tons per square foot. A iianl stone will safely (*aiTy this. 3'h(^ jictiial 
span may therefore be taken as 3G + 1 1 — 37 ^ feet. 

Sending Moment and Shearmg Force /)/a|/rrt7?^s'.~-33)esc can now be 
drawn, and are shown in Fig. 331, p. 227. 

The maximum beiiding inomeTit is at the centre, and is \ \ 40 inch-tons, 
and the maximum shearing force is at the (‘iids, and is 38 tr)]is. 

Thickness and Sfifl'ening of Wtd>, — The <ie}>tli of the girder between 
the centre lines of the flange angles is 21 in(‘hcs. Tla^ deptli of llie web 
plate may therefore be taken at about 28 iucln‘S, and tl) is is {‘«>nstant 
throughout the span. The shear per inch of deptli diagram is at once set 
out (Fig. 330, p. 22G). Its value at the extreme end is 38/28 ~ 1 -SC* tons. 
As the loads brought on by the cross girdt;rs are at intervals of 3 feet, tliis 
decide.s that stiflTeiiers must be placed at 3 feet intervals under the loads, 
and it remains to be seen whether further Htifren(*rs will l)e required. 
Considering the panels between the stilfeners uTi(h*r tlie loads, the 
dimension d in the forrnuhe on p, 220 is 24 inches, the; vertical distance 
between the centre lines of the rows of rivets in the boom angles and the 
web. Putting r^=24 inches in the first instance, and giAung Z, the wel) 
thickness, the values I inch, yV inch, and \ inch, 8 from the formula 
given is 0‘73, 1 07, and 1*47 tons rcsj>ec.tively, and these are plotted on 
the shear per inch of depth diagram (Fig. 330). It is noAV evident that 
except at the extreme ends a inch plate is of ample strength. Near 
the centre a | inch plate would suffice. A change of tliickness howcATr, 
entailing, as it would, two web joints, would probably cf>st more than the 
metal saved, unless of course many similar girders areu*e()uired. If a 
inch plate is to be ado])tod, extra stiflening must lie used near tlie ends. 
The most convenient way to carry this out is to put intermediate stiffeners 
between those under the loads, reducing d to 18 inches. A g inch pbitc. 
would then stand PI tons per inch of depth, and a inch plate 1*54 
tons. A yg- inch plate will therefore serve, a | inch plate being too weak. 
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Exti’a stiffening to make ft f inch suitable is not advisable for throe 
fcasons the necessary stiffeners would be awkward to get in, the strros 
per square inch would approach very near to the liniit, and, what is even 
moi'e important, the web riveting in the | inch plate would be veiy difficult 
to design. On the other hand, it need hardly be pointed out that the extra 
stiffeners required by the inch plate wiU be much cheaper than if a J 
inch plate were used with no extra stiffening. A inch web plate will 
therefore be used, stiffened as shown. 

Longitudinal Riveting in Web and Flanges.—^ inch rivets in inch 
holes will be adopted. The value of a rivet in single shear at 5 tons jjer 
sijiiare inch shearing stress is 2*59 tons. A rivet in double shear bearing 
in a inch ])late will carry 3*55 tons, the bearing stress being limited to 
] 0 tons per square inch. Dealing first with the single row in double 
shear through- the web plate, a 3 inch pitch represents a shear per inch of 
di^pth (or length) of 1*18 tons, a *4 inch pitch 0*89 tons, and a 6 inch pitch 
()'59 tons. A 5 inch pitclTwiil not work in between the stiffeners, and 
need not be further considered. The above values are set up in' the 
diagram as thin full lines. It is now seen that a 3 inch pitch must 
(Extend from the end of the girder to A, a 4 inch pitch from A to B, and 
a G inch pitch from H to the centre. Since too many changes are not 
desirahlo, a 3 inch pitch will be adopted extending to B, and a 6 inch 
pitt‘h from li to the centre. Over the last tw'o jianels, near the end, a 3 
inch pitch with the same size of rivets is inadequate. A closer pitch 
means zig-zagging the rivets and a diicper flange angle, and thickening 
the web plate is not desirable, as has already been seen. The third 
alternative is to use larg(*r rivets. There are only a few larger rivets 
required, and probably the cheapest way out of the difficulty will 
1)0 to punch all the holes alike and thcjji reamer the few holes at 
the ends out to | inch diameter. The load upon one of these | inch 
rivets at 3 inches pitch is 3x1*36 = 4*1 tons. Its bearing area is 
0*383 square imh, ami the bearing stress will therefore be 10*7 tons per 
sfpiare inch, but sim^c in these reaniored holes the rivets will be in 
much bcttci* condition than in the ordinary j)unched holes, this may be 
allowed. 

The riveting in the flanges joining llie flange plates and angles is 
clotcrmiiied in (exactly tin* same irianner as for the web, except that there 
are two rows of rivets in single shear, instead of one u>w^ in double shear. 
The possible pitches are shown on the Siime diagram as dotted lines. It 
must be remembered when choosing the pitch that th^ rivets should 
zig-zag with those in tlie web. 3 inch and 6 inch pitches only are 
admissible. The 3 inch pitch Avill extend from the end to C, and the 6 
inch from C to the centre. This will necessitate one odd 4^ inch pitch, 
showui in the plan of tlio girder. No larger rivets are necessary, the 
3 inch pitch giving ample strength. 

Boom Section . — The distance between the centres of gravity of the 
flanges may be taken roughly as that over the backs of the angles. 
If angles 4 inches x 4 inches x i inch bo used, punched 2-^ inches from 
the back, this will be 24 + = 28 J inches. Using this figure, draw the 
diagram (Fig. 331), showing the force in the boom everywhere (got by 
dividing the ordinates of the bending moment diagram by 28J incites). 
The force in a boom at the centre is roughly 160 tons. The stress being 
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Kmited'to 7 tons per square inch, the best section, found after , a number 
of trials, is as follows ; — 

Two angles 4 inches x 4 inches x J inch, less one H 

rivet hole in each . = 46 tons 

Three flats 1 2 inches x § inch, less two ^ J inch rivet holes 

in each . . . . . . • • , = 82 tons 

One flat 12» inches x inch, less two J J inch rivet holes = 32 tons 

Total . . 160 tons 

Setting these off upon the diagram, the necessary length of each plate 
is at once apparent. The inch jdate placed outside must be 18 feet 
6 inches long, the next two {J- inch plates 24 feet and 29 feet long, while 
the inside plate and tlie angles will l)e carried the full length of the 
girder. It will be observed that an extra rivet pitch or two have been 
allowed in the various lengths. 

In this design the top boom will be made of exactly the same 
pattern, length of plates, etc., as the bottom boom ; that is to say, the 
rivet holes will be subtracted from the area of the section l>oth for 
compression and tension . If it is thought desirable to take the area of 
the compression boom as the gross area, not subtracting tlie rivet holes, 
another diagram of the same typo for the compression boom will >)o 
necessary. It is doubtful in the present case if such alteration would 
save money. 

Set out the Girder. — Start with two horizontal centre lines 24 inches 
apart. Erect the centre lines of the stiffeners. Next put in the rivets, 
those in the flanges being staggered with regard to tlioso in the web, 
due regard l>eing paid to local conditions, faking on of cross girders, etc., 
remembering tliat a simple uniform pitch is to }>c aimed at. Next, on 
this skeleton outline, put in the outlines of the jflates and angles. 

Joints.— -Tha longest boom plate in the design has a length of 
38 feet inches. It wdU be advisable to make a joint in this, although 
it might possibly bo obtained in one piece. This joint will be ])laced so 
that the outer } inch i)lato produced will form a cover. The cover 
being single, the rivets are in single shear, each worth 2*59 tons, and 
since the cut ])latc was worth 27 J tons, 12 rivets will be required through 
each half of the cover, as shown. 

If the joint occurs in the bottom boom to the loft of the centre of the 
girder, it may be placed to the right in the toj) flange. 

The web plate will ahso be made in two pieces, and the joint jdaced at 
the centre, where the shear is least. If the joint be designed to carry the 
shearing force only, the shear per inch of de].)th diagram which determined 
the longitudinal riveting will determine that in the transverse seam also. 
It will he seen that a 6 inch jntch would be more than sufficient at the 
joint under consideration. Actually a single riveted butt joint with double 
cover straps and rivets of 4 inclies pitch will be used as shown. 

Stiffening at Ends. — The reaction at each end is 38 tons. A bolster 
plate 1 foot square will be riveted to the bottom of the girder at each end 
to limit the span, and betw^een this and the wall plate sheet lead is placed. 
The reaction must bo distributed over the depth of the web plate through 
the vertical stiffening at the end. There a-re 8 rivets in the end 
angles, and 7 in the &st stiffener. The load on each of these rivets i ^ 
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:>S -r 15 » 2*53 tons; they are in double shear, and, as has been shown, 
uach is worth 8 ’55 tons. But the load is not equally divided over the 
j ivets, and therefore a anargin is desirable. If the area of the cross 
section of the stiffening be worked out, it will be found that the direct 
stress is small. Taking only the end plate 12 inches‘x | inch, and the 
tw^o end angles 4 inches x 4 inches inch into account, it is 3*2 tons 
j>or square inch. 

Each stiffener under a load must distribute a load of 6 tons over 
tlie depth of the web. Through each passes 7 rivets, and if a section 
4 inches x 3 inches x J inch be used, the direct stress will be less than 
1 ton per square inch. 

Moment of Inertia and Momerd. of Resistance of Cross Section . — 
Subtracting the rivet holes from both flanges and allowing for the middle 
1 foot 8 inches of the web only at 33 i>eT cent, efliciency, that is, the worth 
of the riveted joint (the joint is weakest in comi)ressioD between the 
rivets and plates), the mornput of inertia of the central cross section is 
found to be 9740 (inches)^. Since the distance of the extreme fibres 
from the neutral axis is 15*81 inches, the modulus of the section is 
9740 “ 15*81 (inches)®. Hence the maximum stress at the central 

cross section is 4440 —• 61(5 = 7*2 tons per square inch, which exceeds tlie 
limit. The explanation of this is, that in so deep a flange the variation of 
stress between the outer and inner fibres is considerable, a point often 
overlooked when the approximate method is apjAied, and this sliow^s the 
iK^ccssity of calculating the moment of resistance everywhere. It will be 
found necessary to increase the thickness of the outer plate from inch 
1,0 inch. The moment of inertia of the central cross section will then 
become 10,060 (inches)'^, and the moment of resistance will increase 
to 634 (inches)®, which will reduce the maximum stress to 7 tons 
per square inch. 

The moment of resistance diagram is plotted on the base line of the 
b(!iiding moment diagram (Fig. 331), and it will be seen that tlie former 
lies entirely outside the latter. 

The moment of inertia diagram is also plotted on the base line of the 
beading moment diagram (Fig. 331). 

Deflection and Camber . — Assuming that M -r 1 is constant through- 

4440 

out the girder (a rough approximation) and equal to then, 


ML2 4440 X 4502 
.lefiectio,! = =g ^ ^ 10060= 


This deflection is ^ 


of the span, which may )>e considered as reasonable. 

If ^ inch of camber be allowed per 10 foot of syian the total camber 
ri^quired is 1^- inches, agreeing fairly well 'with the estimated deflection. 

Actual Weight of Girder . — The weight of the girder as designed 
is 4 tons 0 cwt 2 qrs, 1 3 lbs., showing that the estimated weight is' 
sullicieiitly accurate. 


Exercises XIV. 

1. A steel plate web girder with parallel booms, 100 feot long, is to support 
a (le«ad load of J ( on, and a rolling load of 14 tons per foot-run. Select a suitable 
<iepth,and assuming suitable working stresses, design the centre section and the 
longitudinal section of the booms, taking 30 feet as the maximum length of 
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plate. Design also the cover plate for .one of the boom joints, and show the 
general arrangement of stiiFeners. Scale for section, 1 inch to 1 foot. Horiaoptal 
scale for booms, 1 inch to 5 feet. ftJ.L. | 

3 . A built-up steel plate girder has the following cross sectional dimensions ^ 
— The flanges consist of three plates, each i inch thick and 1(> inches wide ; 
the web consists of one plate, 4*3 inches deep and ^ inch thick ; the web and 
the flanges are connected together by angles 4 inches by 4 inches by J inch. If 
the external shear force at a particular vertical section of this girder is 1 12 tons, 
determine (a) The intensity of the shear stress in the horiz(nital plane 'of the 
section in which the web plate meets the flange plates, (b) The proper pitch to 
adopt for the inch rivets used to connect together the web and the flanges, if 
the intensity of the shear stress in them is not to exceed 4 tons per square- 
inch. [U.L.l 

3. Draw the M/I diagram for the plate girder in tire worked example (Art, 204). 
Find graphically from this the actual deflection curve of the girder. Measure 
the maximum deflection. Show hy how much the deflection curve dilfers from 
an arc of a circle. 

4 . Plot the shear distribution curve for an end cross section of the plate 
gifder in the worked example (Art. 204). What is the ratio of the mean io 
maximum shear stress ? Compare each with the shear per -inch of depth 
assumed. 

5 . Design the grouped joint for three | inch steel plates 16 inches wide. 
Diameter of rivets, J inch. Holes punched and reamerod.^ A single outside 
cover to be employed. The Iioles in the flanges to be staggered. Calculate 
the various efliciencies of tlie joint. What saving of metal is there over tliree 
separate joints ? 

6. A rolled steel joist is continuous over thiec spans. One extreme end is 
built firmly into an abutment, while the other may be taken as freely suppiorte^d. 
The load carried is 1 ton j)er foot-run. The tw'O outer spans are eacb 10 feet, 
and the centre span is 12 feet. What are tlie loarls on the piers? Draw the 
bending moment and shearing force diagrams. Design the beam, 

7 . Design a plate web girder of the fish-bellied tyfx^ suitable for an overhead 
traveller of 50 feet sjian. There are two such girders upon which the traversing 
carriage runs. The maximum weight to be lifted is 40 tons, and the weight of 
the traverser may be taken as 4 tons. 

8 . A tbree-girder bridge, to carry a double lino of rails, has a clear span of 

36 feet, and the girders Jiave a length of bearing at each emd of 2 feet inches. 
The girders are to be of the plate web tyi»e The flooring is to be trough form, 
weighing about 7 cw^t. per foot-run of the whole width of the bridge. The 
permanent way, including rails, sleepers, etc., nuiy be taken as equal to H O 
pounds per foot-run for each line of rails. Estimate in any way you please the 
approximate weight of the main girders, and determine the maximum bending 
moments and shear on each of the side girders and on the central girder for t.he 
above dead loads, and for a live load of 40 cwt. p>er foot-run per single line of 
rails. Choose your own working stresses, and design a suitatfle crrjss section 
for the centres and ends of the central girder and for one of the side girders. 
Determine the necessary pitch of rivets in both cases. fU L.J 

9. Design for a double track railway bridge. Span between bearings, 60 
feet. There are to V)e two main girders, spaced 26 feet ajxart, centre to ctuitre. 
The deck of the bridge is carried by cross girders pilaccd at about 7 feet to H 
feet pitch, and consists of trough flooring running longitudinally. The sleepers 
are laid transversifly. The dead weight of the floor may be taken as li cwt,. 
per square foot, and the equivalent uniform live load at 2 tons per foot-run f(»r 
each line of way. The maximum load on one axle may be assumed as 20 tons. 
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205. Open Web or Braced Girders. — Open weh girderii include all those 
in which the weh is constructed of separate bars or members instead of 
a continuous plate. In such girders the t(‘nsile and compressive stresses 
to which the shear lias been shown to be o<jui valent are carried by ties 
artd struts sj>ecially designed to take them. 

(.)pen web girders are lighter than corresponding plate web girders. 
The metal in the open web is better disposed, and the girder presents less 
surface to the force of the wind. 

Al)ove 60 to 80 feet span oi)en wx*b girders are ])referable in most 
cases to plate web girders, and in very large spans tliey are a necessity. 
Very liglit girders also are (»ften made of the o})en web type. 

Ofieii well girders are-, how’ever, more costly per ton than plate Aveb 
girders, and th(‘ latter are therefore less expensive for small spans carry- 
ing hea\y loads. 

It is sometimes convenient to construct the w^ob of a girder partly as 
a plate \V(‘b and partly as an ojien^web. If the shear is very large, say, 
at the ends, the bracing and connections are- sometimes ve^-ry difficult to 
design. In such oases it may be more eonvenrent to use a plate wad). 
Near the (jeiitre, howawer, or where the, shear is small, it may be more 
economical to carry it by means of ties and struts. Such a girder is 
termed a Hemi~f)laf<? wdt girder. This form is, however, not much used, 
cxcei)t in sj)e.cial cases. 

206. Types of Open Web Girders. — The web bracing takes many 
diverse forms, from which the various types mainly take their names. 
]5xamj)les are ahow^i in Figs. 332 to 317. 

In the type knowm as the Warren girder (Figs. 332 to 335), the web 
braces form tJie sides of isosceles tiiangles, whose bases are parts of the 
booms. The w^eb members are inclined at 60° to the booms’ in Figs. 332 


yV\A 


T Tps 


Fkj. 


Fl«. 333. 


Fk;. 334. Flti. 335. 


and and at 46° in Figs. 3.^4 and 3.36. Vertical nicinbers shown 
dotted in Fig.s. 331 and 336 are introtlnced to add further support to 
the roadway. In Figs. 332 and 331 the floor or deck of the bridge is 
at the lK)ttoni, and the traffic would pass between the main girders. In 
Figs. 333 and 335 the deck is on the top. 

A Pratt or WMpplt-Murphy ti-uss is shown in Fig. 336. This is 
sometimes called an N truss. The web bracing is composed of vertical 
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and diagonal members alternately. The diagonals are usually, though 
not necessarily, placed at 45"*. The shorter vertical members are struts, 
and the longer diagonals ties. The truss is shown inverted in Fig. 337 
to get the deck on the top- 

A modification of the Pratt truss, witli the diagonals sloping the 
other way, and known as the TIoum is used in America. It is 

usually constructed mainly of timber. The verticals, which are now 
ties, are wrought- iron or steel bolts, and the diagonals, which are now 
struts, are of wood. 

For long and heavy spans, duplicate systems of web bracing are used. 



Fig. 336. Fig. 337. Fig. 338. FlO. 339. 


If two Warren girders of the form shown in Fig. 334 be taken, and one 
is inverted and superposed on the other, a Lattice girder (Fig. 338) is 
formed. If two N trusses of the form shown in Fig. 33G be similarly 
treated, the lattice girder shown in Fig. 339 is obtained, wliich is the 
girder of Fig. 338 with the verticals of Fig, 334 left in. Xh^‘ function 
of these verticals is to equalise the load between the two systems. Jii 
the type shown in Fig. 338, two diagonals i)i the same bay do not carry 
the same stress ; in th(^ ty ])0 shown in Fig. 339, tl)ey should. In actual 
bridges it is doubtful if these verticals really act as they are supposed 
to do. 


If two N trusS(3S be suf>erpt>sed, one being moved half a bay along 
relative to the other, a . _ _ _ 

340) is obtained, Fig^ 

341 shows the same Fig. 340. Fio. 341. Img. 342. 

truss with a sliglitly 

different end j)Ost Fig. 342 shows the Linville truss inverted to get the 
deck on the to[). 


Fk;. 341. 


b'lu, 342. 


In designing girders with duplicate w^eb systen»s it is usual to sejjax’ate 
the two systems, and to design each on the assum]>tif>n tliat it (larries 
one half of the load, though this assum})tion is iiot strictly corn*ct. The 
two are then again superposed, and the stresses combiii(‘d in those meiU' 


bers which are made to coincide. 


Sometimes two girders of the type shown in Fig. 338 arc combined, 
one being moved half a bay along relative to the other. Such a combina- 
tion is termed a double latiicr girder. 


In small girders the web is often composed of a number of diagonal 
bars lattice braced, as showui in _________________ 


Fig. 343. Such a Aveb may be 
looked upon as a multi j>lc lattice 


girder. The bracing usually con- 
sists of flat bar.s, which are made 


wider and thicker toward the points of supj>ort. The usual assumption 
when designing such a web is to make the diagonals cut by any vertical 
section of such size that the vertical shear force at the section will be 
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r>qaal to the vertical component of the sum* of the safe loads in all the 
diagonals cut. Vertical stiffeners similar to those used in plate girders 
are usually introduced, and for similar reasons. 

Sp fac.the types otepeu jiveb,girder§. jref^tred 'to..hasB. pwallal Jbooffl^ 
For vcrj layge siJans it . i:aay ,,be more ceonqiniml to cprve ..pue*. pr.. eYftp 
Imth, of the .boQjns, Girders with curved booms are more expensive per 
ton than” epirosponding ones with straight booms, and should not be 
employed when parallel booms are suitable. Most of the types of web 
bracing already referred to can be used in girders with curved booms. 

4 .gir#.?„}'^\% top boom of jmrabolic form and the other straight, 
(Fig. 344) i.s'tefmed a how-string girder, from its similarity to a bow and” 
string. Such a girder, carrying only a uniform dead load, would, theweti- 
(jally, require no diagonal bracing in the web. Since all bridges have to 
support both non-uniform and rolling loads, in practice diagonalisation 
becomes necessary, as shown in Fig. 344. This form may bo inverted, 
when the “ bow ” becomes a .suspension chain. 

The type sometimes called the fto/r and chain girder is shown in Fig. 
34r). It is the bow and inverted bow or suspension chain girder tyjjes 
combined, the object being to neutralise the thrust of the arched bow by 








Fkj. 344. 


Fig. 345. 


th(i tension in the chain. Practically, it is a girder with two curved 
Ixiorns. The web bracing is usually of the type shown. The bridge 
floor is can-ied by sus]>ension rods, as shown. 

Fig. t‘UG illustrates a type of truss common in America for large 



Fio. 316. Fig. 347. 


spans. The web bracing is of the lattice type. Fig. 347 showH the 
Liuville type of truss ai)p]ied to a large span. 

A tyjje of girder common in English railway practice is illustrated in 
the worloed example, Art. 2'llj pp. 248-258. 

207. Counterbracing. — The function of the ties and struts which 
form the bracing .of an open web girder being to take the shear stress, it 
follows that if this shear stress be reversed in direction at any part of the 
girder, the ties become struts and the struts become ties at that part. 
Now, it was shown in Art. 107, p. 100, that a travelling load added to 
the dead load will have the effect of reversing the direction of the shear 
stre^ss over a portion of the girder. Tii a plate web this reversal of 
stress is of little or no con sequence,, but in an open web it is obvious that 
provision must be made for it. The struts will as a rule act well as ties, 
blit either the ties must be designed to carry the compressive stress, that 
is, to act as struts, or else special members must be introduced to carry 
the reversed stress. These sj)ecial members, which are diagonal tics 
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sloping the other way to the ordinary diag5nal ties, are called counter- 
braces. The dotted linos in Fig. 344 represent counterbraces. 

In duplicate systems of web bracing a member of the second system 
will carry the reversed stress. In Linvillo trusses the bracing near the 
centre takes the form shown in Fig. 347. 

208. Booms of Open Web Girders. — The booms or flanges of open 
web girders are usually somewhat similar in form to those of plate web 
girders, being made up of a number of horizontal plates. They dijBFor, 
however, in having one or more vertical plates, called stringer or curiam 
plqtes, which are connected to the flange plates by angles, and which 
form convenient attachments for the web bracing. The boom, in fact, is 
usually of a T or LJ section, as shown in Figs. 348 and 349. In the 




FXO. 348. 


4* - 

vjT™"^ ' vr ■ • KM — KM — 

Fkx 349. 


IT 

Fig. 360. 


compression boom the lower edges of the stringer plates are often stiffened 
by angles, as shown in Fig. 351, to prevent it Irom buckling. Occasion- 
ally channels arc used instead of these i)]ates and angles, as shown in 
Fig. 350. To ]>revcnt distortion LJ sections may be fitted with diaphragm 
latoSj as .shown in Fig. 352. 


1 

t! 


|( Flange Plates^ I } 
\ /^ / 
^Flange Angles 

'^Stringer Plates 

Stiffening Angles - 




4 - 


A type of boom sometimes 
adopted is shown in Figs. 

353, 354, and 365. Instead 
of placing the flange phitos 
horizontally they are placed 
vertically. Combinations with 
angles and channels are also 
used. In American practice 
these vertical plates become eye bars in tlm tension flange, as shown 
in Fig. 375, j). 215. Iliis tyj»e possesses the advantage that it is a 




Fig. 351. 


Diaphra^ PUde . 

Fi(i. 352. 



most convenient form to get a really good connection with the web 
bracing and for the attachment of the cross girders. Also, it does not 
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hold the rain, as does the LJ form, unless specially drained- The two 
halves of this form of boom are usually connected together* by light 
secondary bracing, as shown in Figs. 353 and 365. 

Fig. 355 shows a convenient form of boom for a light girder. It 
consists of four angles held apart by short plates at intervals. 

The cross section of the boom is j^rojiortioned 
to the stress which it has to carry, exactly as in a 
j)late wob girder. The graphical method shown 
in Fig. 331, p. 227, may be used to obtain the 
length of the flange plates, angles, etc. 

If the lateral dimensions of the compression 
boom are small compared with its length, it should be examined as a 
strut hinged at the panel points. Generally, this is unnecessary. 

209. Joints in Boom Plates.— The joints in the* horizontal flange 
plates are formed exactly as in the case of plate web girders, and similar 
calculations are necessary.. The flange angle joints are also similar, being 
constriKJted with round back covers. The. joints in the stringer plates are 
usually butt joints with douVfle covers, as shown in Fig. 349, sufficient 
rivet section being used to develop the full net strength of the plate. A 
grouped joint for a boom with vertical flange plates is shown in Fig, 353. 

210. Riveting in the Booms. — 'rhe riveting in the booms should be 
of a regular uniform pitch. As far as possible the rivets should be 
arranged to break pitcli across the width, })articularly in the tension* boom, 
so as not to weaken tlie boom more than is unavoidable. A 4 inch pitch 
is the most common, but the pitch slionld not exceed 6 inches where 
tliore is a likelihood of water getting between the }>latcs, nor in any case 
should the pit(‘.li before than sixteen times the thickness of the outside 
plate in tlie com]>rossioji boom. 

Since tbe stress in the boom is transfcrretl from the web bracing on to 
tlie stringer pli^e, and tlience through the flange angles to the flange 
plates, sufficient rivets must be ]>laced through the flange angles* to 
transfej'' tills stress on to tlie flange 2 >late 8 within a reasonable distance 
along tbe length of the flange. 

211. Web Bracing. — The web bracing is constructed of the ordinary 
rolled sections, used singly or in combination. For tics, flat.s are most 
commonly used. If, hovrever, lateral stifthess is desired, or if the stress 
is likely to lie i*eversed, a chaniiel or other suitable section may be 
employed. If the reversed stress is small in amount, two flat bars con- 
nected by secondary bracing, as showui in Fig. 357, may be used. Each 
of the flat bars must, howe^'e^, be cai»able 
of carrying one-half of the load when con- 
sidered as a column bending V)etw’een the 
points of secomlary su 2 » 2 >ort. This condition 
usually determines the siiacing of the cast- 
iron distance ]>ieces. 

For a light tie a single flat bar is best, 
and for a light strut a single aiigh' or tee 
bar is most suitable (Fig. 356). 

* Tlie usual sections suitable for heavier struts are slujwn in Figs. 358, 
359, 360, 362, 364, and 365. A strong and light strut is formed by 
connecting together two or more simple struts by secondary bracing, as 



Fig. 366. 
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shown in Figs^ 358 and 359. Two channels braced toother Wh© a 
favourite form of strut. 

If a stmt is equally free to bend in two directions at right angles to 
one another, its component parts should be chosen and arranged so that 



the radii of gyration of the section about axes perpendicular to these 
directions are as nearly as possible equal. 



Fjo. 300. 


The. parts of a built up strut between the j joints of attachment of the 
secoTidary bracing should })e examined as separate short columns hinged 
at their ends. 

Secondary bracing usually consist's of light fiat bars, 2 inches to 2J 
inches in width, and*]; inch to | inch in thickness. Light angles about 





Fig, 364. 
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2J- incbes x 2^ inches are also used. Various forms of secondaiy bracing' 
are shown in the illustrations of this section. 

The stresses in tJw web meiiiliers are found from the stress diagrams 
(see Chapter XII.), and their cross sections determined by the rules for ties 
aud struts. 

Where the connections between a strut and' the booms are stiiF 
riveted joints, and the boom sections are also stiff and capable of with- 



standing considerable bending and distorting inomeTits, the strut may be 
considered as fixed at its ends, or nearly so. It is safci;, however, in 
order to allow for any imperfection in the manner of fixing to take the 
effective length of the strut as, say, I J times ite real length. 

212. Connection of Web Bracing to Booms. — Jn English practice 
riveted joints are almost invariably used foi connecting the web braces to 
the booms. Examples arc shown in preceding illustrations. In America, 
pin joints, such as shown in Fig. 37.^, are connnon. 

if the number of rivets required in the ends of the w^eb members is 
not too large, these members may be attached directly to the stringer 
plates, as shown in Figs. 55(), 3b0, and 362. Often this is not possible, 
and gussets are introduced, as showm in Figs. 363, 364, and 365. In 
Figs. 364 and 365 the rivets in the ties are placed in double shear by 
the use of cover plates. 

The following conditions should be observed when designing joint 
connections : — 

(a) Sufficient rivet section should bo provided in each member to 
take' the k)ad on it. If gussets are used, sufficient rivets must pass 
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through the ^set and stringer plate to take the load from the cosset 
.uid transfer it to the boom. ® 

(b) The axes of each member (boom included) should meet at a 

point* 

(f) The rivets iji each member sliould be synimetrically grouped 
cilioiit its centre line. 

(d) A tension member should not be weakened to a greater extent than 
one rivet hole. 

The rivets should be spaced at a convenient and uniform pitch. 
Those in the web members should not be permitted to upset the 
uniformity of pitch of the boom riveting. 

(f) centres of the rivets should not be less than three diameters 
apart, or closer to the edge of the plate than 1^ diameters. 

Too^ often in actual practice the above conditions are not all com- 
plied with. Sometimes a compromise has to be made, but with a little 
cun! and ingenuity much ihay be done towards satisfjdng all the con- 
ditions. 

213. End Posts. — The end struts of bridge trusses are termed end 
posfs. They have to carry the whole reaction due to the load on the 
girder, and are therefore of more massive^ construction than the ordinary 



Fig. 3et;. 

si ruts ; in fact, they are frequently of similar cross section to the com- 
jM'f'ssion boom. 

Details of two inclined jiosts are shown in Figs. 366, 367, and 368. 
A vertical end ]>ost is shown in Fig. 384, p. 254. Tn some inverted 
n'uasos, however, the end member is a tie, which mav be of the usual 
torrn. 

214. Bearings. — Beneath the feet of the end yiosts are placed the 
bearings. An example of a roller bearing is shown in F^g. 369, which 
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presents the standard practifce of Mr. George A. Morrison, the cele- 
:ited American bridge engineer. This bearing is fully illustrated and 
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tli‘scrib(*<i in tbo I'ransartioifu of ihe Amcriran Sonet if ff Afprhanical 
Krujiuen'^ for ISD*). I'Jie following particulars and table of dimensions 
an* taken from Mr. Morrison’s jja}>cr 
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The rail plate rests on a cast-iron bed plate, not shown in Fig. 369. 
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Above the rollers is the top beraring, which is a stoel casting carrying 
tlie rocker plate, which carries the top plate. The bolster, or the bottom 
chord, is placed on the top plate, to which it is bolted rigidly. The 
rocker plate is square in plan, its bearing surfaces being cylindrical, of 
radii equal to the side of the platet A rocking motion is ])ossible in 
any direction, and the bearing may bo depended on to distribute the 
weight not only uniformly over the several rollers, but uniformly over 
the length of each roller 

__ - (/> + 1 T)) z _ 1 

e _ y 

The roller btjaring provides for the longitudinal expansion and con- 
traction of the structure duo to variations of temperature. Such 
provision is, however, only necessary at one end of the truss. At tlui 
other end a fixed hearing, or one whi<*h provides for rocking motion ojdy, 
is provided. A form similar to that shown in Fig. 369, but without the 
rollers, may be used for the fixed end. Another form is shown in 
Fig. 368. 

215. Bridge Floors. — The floor of a bridge may be carried on tht^ 
top of the main girders, or it may be attatdied to the bottom flanges of 
these girders. In the former case the traftic yyasses over the main girders, 
and the bridge is called a “ (hek hridtje ; in the latter case tlu* traffic 
passes bet, ween the main girders, and the bridge is thc'n called a 
^^throwjh^^ bridge. 

216. Kailway Bridge Floors — Cross Girders. — The weight of the 
bridge platform and the rolling train load is transmitted to the main 
girders by cross girders, wlitcli are usually shalh^w, plate web girdc?\s 
spaced at intervals along the main girders, and pla(‘ed transversely to 
them. Figs. 327, 328, and 329, j). 223, slnnv the common nicaias of 
attachment if the main girders are of the plate web ty[)e. 

(Jommon methods of attaching cross girders to main girders of the 
open web type are shown in Figs. 370, 371, and 372. Figs. 370 and 
371 apifiy to through bridges, and Fig. 372 to deck bridg(‘s. In Fig. 
370 the cross girder rests on the flange of the main girder directly, wdiile 
in Fig. 371 it is slung below. The latter Tncch(»d lias the advantage 
that the loa<l is transmitted directly to the centre of tint main truss, sind 
docs not tend to twist tlie flange. 

The minimum sj)acing of the cross girders should be from 7 to 8 feet, 
that is, not less than the distance ajiart of the driving axles of the 
heaviest locomotive crossing the bridge. This sjiaciiig, lK)\vever, may be 
much increased in large spans. In any cfise, cross girders may only be 
attached to the main girders at panel points. 

Each cross girdt^r must be capable c>f carrying its share of the dead 
load of the bridge j)latform, together with the heaviest live axle load 
which may come upon it. Ch’oss girders are usually assumed to be freely 
supported at the ends. 

217. Rail Bearers. — Spanning between the cross girders, and placed 
directly beneath tlie raSs, are longitudinal girders called rail Imirer^ or 
stringers. For a 4 feet 8^ inches gauge these rail bearers would be spaced 
about 5 feet, centre to centre. The rail bearers carry the weight of the 
platform and the axle loads on to the cross girders, to which they are 
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attached Fig. 3T3 shows the method of connecting the raU be&m^ tn 
the cross girders. For a further illustration of rail bearers, see Fig. 58h‘, 
p. 256. Bail bearers are designed in a similar manner to the cross girders. 

218. Floor Plating. — Upon the double system of girders, made up 
of the cross girders and rail bearets, is placed the deck proper, which 
consists either of flat or buckled floor j)lates, and upon which the ballast, 
rests. The thickness of these jdates varies with their area and the weight 
supported, but is usually about § inch. 

219. Ballast and Sleepers. — Ballast consisting of broken atone 
asphalt is spread over the floor plating to a depth of 3 inches. Above 
this and under the sleepers at least 4 inches of hard ballast is placed. 

The sleepers are of pine, 9 feet long, lU inches wide, and 5 inches 
thick, spaced at about 3 feet centre to centre. If head room is limited, 
the sleepers may Ixi jdaced longitudinally and bolted down directly to the 
floor plating above the rail bearers. This method has the disadvantage 
that it breaks the continuity of the permanent way system. 

To prevent the ballast spreading, vertical plates, called ballast guards, 
are fitted (';oe Fig. 38(), p. 25(y). IVovision must also be made to confine 
the ballast at the end of the bridge. Suitable drainage arrangements to 
carry ofi’ water from the })ridge floor are also nt^cessary. 

220. Trough Floors. — Instead of flat or buckled plates, trough sec- 
tions of various forms may be employed. 

Fig. 374 shows a common form. In tliis 
case rail bearers are uimceossary. the troughs 
running longitudinally, and resting u])on the 
cross girders, to which tliey transmit the load- 
With plate web girders, th(^ cross girders them- 
selves may also be dis[)ensed with, and the troughs arc then laid trans- 
versely and attached dinn'tly to the main gird(*rs. 

The trouglis are designed as beams, the total moment of resistance of 
those which actually bear tli(i load iKung e(|uat(*d to tht‘ b(mding^moment 
upon them. Dimensions and moments of resistance of trough flooring 
are given in the various makers* catalogues. 

221. Widths of Railway Bridges. — With a single! line of rails, tht! 
clear width )) 0 tween the para]>ets should be 15 feet. A double line 
running between two main girders requires 2G feet, the distance between 
the roads being 6 feet, 

222. Road Bridges. — The flooring takes much the same form as that 
of railway bridges. It must, however, bo capable of carrying a li\e load, 
consisting of heavy traction engines and other vehicles, anywhere uj>on 
the surface of the road. The variou.- forms of trough flooring are very 
suitable! Very small })ridges nay even bo made without main girders, 
longitudinal troughs carrying the load from abutment to abutment. 

The widths of road bridges correspond to those of the roads whioK 
they serve. . 

223. Example of American Practice. — Fig. 375 illustrates the details 
of a typo of bridge common in America. The line diagram near the top 
of the figure shows a jiortiou of the truss, and details of the joints at 
A, C, D, and E are shown to a larger scale. It will be observed that tlie 
tensiort members are eye-bars, which are connected to the other members 

joints. 
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It may be noted here that in American j»ractico the ratio of 3epth to 
span commonly adopted is larger than is usual in British practice. 

224. Wind Pressure. — In what follows, the direction of the wind is 
supposed to be horizontal. In estimating the effect of wind pressure on 
a bridge, two alternative cases should bo considered, (u) Wlien the 
bridge is unloaded, and* a wind pressure of 5G lbs. per square foot is 
acting on it. (h) When a train is crossing, and a wind pressure of 30 lbs. 
per square foot is acting on both the bridge and train. The wind 
pressure on the moving train forms a travelling load acting laterally on 
the structure. 

Tile area upon which the wind acts may be estimated as follows. For 
a single fiat bar or a solid body like the fioc^r system, the face area pre- 
sented to the wind may be taken. When two bars lie, the one directly 
behind the other, but from two to three diameters apart, the combined 
area may be taken as one and a half times tliat of a single bar. If, how- 
ever, the distance between them is relatively great, the combined area 
presented is twice that of one. For example, the area 2 )resented by two 
ties, one behind the other, in the same panel of a lattic(^ truss, would >)e 
one and a half times the face area of one^ but the total wind ]>ressuro on 
the two girders of the bridge would be twice that on onc'. In a plate 
girder bridge, however, the windward girder may l)e assumed to shield 
the leeward girder to an extent dejiending <m their distance aj^art. The 
train surface may be taken as 10 square feet i)er foot-run, and the 
travelling wund load is then 300 lbs. 2 >er foot-run. 

225. Wind Girder, — The lateral wdiid load is su 2 )]>orted hy a girder 
formed by bracing together two of 
the main booms in a horizontal 
2 )lano, usually that of the bridge 
floor. Sometihi(3s the other two 
booms are also similai’ly braced 
together, then the two girders so 
foniied share the lofwl. 

If the bridge floor consists of continuous 2 >lating, this may ])e looked 




upon as forming the web of the wind girder. Frequently, however, a 
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separate and distinct braced web is provided. Fig. 3Y6 is a skeleton 
diagram of such a web, this being of lattice pattern, since the wind may 
hlow in cither direction. Fig, 377 shows in detail the connection of the 
wind braces to the bottom 
flange or boom at A, 
iirul Fig. 378 shows tw^o 
methods of connecting the 
wind braces at their in- 
tersection B. 

Tlie stresses in the 
wind girder under both 
conditions (a) and (/>) 

(Art. 224) are determined 
in the usual manner, 
and the web ine]n))ers designed to carry them. The stresses in 
the booms due to the wind are suitiibly combined with those due to 
other causes, and the booms are designed to carry the resultant 
stresses. All tlie wind pressure stresses should be treated as live load 
stresses. 



226. Overhead and Sway Bracing. — In through^’ bridges the top 
l)ooms are often connected together by overhead bracing. If head room 
is limitc'd, tliis overhead Vmicing takes the form of a curved girder, such 



as is sliown in Fig. 379. Should height permit, sway bracing of the form 
shown in Fig. 380 may be used. 

This, overhead bracing may be looked ui)on as tending to equalise 
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between the two main jJIders the wind jiressure acting on the bridge. It 



also has the effect of resisting the distortion of the bridge due to the 
deflection of the cross girders as the 
travelling load i)iisses. 

When the trusses are too low 
to admit of any overhead bracing, 
gussets may be intnKinced instead, 
connecting the vortical inonibei's 
with the cross girders, as shown in 
Fig. 370, p. 243. 

To resist latm-al distortion, 
deck bridges are invai*ial>ly braced, 
as shown in Fig. 3S1, See also Fig. 372, ]>. 243. 

227. Open Web Girder Bridge — Worked Example.— To indicate 



the metherd of i)ro(i<^dnrc, the design of an f)]Kai web girxler bridge to 
fulfil the following conditions Avill }>e considered. T///)e — single track, 
through bridge, —150 feet. 'FravelJimj lowf — a train of ‘‘‘eight’ 

wheeled ” coac'hos, headed by three locomotives of the type shown in 
Fig. 382. 



Fio. 3S2. 


Type of A'fdtn As typical of ii<n’i>ial Fritisli ]>racfico for 

spans of the length giv^n and carrying siu-li a load, an N girdr^i* with 
curved top flange will ’oe arlo]4cd. 

^ Artudl Span . — iMx as accurately as jrossibhi tire actual sj)an of the 
girder. Wher'e rocking liearings are employed it is the distance from 
cAiiitre to (‘.entre of tire jnns, in this case 150 feet exactly. This span 
will be used for all calculations. 

Depth of (Hrder and Nmnlmr of Pane h.—T\\iy depth at the centre of 
the sirari should be from one-twelfth to one-oighth of the span, the number 
of panels being chosen to correspond, due consideration having been given 
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to the spacing of the cross girders. Fig. al^^ows an outline of the 
truss as decided upon. The depth at the centre is 12 feet 6 inches, at 
the ends 7 feet 6 inches, and there are twenty panels, each 7 feet 6 inches 
in length. 



Oidirne of Main Qi7*de:i\^ and Ct'onH Section, — Draw an outline of the 
]>rirlgo, showing tho centre lines of the various inemV^ers. Draw also an 
a])proximate cross section at tlie centre, showing the cross girders, rail 
1 Hearers, flooring, etc. See Fig. 386, p. 256. Reference to an existing 
bridge is hero desira})lc. 

LenijUtH of MoiKberti, — Calculate the lengths of the centre lines of all 
the Jiienibcrs of the main girders and tabulate them. See stress sheet, 
p. 257. 

yVare/Nnfj Load JtlferU, — Detcrinine the maximum bending moment 
and shearing force diagrams, and also the equivalent uniform load due to 
the specified traveUiiig load. The tracing pai)er method described in 
Art. IbO, p.'* 98, may be used. » 

Wlien th(! travelling load crosses the bridge the bending moment 
ris(is to a nuiximinu of 4800 f<K>t“tons, the equivalent uniform load being 
256 tons. The maximum shear force occurs at the ends of the span, and 
is 133 tons. 

Weiijlit of JiHdffc, — The dead load duo to the weight of the bridge 
and its floor must l)e estimated as closely as possible, basing the calcula- 
tion if possible on an existing deSiigu. TJie following will indicate the 
method. 

The area of bridge floor covered with ballast w^ill be takni as 
150 feet X 11 J feet (see cross seetbm, j). 256). The weight of the bridge 
floor, exclnsivii of cross girders, is therefore — 

Tons. 

150 ftict of permanent way, inchuling rails, chairs, and sleepers 11*0 • 

?i inchcH of broken stone asplialt (u l U) lbs. per cubic foot ii7’0 


<1 inches of ballast ijfuler sleepers (ti^, 1‘20 • 30 8 

5 inches of ballast around sleepers («t 120 ,, „ . 30*1 

g inch flooring plates, ballast guaids, and fixings . .17*1 

Timber foot paths ........ 3*8 

Itail bearers (rolled steel joists Qj), 57 lbs. per foot-run) . 8*4 

Total . . . 128^ 


There are 20 panels and 21 cross girders. The dead load per cross 
ginior is therefore 6 '4 tons. Taking the maximum live load on a cross 
girder to be tl.'c heaviest axle load 17*4 tons, and the equivalent uniform 
load as 1^ times this, and doublii’g this latter figure to reduce it to a 
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dmd load, the total eq#vlient uniform dead load upon a cross girder is 
6*4 + 52*2 = 58'6 tons. 

Using Unwin's formula (p. 223), assuming a ratio of depth to spgpi 
of and a constant of 1500 for steel plate web girders; the span 
being about 16 feet, and the stress limited to 7 tons per square inch ; the 
weight of each cross girder is I’l tons. Add 10 per cent, for gussets and 
fastenings at the ends. Hence the dead weight carried by the main 


girders, exclusive of their own weight, is — 

Tons. 

Bridge floor 128‘2 

21 cross girders 25'4 

Overhead wind bracing, etc., say 5 0 

Total . . . 158^ 


The total equivalent uniform load on the two main girders is therefore 
159 + 256 = 415 tons, exclusive of their own weight. Applying ITn win's 
formula, the span being le50 feet, dei^th at centre 12^ feet, and taking 
the safe working stress in eoin})ression at 51 tons per square inch, and 
the constant at 1900 for steel o})eii web girders of the type under coti- 
sideration, the weight of the two main girders is 87 ton^s. 

Hence the total dead load on the main girders is 159 + 87 — 246 tons. 

Unit Tjoad — Find the stress in each member of the main 

girders with unit load at each panel ))oint, preferably both gra])hically 
and analytically. Tabulate on the stress slice t. 

T)ea(l Load — Taluxlate also the stress in each member due 

to the actual dead loads at the panel points. This stress is 6 '2 times the 
unit load stress, since the t(flal dead load is 246 tons, and there are 2 x 20 
panels, 

Majt'inium Lire Load resides 'in the ] looms , — Find the maximum 
stresses in the boom m embers due to the live load. These will occiii- 
when the bridge is fully coveu-ed, and arc obtained from the equivalent 
uniform load, which is 25G tons. The corresponding load at (‘ach jianel 
point is 6*4 tons, and the .strt‘sses irt the boom nnunbers are therefore 6*4 
times the unit load stresses; they can therefore tk^w be tabulated. 

Moj'imum Lire Load Stresses in the Weh Members . — Tlui inaxiinum 
live load stresses in the web members must be obtained from tlie maxi- 
mum shear ft>rce diagram (not 6*4 times the unit load stresses). Tabulate 
these stresses both for tlie front and back of the travelling load, giving to 
each its correct sign. 

Wind Load. Stresses . — Calculate and tabulate the wind load stresses 
under both conditions (a) and (b). Art. 224, p. 246. 

Under condition (r^) the exposed area is— 

Twice the face area of the uppc!r flange . 

The face area of the lower flange and floor system 
Three timers the face area of tiie verticals 
Three times the face area of the diagonals 

Total 


Sq. Ft. 
. 450 

. 420 

. 4S0 

. 530 

. 1880 


The distributed wind load at 56 lbs. per square foot is therefore 
47 tons. 
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Under condition {h) the exposed area is — ^ ^ 

Sq, Ft. 

Tb# lace urea of the upper flange 226 

The face^rea of the lower flange and floor system . . , 420 

One and a half times the area of the verticals .... 240 

One and a half times the area of the diagonals . . . 265 

Total . . . 1150 


The distributed wind load at 30 Ihs. per square foot is therefore 
10 ions. The rolling wind load at 300 lbs. per foot-run is 20 tons. 
Hence the total wind load under these conditions is 36 tons. 

In estimating the above areas reference may be made to an existing 
]>ridgo, or since, in this case, the wind stresses will only affect the lower 
booms, th(i scantlings of the other inem])ers of the main girders may be 
calculated and their actual areas UwSed. 

The two bottom flanges of the main girders which constitute the 
booms of the wund girder are 18 feet centre to centre. Having found 
the total wirnl load, the streisses due to it under both conditions (a) and 
(/y) can be calculated. 

Afaxiiirmn and Minimum Stresses . — All the stresses under each con- 
dition of loading are now tabulated. The maximum and minimum stress 

in each bar and the ratio determined. The 

maximum stress * 

maximum stress in a bar is the grciatest stress whatsoever in one direc- 
tion which can come on it. I’he minimum stress is the least strdls in 
tlic same directit)n, or should the stress reverse, the greatest stress 
in the opposite direction. In the ^ latter case the minimum stress is 
negative. 

Ill finding the maximum and minimum stresses, however, care must 
be taken that they aie the values between which the stresses actually 
ultcriiato. I'wo examples taken from the stress sheet will be iiere 
considered. 

J>ar 10, tension boom. The maximum stress will occur when 
tiu* bridge is fully covered by a train and is made up of dead 
load stress— -f 184*9, live load stress^- -f 190*9, and wind load stress 

4-37*5, total 413*3 tons. 3Tie minimum stress occurs when the 
bridge is (juite emjity and no wind Iflowing, and is ■+■ 184*9 tons. The 
stress will evidently alternate between these values, and their ratio 
is +0*44. 

Bar 40, web member. When the bridge is empty, the stress in this 
bar is -f 6*6 tons. As a train rolls on the stress steadily decreases 
until the fr<mt of the train rca<‘hcs the panel, when it has become 
+ 6’6 — 16T ~ -"9*5 tons. It now begins to increase until, the rear of 
the train having just passed the panel, it reaches a positive maximum of 
-f 6*6 4- 32*7 = +29 '3 tfms, decreasing again to +0*6 tons as the train 
rolls off the bridge. The stress therefore alternates ln'tween a maxb 
tnuiu of +29 ’3 tons and a minimum of —9*5 tons, and their ratio 
is -0*32. 

Worlcinff Stressei ^. — The safe working stress in a member depends not 
only on the maximum stress in it, but also on the range through which 
the stress alternates. Various methods and formulie, based chiefly on 
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Wohler*® experiments, K&ve been proposed to take this fact into account 
Either of the two following may be used : — 

safe working stress in the bar in tons per square inch* 

.. minimum stress 

r« the ratio ; 

maximum stress 


Cl<txton Fidler^s Formula (slightly modified in form), — For the flai)go.s 

9 

of girders up to 100 feet span and for all web members, /= x — for 
tension members, and, /= for compression members. 


For the flanges of girders over 100 feet span, /= 
7 


n-lr 

members, and, /= compression members, 

ll-lr 

Tile Launhardt-Wey ranch Formula . — 

/ = 5^1 4- for tension members. 

/= 41^1 -I- for compression members. 


for tension 


The gross area of compression members is to be taken, and suitable 
allowance made for the tmdeuey of long struts to buckle. 

The working stresses found by cither, or both, of these formulio 
are tabulated on tlu* stress sheet. 

CrosH Sections of Members - -ITsing the safe working stresses as found 
above, design the ineiubers of the main truss in the following order : — 

Tension Boom , — Find the necessary area at the centre, and deteriniinj 
the section there. Set out a diagram similar to the lower part t)f Fig, 
331, ii. 227, showing the variation in the force in the boom throughout 
its length, and show on this diagram the worth of each element in the 
boom section, using tlie safe working stress in eacli panel in turn, af to- 
deducting the area lost through rivet holes. This diagram determines 
the number and length of tlui boom plates. 

Compression Boom . — Make a similar diagram for the compression 
boom, using, however, the gross area of the section. In the ])resent 
design there is no need to make any allowance for buckling. 

, Joints in Booms , — Arrange for suitable grouj>ed joints in the booms. 
The proposed lengths of plates should be shown on the diagrams. 1^hey 
must of course be convenhmt from a practical point of view. Design 
the riveted joints and find their efficiencies. They must equal in strength 
the }dates which they connect. The safe working shear stress may be 
taken as 0*8 of the safe working stress in the bar. The sahi working 
bearing stress may be double that of the shear stress. 

Diagonal Ties. - -Find a suitable section, distributing the load over 
one, two, or four bars as may appear necessary. Design the riveted joint 
in the end of the tie. If the stress reverses in a tie it be.coiiieli a strut, 
and it must also be considered as such. 


* For a full discussion of this subject the student is referred to Professor 
Claxton Fidler’s treatise on Bridge Construction.” 
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Example. Bar 32. Maximum load, 161*? tons. Safe working 
stress, 5*9 tons (Claxton Fidler), or 6*2 tons (Launliardt-Weyrauch), . 

Try fotir bars 1 1 inches wide by | inch thick. 

Net area {less one rivet hole) = 25 *3 square inches. 

Actual stress in tension = 151 *7 , h- 25*3 =:-■ 6 tons per square inch. 

Number of rivets required, 16 of J inch diameter. 

Minimum efficiency, 90*4 per cent, (tearing at second row, and shear'- 
ing at first). Equivalent stress, 6*1 tons per square inch. 

Compression Members , — Allowance may be made for the lengths of 
the struts by the following modification of the Rankino-Gordon formula. 

Using the notation of Art. 160, p. 166,/= ^|l 

Secondary flexure in a strut braced as that shown in Fig. 384, p. 254, 
need not be considered. 

To find the number of rivets in the end of the strut, the safe working 
stress for shear may be taken as 0*8 of the safe working stress intthe 
bar, and the safe bearing pressure as double the safe shear stress. 

Example. Bar 22. Maximum load, 96*3 tons. Calculated length, 
8*45 feet. Equivalent length, 8*45 x 1 *6 = 13*5 feet. Assume a section 
consisting of two B.S. channels, No. 19, 23*55 lbs. per foot-run, to each 
of which is riveted a plate 10 inches x i inch (see Fig. 384, p. 254). 
Area of section = 23*8 square inches. Minimum 1 = 286, and 
both in inch units. * 


Safe stress, 4*5 tons per square inch (Cnaxton Fidler). 

,, „ 5*5 ,, „ „ (Launhardt-Weyrauch). 

Actual stress = 1 + ^ per square inch. 

2o*hv. 31)000 X 121 


Safe stress in single shear on rivets-- 0*8 x 4*5=- 3*6 tons per square 
inch. Number of rivets required — 43. 

ihissets, — The.sc sluaild be thicker than thi*. members which they 
unite, and of suitable shape to alloAv of gwd connections. Thf> number 
of rivets through the ties and struts has already been determined. The 
number of rivets through the gussets into the boom is found as follows. 
The dead load which a gusset adds to the boom is determined from the 
dead load stress diagram, and the live load which it adds is found from 
the maximum shear force diagram. From these the minimuru and 
maximum stresses and their ratio can be ol)tained. The safe working 
shear stress may be tiikeu as eight-tcjitljs of the vsafe working cotn 
pressive stress, as found by the formulae on p. 252. 

Where a cross girder is attached to a gusset the additional load which 
it adds, including dead, live, and wdnd loads, must be conq)ounded with 
that from the struts and ties, allowing for tlu^ fact that part of it will be 
in a direction peri>endicular to the flangt;. The safe working stress can 
thus be determined, and then the number of rivets required. There will 
V)e local bending moments on the gussets aud the rivets in them in 
almost every case, and it is well to (jrr on the side of liberality when 
designing them. 

Outline Drawing of Main Girders . — This ean now be made. The 
centre lines are first set out, and the sections of the members shown upon 
them. Next the riveting is arranged, care being taken to get uniform 
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pitches^ suitaUo joints, and provision for the attachment of ihe cross 
girders, etc. ^ Some devils may need revision. From this drawing the 
working dramngs may be made. 

To complete the bridge the following calculations are necessary. 

Cross Girders avd Rail Bearers , — These carry a definite portion of 



the bridge floor and a live load, consisting of one or more of the heaviest 
wheel loads. Design them as j>late web girders (p. 21 fl), doubling the 
live load to reduce it to an e([nivalent dead load. The working stress 
may be taken at tons per square inch in tension. 

Floor Plating , — This may bo considered as carrying a certain dead 
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load pel" xi&it atea in rectangular panels. The shear stress to wind 



Fig. 885. 

loads must also be examined. Practically, the thickness would be about 
I inch. As few sizes of plates as possible should be used (two only in 


Tm 8.S.C. Nil3- 8‘x3ii3i22-7 fbs. 
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«fo'’*example). Suitable connections to the cross girders And raU,,fe«p«i:s 
should be arranged. 





Single Track Raihray Bridge^ 150 feet Span. Extracts from Stress Sheet, 
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the wind load on the windward girder to the leeward girder. The form 
shown in Fig. 379, p. 247, would be suitable in this example. 

The Roller ajid Fixed Bearin/js and any other details will complete 
the design for the superstructure. 

The probable deflection, necessary camber, quantities and w^cights will 
complete the calculations. 

Should the finished weight come out much in excess of that estimated, 
it will be necessary to re-design the structure to allow for this. 


Exercises XV. 


1. A road bridge is 80 feet long and 15 feet clear width between the main 
girders. Each main girder is of the Warren type, and is divided into eight equal 
bays of 10 feet each. The weight x^er ft»ot-run of eaeli niaiu girder may he taken 
as 4 cwt., and the total weight of cross girders, flooring, etc , })er foot-run as 
1 ton. The girder has to be designed to support a crowd of X)eople weighing 1 cwt. 
per square f(K)t of roadway, and also to bo strong enough to sustain a tracth)n 
engine. The wheel base of the traction engine may he taken as 14 fe(*t, and the 
loads on the axles are 7 and 15 tons respectively. Estimate the greatest forcc^ to 
which each muinb(*T is subject(*d. Also sketch a section of the bcioms and, 
starting from a point of support, i>roceed to determine the scanUing of the 
members and to design the joints. Choose y<»nr own material, working stres.^^os, 
and scales. Your calculations must be hainhMl in with your drawings. [U.L.] 

2 . Design for a singJe tra(;k railway bridge. Span, 120 feet. Ratio of dejjth 
to span, The girders to he of uniform dejith, divided inio ten equal jianels. 
Web bracing to be of N type. The bridge i.s to carry a uniform travelling load 
of 2 tons per foot-run, the maximum axle load being i8 tons. 

3. Fig. 3<S7 shows a hinged lifting bridge. The span is 40 feet, and it is 
divided into five equal 
bays, each of 8 feet length. 

The bridge load is 
equivalent to a uniformly 
distributed di^/cl load of | 
of a ton xicr foot-rnn, and to 
a uniformly distributed live 
load of ^ ton per foot-run. 

Determine, {a) the stresses 
in the various bars of the 
bridge when it is closed and fully loaded ; (h) when it is being lifted and is just 
clear of the free support, carrying then, of course, only the dead load. 

Choose your own working stresses, and design the tox> and bottom booms. 
All drawings to bo neatly finished in x>cnc?l and fully dimensioned. All caleaila- 
tions must be handed in with the drawings. [U L.] 

4 . Fig. H88 shows a bowstring girdei for a. x^roposi'd road bridge, which has 
also to carry a tram line; the siJan of the bridge i.s 140 feet, the dex)th at the 
centre 25 teet» 6 
inches ; width of 
bridge from centre 
to centre of main gir- 
ders, 18 feet. The 
dead load is to he 
1300 Ihs, j)er lineal 
foot, tile live load 

)()0 lbs lineal 

foot. Determine in any way you please the stresses in each member of the 
girder due to dead and live loads. Design the top and bottom booms. You 
are not required to draw the .section of the booms, but to determine the necessary 
cross sectitmal area, and to sketch the sections. .[U.D. ) 

5 . Design for a single track railway bridge of the American type (see p. 245). 
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To be of 160 feet span divided into eight equal panels. Ratio of depth to span, 

To carry a train consisting of locomotives of the type shown in Fig. 389. 


r ^ (kkkfc ^ : 

K4-0’4*4-I0 ♦N- 5 - 6 -^4-10 7-1 — *4«4-6 ^4-6 -4^5-9 — 8-1 4^5-0 4 

Fig. 389. 


6. Design for a single track railway bridge of the type shown in the worked 
oxanijjle (pp. 248 "258). To bo of ICO feet sp^in. Eafcio of depth to span about 
To carry a train of locomotives of the type shown in Fig. 390. 



7. Design for a double track railway bridge of the Whipple -Murphy typc- 
Span, 200 feet. It is required to carry trains of locomotives of the type shown 
in Fig. 390. 
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228. Sliding Friction — Coefficient of Friction. — Friction is the 
resistance which comes into action .when one body is made to slide over 
another. The force of friction (F) is the least force, acting parallel to 
the sliding surfaces of the bodies in contact, which will cause the one 
body to slide over the other. If Q is the mutual normal pressure 
between the bodies in contact, the ratio F/Q is called the coefficient of 
friction^ and is denoted by /a. The* following table gives some values of 
ja for moderate pressures and low speeds : — 


Wood on wood, dry . . 0 25 to 0 

„ „ soaped . 0-1 0-z 

,, „ greased 0*02 ,♦ 0 1 

Metal on wood, dry . . 0 2 „ ()•(> 
Metal on metal, dry . . 015 „ 0 3 
„ „ oiled inter- 
mittently 0 07 „ 0 08 

Metal on metal, oiled con- 
tinuously 0*04 ,, O OG 


Leather on wood, dry . 0 to 0-5 

Leather on metal, dry . 0'3 O G 

1 , n wet . 0‘3G 

,, ,, greased 0-23 

,, M oiled . 0 15 

Hemp ropes on metal, dry 0*2 to 0*31 

„ M greased 0*15 


The foregoing valites of /a n^ust be taken as approximate only. The 
results of experiments on friction are very discordant. It has been found 
that the coefficient of friction depends on the mglerial of the sliding 
bodies, the state of their surfaces as regards smoothness, the intensity of 
the pressure between the surfaces, the velocity ot sliding, the nature and 
quantity of the lubricant and the manner in which it , is apjdied, and 
also on the temperature. 

The friction at starting from rest or statical friciion is greater than 
the friction of motion, and dej)ends on the hardness of the bodies and 
the length of time during which they have been in contact. 

The so-called laws of friction are — (1) The force of friction is directly 
proportional to the ]»ressure between the surfaces in contact. (2) The 
force of friction is independent of the extent of the surfaces in contact. 
(3) The force of friction is independent of the velocity of sliding. These 
“ laws ” are ai)proximat(dy true when the intensity of the pressure between 
the surfaces is moderate, and when the speed of sliding is low, 

229. Belations between the Forces on a Sliding Body. — Consider 
first the case of a body A of weight W resting on a fixed horizontal plane 
(Fig. 391). A is at rest under the action of two forces; (1) W, the 
7)ressurc of A on the plane ; (2) R, the pressure of the plane on A. In 
this case R is obviously equal and opposite to W, Suppose next that a 
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horizontal force P is applied to A, shown in Fig. 392, and suppose 
that, on account of the friction between A and the plane, A remains at 
rest. P and W have a resultant S which makes 
an angle /3 with the normal to the plane and 
tan ^ = P/W, also S= + W^ = W/cos J8, To 
}>alance the force S there must be an equal and 
opposite force R exerted by the plane on A. If the 
force P be increased and still reinains at rest, R 
will increase, and so will the angle J3. When P is 
increased until A begins to move, then P/W = /x, by the definition of /ut,. 
and the angle /3 will have its maximum value where tan = The 
angle is the ang le which R makes with the normal to th e plane when 
sliding be^s,^ and is called friction angle^ the limiting angle of 
resist ance or the limiting angle of reaction. 

If the plane be tilted up through an angle j8 and A remains at rest 
on the plane (Fig. 393), R, the reaction of the plane on A, must balance 
W, and must therefore make an. angle W'ith the normal to the 
plane equal to The normal pressure of A on the plane 
is W cos jS, and P, the component of W parallel to the 
plane, is W sin fi. If the angle /3 be incrciist^d until A 
l)egins to slide down the plane, P will then be equal to 
fiW cos /3 W sin /3, hence /x = tan p == tan ^>, and 
which has been called the friction is also the maximum 

inclination which the plane can have consistent with the 
body A reTiiaining at rest, or it is the minimnin inclination which the 
plane can have consistent with the l)ody sliding down the plane by the 
force of gravity. This iudination of the plane is called 
tlie angle of repose^ and it is the sfime as the friction 
angle. 

Next lot A be beginning to slide on a horizon ud 
[>lane, the force P being inclined at an angle Q to 
the horizontal (Fig. 394). The fonies F, W, and R 
are in equilibrium, and R must be inclined to the 
normal to the plane at an angle </>. From the triangle of forces, 

P _ sin _ sin 

W ~ siir(90 co¥ ((9 - ^)' 

Hence for given values of W and F will be least when pos (0.— ^) js 
greairs^TIiat isr*wlieii^^^^<^^; the direction of P will then be i>ert>en- 
(Iicu^ to that„gf 

ConshJer next the case where a body of weight W is jmllcd up 
a plane which is inclined at an angle a 
to the horizontal by a force P acting 
parallel to the plantj (h^ig. 395), the raotio]i 
being uniform. The forces which balance 
one another are P, W, and R, the latter 
force making an angle </> with the nor- 
nial to the plane. From the triangle of forces 

P sin (a HmA) _ sin ( a + </> ) ^ sin a cos 4- cos a sin </> ^ ^ 
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If 6, A, and I be the ba^e AC, heigljt BC, and length AB of the plane 

resi)ectively, then sina==A/Z and cosa = Z»/Z, therefore + 

Pi = WA + /jtWZ?, which shows that the irorlc done in dramny a body up 
an inclined plane is equal to the itmrh done in lifting it against gravity 
through a height equal to the height of the plane, plus the work done in 
drawing it along the base of the plane against friction. This is a useful 
rule to remember. 

Here it may be pointed out that when a is coinx>aratively small, as 
it generally is for most roads and 'railways, it is 
sufficiently accurate to assume that the base and 
length of the X)lane are equal. 

A case of the inclined iilaiie which is import- 
ant in connection with the theory of the screw, 
is that in which the force P is jjarallel to the 
base of the jJane (Pig. 396). The triangle of forces shows that 
P = W tan (a + </>). 

230, Efficiency of the Inclined Plane. — The efficiency, of any machine 
being the ratio of the useful work done to the total work, tliis must be 
the same as the ratio of tlie effort when friction is neglected to the effort 
when friction is considered. Taking the case of tJu* inclined jdane shown 
iri Pig. 395, whe^re the effort P acts parallel to the jhine, it has been 

shown that p „ friction is considered. If c/> — 0, 

cos </j 

P = W sin a, which is the value of the effort when friction is neglected. 

Hence the efficiency in this case is-^--- ^ 

sin (a -f </>) 

For the case sliown in Fig. 396, where the effort is horizontal, the 

■ • trill (X 

efficiency is ^ 

tan (a + c/)) 

231. Friction of Screws.- -The ^ROIlnection b(»twi the inclined 
X>lane and the screw is shown clearly by 
Figs. 397 to 401. In Fig. 397 is shoivn 
a cylinder with one turn of a helix 
traced on its surface : the dotted right 
angled triangle is the develofuneiit of 
the portion of tlie surface of the 
cylinder which is below the helix, p 
being the x^itch of the helix, a its in- 
clination, and d the diameter of the cylinder, tan u.^-pjird. 

In Fig. 398 the inclined ])laije and the body sliding on it are two 
similar w^edges which, when ]>ent round a cylinder, as show n in Fig. 399, 
produce a form of screw^ and nut. 

, The connection between the inclined x>lane and a square double 
threaded screw and nut is sliown in Figs. 400 and 401. 

The force P in F’igs. 398 to 401 is shown acting jiarallel to the base 
of the inclined x>laue or x^<^i'pcndicular to the axis of the screw, and in the 
esase of the screws, P acts at a distance frpm the axis equal to the mean 




Fio. 
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i*adius of the screw. In each case, W being the load carried by the nut, 


^ = tan (a + cjf)) = 


tan a-f tan p + if^ird 
1 — tan a tan ^ ird — pp 


In practice the screw is usually rotated in the nut or the nut on the 
screw by a force Q acting on a wheel or lever of radius r attached to the 
screw or nut, and Pt? 2Qn 

IV) reverse the motion of the screw or nut and lower the load W the 
elfurt P is reversed, and its value is then P = W tan (</> -• a). When is 




greater than a, V has a positive value, but when c/> is less than P is 
negative, that is, it Jiiust act in ihe same direction for lowering as for 
raising, and if left to itself the load W will reverse the inocion. 

In the (tase of a screw thread of triangular section (Fig. 402), if 11, 
the normal [)ressuro on the thread, be resolved into two 
com]K)iients, W parallel to the axis and S j>erj)ondicular to 
the axis of the screw', then ll = W/cos/:?, where /3 is th(*. 
complement of tlie iiielination of the side of the section 
of the thread to tlie axis. Now the friction is propor- 
tional to R ; hence for a triangular thread tan (/> must be 
increased to n tan c/j, where 1/cos and 

P tan a + 71 tan </> _ 4- 

W 1 — 71 tan a tan Trd — 7ijLp * 

Also, since is generally a small angle, and 7i is less than 11 in ordinary 

p 

cases, 7 i tan = tan n<l> nearly, then = tan (a + n<fy) approximately. In 

the Whitworth thread 2/5 = 55'', and w=M3. In the Sellers thread 
2/5 = 00°, and 



Pig. 102. 
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232. of Screws. — Square Thread . — Since the eflScienty 

is the ratio the effort without friction to the effort with friction, 

efficiency *=- — 7 rr; this is a maximum when a = 46 - and the 

^ tan (a + ^ ^ 

maximum efficiency is 


(45 -j) 
(“+t) 


1 - tan : 


1 -f tan , 


1 - sin </> 
1 -I- sin (/> 


Putting tan <;(> = /x and tan a^pjTrd^ where/) is the pitch and d the 

, 1 ^ • J)(Trd - fip) 

mean diameter ot the screw, tlien ethcicncy ' 

The reversed efficiency, that is, the efficiency when W becomes the 

. • 1 • • 

effort and P the resistance, is — . - ; this is a nuixinium when 


0»-t) 


a — 46 °+ and the maxiiiiuni efficiency is . , which is the 

tan (45 + 5) 

same as the maxiinuin direct (‘fficieney. ^ 

Wp 

Triangular Thread , — Without friction P = W tan a= • 

i? • W(tan a + w tan <^) W(/> + 7 i/-L 7 r<i:) 

With friction l’= , 1 ^ j - - r- — • 

1 -- 71 tan a tan </> wd npp 

„ . tan a(l - 71 tan a tan c/>) piird - npp') 

Hence, efficiency = ^ ^ ^ K:^'. 

tan a + n tan </> + 7 tp7rd) 

rrn 1 /V* • • bin a — 7* tan d> ttJ ( p — 7ui7rd) 

ine reversed efficiency is ^ / , v , v * 

tan a( 1 + /z tiin a tan </>) y^Trd -f y/ip) 

The efficiencies of square and triangular threaded screws have been 
Calculated for various 


The reversed efficiency is 


value>: of a and three 
different Values of fiy 
and the resnlt.i have 
been plotted in Fig. 
403. The full curves 
relate to the squa-re 
threads, and the dott(‘d 
curves to the triangular 
threads. It will be 
seen that for the same 
values of a and p the 
efficiency of the tri- 
angular thr(‘ad is not 
much less than that 
of the square thread ; 
the difference is greater 
the greater the value 
of ya, but where /u~ OS, 
the greatest difference 
is only about 4 per cent. 
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Fig- 403. 
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238. Friction of Pivots and OoUars.— A thrust aMg ’the aacis of a 
. ^aft is taken up by a pivot or collar bearing. A pivot: nptust be on the 
f a shaft, but a collar may be at any part of the len^li of the ahaft, 
Tlie rubbing surface of a pivot or collar may be any surface of revolutioUi 
ilie axis being the axis of the shaft. In the case of a pivot, the rubbing 
surface is generally either flat or conical. In a collar, the rubbing surface 
iy generally flat. “ ' ^ 

In the present state of knowledge on the subject of friction, it is 
iiiipoBsible to determine a correct expression for the friction of a pivot or 
collar. There is first of all the cpiestion of the distribution of the pressure 
on the rubbing surface to consider. When the bearing is new and there 
is jiorfect contact over the whole of the bearing surface, it is j^robable that 
the pressure is uniformly distributed, but since parts of the surface arc at 
different distances from the axis, they must be moving with diflerent 
velocities, and there is therefore, very })robably, unequal wear, which will 
at <mce cause a redistribution of the pressure, and unequal distribution 
of pressure accompanied 'by , different velocities will almost certainly 
result in variation in the coefficient of friction at different distances 
from the axis. 

Til what follows expressions will be found for the friction of pivots 
and collars on the assumption that the coefficient of friction is constant, 
and that either the ]>ressure is uniformly distributed, or tliat the wear is 
uniform over the rubbing surfaces, and is directly proportional to the 
pre^ssure and to tlie velocity. To say that the wear is uniform and 
dire(d/ly pro|K)rrional to the jiressiire and to the velocity is equivalent to 
stating that the product of the pressure and velocity is constant, or that 
the j>roduct of the ]>rossure and radius is constant, because the velocity is 
})roportional to the distance from the axis. 

1>^ total axial loa<l carried liy jiivot or collar. 

p z= intensity of normal pressure on rubbing su'^faces when uniform, 
or at radius r when variable. 


r — raflius of an indefinitely narrow ring of the surfaces, and dr 
its width. 

‘ M == moment of friction on*pivot or collar. * 

1. Flat Pivot (Fig. 404). — {a) Uniform 
V 

pressure v • Load on ring of I’adins r and width 

J -/ o 

dr^*'lpirriir. Moment of friction on ring = 

2 2 

M 2/i.p7r j r-dv ^ 2p.p7r L = ^pjJTrrl ^ ‘ 

(h) Uiiiform wear. Let pr = r. Load on 
ring ^ liTprdr ^ircdr. 

Total load = P = 27rr|^^ \lr = tliorofore c - 

2/A7rPrdr pPrdr 

Moment of friction on ring - ^ircpnlr— “ ’ 



M 




r\ 


rjo 


Ti 2 


= , 
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WIDase II. Flat, Gollar 07 * Be- |P 

cessed Footstep (Fig. 406). — 
tlniform pres, sure. Proceeding 
for a flat pivot, — — 

Moment of friction oi^ ring 
= ^ppirr^dr, 
r^i rj - 7 % 

3 

, P 

but p 


M = 2/A^>7r|^^ /r2^/r == ^ppir ^ 


>(^ - rl)^ 


therefore M = -C! 1 ^ ^ v 

3(rJ - n) 



1). 

2 ) 

(It) Uniform wear. Let pr — c. 

f^i P 

Total load == P = 27rt‘ I dr ^ 27rr(r^ - ?*.,), therefore c ~ . v • 

Jr,j - 


FlO. 405. 

Load on ring = ^Tr'imir — ^Trcdr, 


Moment of friction on ring=: 27rca?vi?r — - 


M 


rSv// =. /"L. . '•? - 'i ^ i./xr(;-i + r..). 

r^-rjr„ v', - 2 i ~ 


To increase the amount of rubbing surface, and so (liininisli the 
intensity of the })rcssure, it is ])ctter to use two or more collars, as shown 
at (c), Fig. 405, rather than have one large collar. 

1 /^ in. Conical Flrot (Fig. 406). — (a) Uniform |P 

pressure. Area of surface of cone^ 


, . ,-sin Q ’ 

TT?’^ •» 

P==jr> sin . \ -^p7rrl, therefore 

sill 0 TT?'; 


as for a 


flat pivot. The normal pressure on the surface of the cone 
is therefore indej>endent of the angle at the vei tex of the 
cone. 


T 1 • 2t}7rrd'i^ 

Load on ri ng — - . 

sni 0 


Moment of friction on ring^ 


2iip7rr^dr 
sin 0 ’ 



Fio. 4()(>. 


jj ^ 2/4/^7r f ' i ^ 2npTr r[ ^ ^Vr, 

sin sin O' 3 3 s in O' 

{h) irnifonn wear; From the above and (Jasij 1. it follows that 

M 

2 sin 0 ’ 

./ Cask IV. ao?iical Collar (Fig. 

407). — Jt is obvious from the pre- J . L 
ceding cases that in this case c i J.. 

2/*P(r' - r.;) , 

M = \ — d for unilorm 

3 sin 0{r{ - rfj) 

pressure, and 

M — for uniform wear. 

2 sin 0 





Fig. 407, 
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Comparing the different ca^es for uniform pressure and uniform wear, 
will be seen that the moment of friction for uniform pressure is 

^ i - > of the moment for uniform wear, and when r,, — 0, this 


latio becomes 


3 ’ 


Footstep or Pivot bearings are frequently fitted with loose discs, as 
shown in Fig. 408. Under normal conditions these 
discs will all rotate in the same direction, but with 
difierent velocities, consequently the relative velocity 
between the pivot and the disc next it, or between two 
discs, will be less than between the pivot and a fixed 
bearing. The total moment of friction is, however, 
probably not altered by the presence of the discs. If, 
however, one of the discs should heat up and seize, the 
next will act and give the first a better chance of cooling. 

A similar arrangement may be applied to collar bearings. Fio. 408. 

234. Schiele’s Pivot. — The form of juvot known as SrJUele’s pivot 
was designed to give uniform wear in the direction of the axis with 
uniform ]3ressure, the coefficient of friction being avssumed to be constant. 
Let A (Fig. 409) be a point on the surfaces of the pivot, r the radius, and 
Af> the tangent at A, YY being the axis. Let AC be the amount of 
vertical wear taking place at A ; then if Cl) be drawn parallel to and AD 
])erpciHlicular to AB, AT) will be the amount of wear normal to the 
surface of the pivot at A. Jjet J9 = the intensity of the pressure itormal 
to the surface of the pivot, p being assumed to be constant. The wtiar 
AD is assumed to Ui projiortional to ^ and to the velocity of rubbing at 
A, and therefore AD is proportional Let AD = 4/^?’, where k is a 

constant. By similar triangles 



AC 

AD 



therefore AC = — /,j; . AB. 

r 


Hence if AC is to be the same for every }K)iut on the juvot surface, AB 
must b(* constant. Tlie curve which has tlie 
prfjperty that its tangent AB is of canstant 
length is known as the trartrix, and also as the 
ant i-frict ion curve. 

It is evident that if a pivot wears equally in 
the direct io7h of iU axis it will j>rescirvc its shape, 
and there is a l)ctter chance of p, the intensity of 
the pressure, remaining uniform ; also if p is 
UTiiforin, the lubricant is more likely to remain 
between the rubbing surfaces. 

The curve EAF will never meet the axis YY, 
conseqiumtly this form of pivot cannot bo liroiiglit Kjg. 4o9. 

to a point and have its projier shajje to tli(‘ end. 

To find the moment of the friction of a Schiele pivot, consider a ring 
of the surface of radius r and width dr measured at right anglejs to the 

axis. The area of this ring is = 2irldr^ where I = AB. Moment 

sin 0 

of friction on ring = 2Trlpprdr, 
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Hence M »* 1-irlfi.j) f ^ rdr ■■ = irlpp(r^ ~ ). 

j y*<j 

The portion of the load P carried by the ring of radiua r, already 
referred to, is 

2irr sin e=2vprdr, therefore P= 2ir/jprffr = irp(?f - ). 

Sin 6^ -r j 

Hence M = fiPZ, and tliis will be smaller, the smaller I is. Taking 

Z = M=/xPr^. 

For a flat jrivot it was shown that for uniform pressure M = 

and for uniform wear M = It would therefore appt^ar that the 

friction of the Schiele ])ivot is greater than that of the flat pivot, but it 
is claimed for the Schiele pivot that the wear 
and pressure being uniform at every point,, the 
surfaces always fit one aiiotlier, and the lubricant 
is not forced out. 

An approximate method of drawing the 
tractrix is shown in Fig. 410. Take points a, 
bj Cy etc, on the axis YY. The distances aby 
hCy etc., may be made e([ual to about one- tenth 
of The constant lengtli of the tangent 

is taken ^ riA ^ . With centre h and 

radius — - I describe an arc to cut a A at 
B ; join 6B. With centre c and radius - I describe an arc, to cut />B 
at C ; join cC, and so on. A, B, C, etc., may be taken as points on the 
tractrix. 

It may be mentioned that a tractrix is the involute of a catenary, a 
fact which suggests a method of drawing the curve. 

A simple Tne(!hani(!al method of drawing the tractrix atjcurately is 
shown in Fig. 411. (/D is an arm carrying a steel j)iu E with rounded 

ends, and a pencil F, tin* lead of which* is very 
hard and sharpened to a knife edgti, the edge 
being slightly convex in the direction of its 
length. The distance betwetm the axes of the 
pin E and pencil F is etpial to Z, the length of 
the tangent of the tractrix to be drawn. TIkj 
edge of the pencil point lies in the plane of the 
axes of the j)in and ]»encil. The arm CD carries 
a weight W as shown ; this weight may weigh 
about one pound A straight (jdge IIK is jdaced 
wdth one edge parallel to the axis YY, and at a 
distance^ from it equal to the radius of the pin E. 

Holding the straight edge HK firmly with one. 
hand, tlie pin E, heldloosely between the thumb 
and foro-tinger of tlie otlua- hand, is drawn 
along the csdge of the straight edge, the pin 
being k(q)t vertical. The i)eiicil F traces out the tractrix AB, It is 
essential that the drawing edge of the pencil shall be so sharp that it 
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will only movo easily over the i)aper in the direction of the edge, 
[listead of a drawing pencil, a piece of steel having a rassor edge may 
be used. 

235. Tower’s Experiments on the Friction of Pivot aiid OoUax 
Bearings. — The table below givtvs the results of the experiments 
on the friction of a pivot bearing carried out 
by Mr. Beairehanip Tower, and described in the 
fourth report of the Researcli C Committee of 
the Institution of Mechanical Engineers on fric- 
tion.* The pivot experiineiitod with was of steel 
3 inches in diameter, and flat ended. The hear- ' 
iiig, which was of manganese bronze, is shown 
in Fig. 412. The oil was introdneod, as shown, 412 

through a single central hole, and distributed over 

the bearing by a single diametrical groove, terminating at each end 
within |\th of an inch of^the circumfiTence of the bearing. It was found 
that the oil circulated automatically, the pivot and bearing acting like 
a centrifugal pum]). 

The coefficients of friction in the table below were calculated 
from the observed frictional moments, on the assumption that the mean 
leverage of the friction was two-thirds of the radius of the pivot, which 
would be correct if the pressure on the bearing was uniformly dis- 
tributed, and the friction was indei)endent of the velocity. The pircula- 
tioii of the oil variiid from 20 to 56 drops jier minuto at the lowest speed 
to a continuous stream at tlic higher sjieeds. 





Load i 

in Lbs. pc 

r Square 

Inch. 



levs. 

- — 

, - 

— 

, ^ 1 





pQir 

20 

i 

1 00 j 

I 80 1 

100 

I 

1 40 

1 ISO 

Min. 



1 _ _ ’ 

Coidiicicnts 

of Fried ion. 



50 

O-OliW ' 

00147 

0-0107 i 

0-0181 

0-0219 ; 

; 0-0221 



12H 

t) ()()80 ' 

0-0054 

coons 

ooo(;s ! 

0-0077 

O'OOSi^ 

! 0-0093 

0-0113 

194 

0 0102 ■ 

O-OOGl 

0-()051 

0-(U)45 I 

0 0044 

0-0052 

0-0002 

0-0008 

290 

0'0178 ! 

! 0 0107 

0-0078 

0-O0C,4 ' 

()'005(; 

0-(M)4S 1 

1 0-0040 

0-0044 

353 

OOltj" 1 

0-0090 

0-()073 

0 0003 

0 0057 

1 0-0053 

1 1 

0-0053 

0-0054 


The results of Mr. '^I'ower’s c^xperinitmts on tlie friction of a collar 
V)earingt showed that tlie friction in tliis type of bearing is practically 
independent of the spef‘d. The adjoining table gives tlie mean values of 
the coefficient of friction (/a) obtained with different intimsities of 
pressure (p) on the 
bearing ring, in lbs. 
per square inch. The 
mean leverage of the 
friction was taken 
as the mean radius of the ring. It wfis found in th(?s(* exjicriiuents that 
the greatest load which the lioaring wmuld carry was 75 lbs. per square 

* pT0C€cflt7t>ffS of tKc lii-stitutuyfi of ]^cc}i(iniG(xii 1891. 

t lUd,, 1888. 


:jo 45 {)0 li7-5 ! 75 1 82-J 


/A 0-054 0-04(; 0-057 0-()3() 0-055 0*035 0-034 
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inch at the highest speed, and 90 lbs. per square inch at the lowest 
spend. 

236 . Friction of an Axle. — AB (Fig. 413) is a body moimted on 
an axle whose axis is O and radius r. The body AH is either fixed to 
the axle and the axle rotates in a bearing, 
or the axle is fixed and AB rotates on 
the axle. The resultant of the forces 
which resist the rotation of AB is a force 
Q, acting at a perpendicular distance 
OB = h from O. An effort P acts at a i)er- 
]^)endicuW distance OA = a frcjm O, and 
is just able to cause AB to rotate in the 
direction of the arrow e. The lines of 
action of P and Q meet at C^, and make 
an angle 6 with one another. 

R, the resultant of the j^rcssurc of the 
bearing on the axle when the axle rotates 
(lower part of figure), or the resultant of 
the x^ressure of the axle on tlie lever when 
the axle is fixed (ujqjer x>art of figure), must 
be equal and o[)posite to the resnltiint of 
P and Q, and therefore its line t)f action 
must xxiss through C, and must make with the normal OD to the 
sliding surfaces an angle equal to ; also, the line of action of 11 will 
evidently lie between () and A. 

• Draw OE at riglit angles to the line of action of 11. Then OE is 
evidently equal to r sin </». Jn most cases </> is so small an atigle that 
sill c/> may l.)c taken equal to tan f/> or fi without sensibh* en-(')r. Let 
OE~rsin </> — >{. If a circle be described with centre O and radii^s .s*, 
the line of action of 11 will olmously be tangentijil to this circhi. Hence 
the construction ff)r finding the line of action of K is to draw through 
C a tangent ti> tlie circle whose centre is O and radius This circle is 
called the /nrf/o?i rirrle, , 

If OF be made equal to Q, and FH be drawn parallel to C^A to meet 
OE at H, the triangle OFH will be the triangle oi forces for i), P, and 11, 
and FH will be equal to P and OH equal to \i. 

If there were no fri(;tion the line of action of 11 would be (^O, and 
then FK \vould be equal to P and OK equal to H. Hence the (‘tti(;iencj^ 
of the mechanism is equal to FK/I’ll. The moment of the friction is 
II X .s or OH X OE. 

Proceeding analytically, ]1 ^P^ -h Q2 + 21 cos &. Taking moments 

about O, Pa = Qh -f Ks* — Qh + s ^P- + 2PQ (ios 0, a (juadratic eipia- 
« tioii whicli gives 

^ ■+* 0±s Jar + JP- + 2ah cos 0 - sin- 

The + sign in front of the surd is to bo taken when P overcomes Q, and 
the - sign when Q overcomes P. 

When 6^=-=0°, OA and OB are in the same straight line, and P and Q 

* « ij s ■ 

f re on opposite sides of O, then P = Q _ , the uptier sign to be taken 

a + 8 
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vv lien P overcomes Q, and the lower sign when Q overcomes P. In this 
( Mse R “ P + Q. 

When 0= 180*^, OA and OB are in the same straight line, and P ahd 

Q are on the same side of O, then P = Q the npi>er sign to be taken . 

^\]icn P overcomes Q, and the lower sign when Q overcomes P. In this 
,aseR = P-Q. 

237. Friction Axis of a Link. — The friction of a pin joint^ such as 
is common in links or rods in mechanisms, is of the samcj character as the 
1 l iction of an axle discussed in the preceding Article. It has been seen that 
i n the case of an axle when the axle rotates in its bearing, or when the 
piece carried by the axle rotates on it, the resultant force on the axle 
does not intersect the axis, but is a tangent to its friction circle. So in a 
link, like the connecting-rod of a steam-engine, with pin joints at its ends, 
tlie line of thrust or pull on tlie rod will not coincide with the axis of the 
rod,* but will be tangential to the friction circles of the pins of its joints. 
Tiiis actual line of thrust or pull on the rod is called the friction axis of 
the rod or link, the change of the line of action of the thrust or pull from 
file geometrical axis of the rod to the friction axis being due to the 
IViction of its pin joints. 

Since four tangents may in general be drawn to two circles, it follows 
that a rod with pin joints has four different 2)ossible friction axes, and the 
one which is to be taken in any particular case will depend on tlie direc- 
tions of the external forc^es on the link, and on the directions of its 
motions relative to the pins of the joints or to the bearings of the juns. 
Tliis point is made clear by Fig. 414, which shows the connecting-rod 
AB and the crank 13C of a stoam^ngine in four different positions (a), 
(/>), (c), and (d) during a revolution of the crank. 

The frir'iion (drcles of the ])iiis at A and B are sliowii greatly enlarged 
for the sake of clearness. In each pf).sition A'B' is the friction axis of 
tht; connecting-rod. There is rotary motion of the pins in their bearings 
at A and B, and the point to bt'. renumibcred is, that since friction always 
opposes moti(u», the force acting .^ilong tlie friction axis at a joint must 
have a moment about the axis of thi? pin to overcome the friction which 
tends to prevent the rotation at that joint. 

In the position (u), Pig. 411, w^here the connecting-rod is exerting a 
thrust oil the pins at A and B, the angle BAO is increasing, and will go 



Fio. 414. 


on increasing until the crank has turned through 00^ from its inner 

* The axis of the rod is here the lino joining the centres of the pin joints at 
its ends. 
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dead centre, and the counecting-i:od has therefore anti-clockwise, motion 
about the pin at A. Hence the friction axis must Jouch the frietiop 
circle of the pin at A aboye the axis of that pin. StUl referring to tb 
position (a), the angle ABC is diminishing, and will go on diminishir ; 
until the crank is at its outer dead centre, and the connecting-rod ha 
therefore anti-clockwise motion about the pin at B. Hence the friction 
axis must touch the friction circle of the pin at B below the axis of 
that pin. 

' The student should now have no difficulty in reasoning out the 
|K)sitions of the iriction axis for each of the remaining cases (?>), (c), 
and (ri). 

238. Tower’s Experiments on the Friction of Journal Bearings, 

-^The results of Mr. Beauchamp Tower’s exporirnonts * showed that thr 
coefficient of friction is approximately proj^ortioTial to the square root oj 
the velocity, and inversely proportional to the intensity of the pressiiji'e 

when the journal runs in an oil bath. Thus /x = , where /x is the co- 

efficient. of friction, v the velocity of the surface of the journal in feet 
per second, p the intensity of the pressure in lbs. per square inch of 
projected area of the bearing, and c a coefficient which lias tlie following 
values for the lubricants mentioned : — Olivo oil, 0-289 ; lard oil, 0*281 ; 
mineral grease, 0-4H1 ; sperm oil, 0*194; rape oil, 0*212; mineral oil, 
0-276. 

For syphon lubrication /x==c7/>, where c'== 2*02 for rape oil. 

For pad lubrication, /x is approximately constant, and equal to 0*01 
for rape oil. ‘ 

The following results wore obtained by Mr. Tower* with a steel 
journal 4 inches in diameter and 6 inches long, at a s])eed of 150 re- 
volutions per minute, or 157 feet per minute. The ‘‘brass” was of 
gun-mctal, and embraced nearly one-half of the circumference of the 
journal, and was placed on the top. The lubi'icant used was rape oil. 


Method of Lubrication. | 

1’ 

i 

jj, 

1 

Oil bath ...... 

1 

203 

0-0014 

1 

Syphon lubricator . . . . . 

252 

00008 

Pad under journal .... 

272 

0-0000 


With the same journal Mr. Tower obtained the results sliown in the 
annexed bxble^at a s]>eo(l of 20 


revolutions per miniLte, or 21 
feet ]>er minute in a bath of 

P • 

454 

342 

2JG 

i)l 

miner^jtl oil. 

Mr. Tower’s experiments on 

/X . 

()*tX)i:52 

0-001G8 

' 0 00247 

0 (X)14 

i 

friction at diffiirent temperatures 







indicate a very great diminution in the friction as the temperature rises. 
Thus, in the case of lard oil, taking a speed of 450 revolutions per 

* Proceedings of the Institution of Mechanical Engineers^ 1883 and 1885. 




minute, the coefficient of friction at a temperatxire of 120^ Fahr. 

, only one-third of what it was at a temperature of 60® Fahr, 

? The following figures show the comparative friction with various 
Sibricants tried by Mr. ,yower under as nearly as possible the same condi- 
lons Temperature, 90® Fahr. Lubrication by oil bath— sperm oil, 
6‘484; rape oil, 0-512 j mineral oil, 0*623; lard oil, 0*652; olive oil, 
0*654; mineral grease, 1;048. These figures are the means of the actual 
frictional resistances at the surface of the journal (4 itiches diameter) in 
lbs. ]>er square inch of bearing at a speed of 300 revolutions per inin:q3be 
(314 feet per ininute), with all nominal loads from 100 to 310 lbs. 
square inch. They also represent the relative thickness or body of the 
various oils, and also in their order, though perhaps not exactly in their 
numerical proi)ortions, their relative weight-carrying power. Thus sperm 
oil, which has the highest lubricating power, has the least weight-** 
'carrying power, and though the best oil for light loads, would be inferior 
to the thicker oils if heavy pressures or high temperatures were to be 
encountered. 

239. Work Lost in Friction in Journal Bearings. — Let R = resultant 


load on journal in lbs., d = diameter of journal in inches, V == surface 
velocity of journal in feet per minute, N = revolutions of journal per 
minute, = friction angle, and //- = coefficient of friction. 


The rnoTn<3ut of Rds ^\xd sin which may bo written since 

is a very small angle. The work done per minute on frictiom is therefore 

— llV/x ft. -lbs. The horse- power lost in friction is 


240. Methods of Lubricating Bearings. — There are two prihcipal 
methods (;f b^bricating bearings. In one n)et))od the oil is allowed to 
flow in at ordinary atnios[)heric'])ressure, while in the other the oil is 
forced in under sufficient ])r<*ssure, generally by a pump employed for 
that purpose. When the oil cjiUts at atmosplmrie pressure it should be 
doliveretl to the Inviring at the place wlit^re tlie ])iessure oii the bearing is 
least, but Avith foiwil hibiicatioii the oil shtmld be delivered to the bearing 


at the place where the pressurt^ is greatest. 

The A\ell-kno\\n iieedJe lubricator is shown in Fig. 415. B is an 
inverted glass bottle or reservoir containing oil. S is a 'wooden stopj)er, 


one enu or wnicn nts inro rue necic 
of the botth*, while tb(i other end fils 
into a liole over the Ijearing of the 
journal J to be lubi'icat(‘d. N is 
needle, Avhich tits loosely iiito a h^ile 
in the stopper S. The lower end of 
the m^edle rests on the journal. 
‘When the sliaft is at rest capillary 
action prevents tlie oil leaving the 
bottle, but ^^hen the shaft is rotat- 
ing tlie vibration set up causes the 
oil to flow slowly on to the journal. 



Flu. 415. Fig. 416. 


The net'dle N is simply a straiglit 

piece of wire flattened at its upper end to prevent it falling out when 
the lubricator is reint^ived fr^iin the bciaring. 


A syphon lubricator is shown in Fig, 416. The oil is stored in the 
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cui> or box A, and is delivered slowly to the bearing through the wick B, 
which acts as a sypnon. It is important that the end of the wick which 
delivers the oil should be below the free surface of the oil in the cup, j 
otherwise the oil will not flow through the wick* 

In j[>ad lubrication a part of the bearing surface upon which there is ' 
no pressure is dispensed with, and its place is taken by a soft jjad, which 
is kept saturatt^l with lubricant. In bath lubrication the bearing com , 
tains a space filled with oil, w^hich is in contact with a portion of the 
journal. 

Ring luhrication is illustrated by Fig. 417. In this bearing the 
journal carries two loose rings w^hich rotate, being driven by frictional 
contact with the journal. These rings dip into an oil bath and carry oil 
to the top of the journal. The oil flows over the surface of the journal 
through oil grooves in the bearing, and finally returns to the bath below. 



Section at AB. Section at CD. Section at EF. 

rwr. 417. 


An exani])le of forced lubri cation is ^ shown in Fig. 418. This illus- 



Fig. 418. 


trates Tilston’s system as applied to a journal bearing. A is the bearing, 
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and B the shaft, C is an eccentric clamped to the shaft. DD are end 
chambers connected by the passage E. F is a pump plunger, made from 
steel tubing forged on to a solid end. G are inlet holes in the plunger, 
which allow oil to pass to the inside of the pump when the plunger is at 
and near the top of its stroke. The eccentric drives the pump plunger, 
the latter being kept up to the former by the spring H. I ia a non- 
return ball val VO, and J an outlet from the pump to the shaft. K is a 
sight feed plug supported by a cross pin beneath it. L is a screwed 
plug to drain off spent oil and dirt. MM are leather washers to prevent 
oil travelling along the shaft. N is a screwed plug giving access to the 
passage E for cleaning purposes. As tlje plunger descends, the inlet 
holes G are cut off by the casing, and oil is forced past the non-return 
valve and through the outlet J to the shaft, and thence to the end 
chambers DD. 

Forced lubrication has been used with great success on high-speed 
stearn-oigines. The various bearings are connected by j)ipes and 
passages to an oil pumj) driven by the engine. The oil after being 
used passes through a filter back to the reservoir which supplies the 
pump. 

Splash lubrication is common and siTiiplo, but crude, and is used on 
liigh-sj)eed vertical engines, especially on petrol engines. The engine is 
enclosed, and the crank case contains oil, into w^hich the cranks splash as 
they rotate, throwing the oil over the various bearings. 

241. Priction of Sliding Keys. — In machine.s it is frequently neces- 
sary to move a piece longitudinally on a shaft, while there is a torque 
Iw^tween the piece and the shaft. In such cases a sliding key may bo 
fixed to tlie sliding piece and fit (iy^sily into a keyway in the shaft, or the 
key may be fixed to the shaft and fit easily into a key way in the sliding 
])i(*ce, as shown in Fig. 419, where the loOvseue.ss of fit between the piece 
A and the shaft 11, and be- 


tween the key C and the p 1 f 

key way in A, is exaggerated. | 

If the ])icce A is drivtm in \ \ 

the direettion of the arrow ( 0 if * CQ I ! ID O I 

1) by a torque T, tlie forc.es I ^ j \ \ W j 

which transmit this torque \ / V 1 

to the shaft arc, the equal 

forces P and Q at a distance — — ^ 

r from orjc another, m that ^w, 410. Fun 420. 

IV = I'. If two kcjys be used, 

as sboAvn in Fig. 420, the equal forces P and Q will now be at a 
disOuice 2r from one another, and 21V = T. Hence tlm force causing 
the sliding friction in the second arrangement is only half what it is in 
the first arrangement. I'o get the full advantage of the twxj keys it is 
necessary that they be very accurately fitted, so that tliey transmit the 
whole of the torque without any ]»ressure between the sliding piece and 
the shaft itself. 


Fun 420. 


242. Eotating Guides for a Sliding Piece. — It is well known that a 
piece mounted loosely on a shaft may be made to slide along the sliaft by 
the application of a smaller force wdieii the shaft is rotating than when 
the shaft is at rest, and the greater the 8i)eed of the shaft, the smaller is 
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the force required to produce the sliding of the piece mounted on it A 
convenient way of applying this principle to the guiding of a sliding 
piece so as to reduce the force required to slide it is shown in Fig. 42 ], 




where A and B are two parallel shafts or spindles, which are rotated, 
prefei-ably m oj)posite directions, and which support the piece C, which is 
made to travel along the shafts by a force T. 

The theory of the action of the rotating guides is as follows. Let 
AB (Fig. 422) rej)resent a horizontal flat jdate, upon which rests a body 
D. In a given time, lot AB travel a distance AA' in the direction OX 
into the position A'B'. I?i the saitie tiiiie, lot the body I) be made to 
slide on AB a distance CN in the direction OY at. right angles to 
OX into the position I)'. The motion of I) relative to AB will be the 
same as if while it slides the distance CN in the direction OY it be made 
to slide the distance CM equal to A'A in the direction XO. These 
simultaneous motions given to J> will result in a motion of D relative to 
AB in the direction CL, and e<[ual to CL where is the diagonal of 
the rectangle MN. Now the force P, acting along CL, necessary to slide 
1) alotig (/L, is (Mpial to //.ll where R is the force, normal to AB, and 
pressing 1) on AB. But the force P, represented to scale by CL, maybe 
replaced V>y the forces CJ and K represented to the same scale by CN and 
CM respectively, and the ratio of the fori^e Q to the force S is evidently 
the same as the ratio of the velocity of I) in the' direction OY to the 
velocity of AB iji the direction OX. Applying this to a r<^)tating guide, 
a force equal and ojqiosite to S is the ta,ngential force at the surface of 
the guide in the direction of its motion necossaiy to drive it, and Q is the 
force on the sliding piece in the direction of its motion necessary to make 
it slide. 

To prevent D being carried in the direction OX when AB moves 
under it in that direction a fixed guide EF is necessary, and the force 
pressing D against this guide is evidently equal to S, which will <‘.ause a 
resistance eipial to /xS in the direction YO. Hence tlie resultant for<*o 
necessary on D in the direction OY is Q + /xS. By using two rotating 
guides rotating in o]mosito directions, th(». tractive force on the sliding 
piece is reduced from Q + /xS to Q for each guide. 

To prevent AB moving in the direction OY when D moves over it in 
that direction a fixed guide HK is necessary, and the force pressing AB 
against this guide is evidently equal to Q, which will cause a resistance 
eciual to /xQ in the direction XO. Hence the resultant force necessary 
on AB in the direction OX is equal to S + jaQ. In, a rotating guide the 
resistance which would correspond to the resistance /xQ would be the 
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resistance to rotation at the thrust bearing of the shaft, but in that case 
the resistance, reduced to the surface of the shaft, may be either greater 
or less than /xQ, depending on the effective radius of the collar or pivot 
of the thrust bearing used. 

Consider now the work done in the given time when two guides are 
used, as in Fig. 421, each guide carrying half the load W. Neglecting 
the work done at the thrust bearings of the guides,, the woi’k done is 
2P • CL = 2 X ifiW - CL — /aW • CL = U. If V is the surface velocity of the 
rotating guides, and v the velocity of Uie sliding piece, 


CL _ v'V" + 
CN V 


andTT = /xW.CN 




The force T is equal to /xW 
rest, V-0, and T-/xW. 


CN 

CL 


= /iW 




If the guides are at 


From the foregoing, it is seen that the work done with rotating guides 
is greater than the work done with ordinary sliding guides in the ratio of 
to V, and therefore the rotating guides w^ould not be introduced 
to economise power. It would be alisurd, for exanqile, to use rotating 
guides in a ]>laning machine. Rotating guides are useful in certain 
recording instruments, whore a j)cn or jjcncil has to be guided in a 
straight line and moved by a small force. 

The same j)rinci])lo is also applied when it is required fo reduce 
the sliding friction of a piston or jdiinger in the direction of the 
axis, by giving the piston or plunger a simultaneous rotary motion. 
Kinematically, the mechanism iyt this case is the same as that discussed 
above. 

^✓243. Friction of a Band on a Pulley. — Let a band ABCD (Fig. 
423) passing over a pulley have a tension 
in the part A B and a tension T^ in th(‘ part 
Cl), and let the band be just on the point of 
.sli])ping on the pulley in the dii^ctiou from (J to 
(b Tj will be greater than Tg on account of the 
friction between the band and the pulley. Let 0 
be the angle, subtended by the arc of contact BC 
at the (’cntre of the j>ulley. Consider an iii- 
dofinitelv small ])ortion hr of BC subtending an 
angle dd at the <-entre of tlie pulley. Let T be 
the tension in tlie band at r, and T + dT the 
tension at h. Let S be the resultant of the ])rea- 
sure. of the pulley on the ]>ortiou hr of the band, and let /x bo the 
eoeHicient of friction between the band and tli pulley. Then 

dT 

T + (fT--T = (/T-/xH, but S TdO, therefore ciT-/xT<?6^, and tjV 



Integrating 


pTi 

I /X I dO^ therefore log, ^ t<9, or ^ ~ 

J ^‘2 Jo 


In the above equations, 6 is in circular measure, and the logarithm 
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is the Napierian or hyperbolic logarithm. Using common logarithms, 
T 

log ^ = O-4343/t0, and if n is the measure of the angle Q in degrees, 

Ao 


then log = 0'00758/aw. 

. 2 

If the baud lies in a V groove on tlic pulley, as shown in Fig. 424, 
this has the olFcct of increasing the resistance to slijiping, because slipping 
must now take placer on two surfaces (tlic sides . ^ 

of the groove), upon each of whi<‘h the normal ^ _ 

pressure is greater than half the normal pres- \ f 
sure on aflat pulley, (knisidering the element 
he (Fig. 423), the revsistanco to slipping in the p R 

V groove is 2 /aR cosec a, where 2a is the ^ ^ 

angle of the groove, but for a flat band the ’ 

resistance to slip])ing of this element is /xR. 

Hence the equations given above fur a fiat liand will ajiply to a band in 
a V groove if /a be altered to w^hcre /a^ -^/a cosec. a. 


Exercises XVI. 

1. Prove the foriimla' given under Kies. 425, 420, 427, and 42H, the motion 
of the body of weight W being unifoim an<l u]> the plane. 



FlO. 425. Fjo. 120. Fir, 427 Fir. J2<S 


r_siiWa-«-0) - 1 - 1 ( -? sin (a -10) P Kin(a-+-0) 

\V ■' "(U)s0 ■' W cos'(f/-0)' \V’ cos (0-1-0)’ 

2- Kefcrriiig lo Fig. 427 for given values of W, a, and 0, what is the value of 
Q when 1* is Iwisl ? 

3. Prove the formula? given under F'igs. 420, 4I»0, l.'ll, and 4, '12, tlu* motion of 
the body of weight W being uniform and down tlio i>luii(‘ 



Fir. 42y. Fir. 430. Fir 431. Fir 432. 


P Rin(0 a) — pill - a) P_siii(0 a) P_Rin(0 ft) 

W cos 0 W W cos(0- 0) W cos (0 f-0) 

4 Kf)r l.he key or cotter sliown in Fig 43.3, prove that tlie force P required to 
drive the key in is Qjtan (a 0) -f tan0[, ;md that the force 
required to drive the key out is O[tan(0 - a) \ tan 0j 

6. What is the greatest taper which a key may have con- 
sistent with the friction holding the key in position ? 3'ake 
Hi=() 07, and express the taper in the form 1 in x, where U5 is a tQ 

length. Fig. 433, 
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6. A piece slides on a bar of square section by the action of a force P, as 

shown in Fig. 434. If Q is tbe force pressing the sliding 
piece on the bar, show that P— AtQ\/2. ^ ' Iq 

7. An inclined plane has a base 90 feet lonsr, and is 



Fig. 434. 


20 feet high ; the coefficient of friction between it and 
El body weighing 800 lbs. placed on it is O B : how many 
foot-pounds of work are done in drawing the body up the 
whole length of the plane, and how many in drawing it 
down the plane, the pulling force being parallel to the plane ? 

8. What must be the effective horse-power of a locomotive which moves at 
the steady speed of 45 miles per hour on level rails, the resistances being 15 lbs. 
per ton, and the weight of the engine and train 220 tons ? If the rails were laid 
at a gradient of 1 in 130, what additional horse-power would be required ? 

9. If the engine of the preceding exercise exerts the same power on the 
incline as on the horizontal, at what speed, in miles per hour, would it ascend 
an incline of 1 in 180 with the same train, assuming the frictional resistances to 
bo unaltered ? 

10. Calculate the horse-power required to drive a motor car weighing 1 ton 

up an incline of 1 in 14 at 24 miles an hour, suxiposing it to reach the same 
velocity when running freely down the incline. [U-Ij-] 

11. A window sash (Fig. 435), of height A, is counterbalanced by weights ; 

show that it can be raised b 3 ^ a vertical force, if its point of 
application is not further than M cot from the centre, where 0 
is the angle of friction. [B.E.J 

12 A sqnar(* threaded screw, whose mean diameter is H 
irif.hes, an<l pitch J inch, has its axis vertical, and carries at its 
upper end a weight W, which is raised b}-" the application of a 
torque T to the screw. It wa.s found by experiment that the 

W 

rcdation between T and W was givem hy the equation T = “j- -i-3, whrt-e T is in 

ineh-lb.s. and W in lbs. DotiTmine the values of for the screw and nut when, 
(1) AV -^50 lbs , (2) W=:rl(K) lbs., (.*1) AV---200 lbs. 

13. Particulais are given in the following table of certain standard Whitworth ^ 



Outside diameter {d\ inches ' 

j 

J 

n 

2 

‘21 

3 

3?. 

l)iauH'l.('r at bottom of • 







thrend, indies . . | 

0 ;593 

0 H40 

J *287 

] Tir. 

2 180 


3 100 

Number of threads per inch j 

12 

i « 

1 

5 

4-1 





screws in which the angle of the V*threa<l is 55". Calculate 
t]u‘ t'fficiencies of these screws, taking ju-() l5, and £)lot 
the results, taking efficiencies for oidinates, and d for 
abscissie 

14. A sirai)le screw-jack (Fig. 435) has a .square threaded 
sereAV who.se mean diameter is ] *8 inches and pitch O 4 inch. 
IF the coefficient of friction betwi^en the screw and nut is 0*12, 
what force at the end of a lever 24 inches long, measured 
from the axis of the screw, will raise a load of 2 tons ? 
Assume that the h^ad rotates with the screw, thus eliminat- 
ing collar friction. (’alculatc also tin- efficiency. What, 
force at the end of the lever will be necessary to lower the 
load of 2 tons ? 

16. A weight W is carrii^d by a square threaded screw 
and nut, as shown in Fig. 437 Outside diameter of scicw, 
1*5 inches; pitcli, 04 inch; thickness and depth of thread, 
0 2 inch. Outside diameter of collar on nut, 3 inches; in- 
side ditto, 1-5 imdies. "fhe nut is rotated by a force of 80 Ih.s 
at the end of a spanner 18 inches long. Find the load W, in 
lbs., (1) when friction is neglected, (2) when for the collai 
and for the screw is 0*2. 

16. A ilat pivot has to carry a load of 6000 lbs., and the 
intensity of the pressure (assumed to be uniform) is to be 
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JiO Jbs. jper square inch. Wbat horse-power will be absorbed bj the friction of 
this piwt when running at 200 revolutions per minute with a ooefflcieht of 
f^iotio^ equal to 0’005 ? 

17 . The thrust shaft of a marine engine indicating 45(X) horse- power has 8 
collars 2(iJ inches diameter, the diameter of the shaft between the collars being 
16 J inches. Taking the coefficient friction at 0'()4, the intensity of the thrust 
pressure at 50 lbs. per square inch, and the speed of the shaft 80 revolutions 
per minute, what horse-power ivS absorbed by friction in the thrust bearing, and 
what percentage is it. of the horse-power of the engine ? 

18 . A straight lever mounted on an axle 2 inches in diameter has arms 
5 inches and 10 inches long, measured from the (ientre of the, axle. There is a 
load W of 10(,) Iba. at the end of the short arm, and a vertical force P at the end 
of the long arm. Tak- 
ing the coefficient of 
friction ;it = 0*l, find P, 

(1) to just rhise W, 

(2) to just lower W. 

19. A weight W of 

500 lbs. hangs by a 
rope which is coiled 
round a barrel whose „ , 

effective diameter is riG. 4 fSi. 

12 inches. The barrel is fixed on an axle whose diameter is ti inches. W may 
be raised or lowered by a vert ical force P acting at the cirounifercuice of a wheel 
30 inches in <3iamoter,*also fixed to the axle. Find P to raise W with a uniform 
velocity, (a) when P act.s a.s shown in Fig. 438, {/j) when P nets as shown in 
Fig. 439. Also find P to lower W with a uniform velocity in eac.h case. 

/A™ 0*1. 

20. Referring to Fig. 413, p. 270. <t=30 inches, b -10 inches, r- 1*.^ inches, 

^ = 60'*, angle C130 = angde CAO = 90% sln^^O-l, and Q'::.-G()0 lbs. Find V {a) to 

' just raise Q, (^>) to just lower Q. 

21. Fig. 440 show.s a bentr lever AOB. The fulcrum at O is in a loose cylindric 
bearing 4 inches diameter. AO is 12 inches, 

BO is 24 inches ; the for(’<e Q of 1000 lbs. acts 
at A. What force P acting at B will just 
overcome Q, (1) when friction is neglected, 

(2) when the coefficient of friction is ()-.3. Find 
also the lino of action and magnitude of the 
force R acting on tlje lev(T at O. [B.E.] 

22. A crank disc (Fig. 441) receive.s an oscillating motion thiough an angle 
AOB by a “gab” ended rod CD driven 
by an eccentric. At {a) the crank pin is 
shown below, and at (h) above the centre 
of the disc. Show that in one of these 
arrangements the cffe(^t of the friction 
between the pin and the “ gab,” during 
both the forward and return stroke’s, will 
be to throw the “ gab” off the pin, while 
in the other the effect will be to keep the 
“ gab” on the pin. 

23 . An ordinary horizontal direct acting steam-engine mechanism is sliown 
in a particular position in Fig. 412, AB being the connecting-rod, and BC the 
crank. The <liameters of 

the journals at A, B, and 
C are 5, 8, and 7j inches 
respectively. The force P 
transmitted through the 
piston-rod to tSb cross- 
head is 6000 lbs. Q, the 
useful resistance to the 
motion of the crank shaft, 
acts in a vertical direction 
at a perpendicular distance of 12 inches from the axis of the shaft, as shown. 






FEIOTION AND LUBEICATION S$l 

Kind the magnitude of the force Q, {a) neglecting friction, {b) allqwing lot 
iriction at the journals A, B, and O and also at the guide BE, neglecting the 
weights of the moving parts* Take /t=0'06. 

24. A horizontal pump, stroke 4 inches, is driven by means of an eccentric, 
III inches diameter, keyed to a shaft 4 inches diameter. The shaft is driven by 
a vertical belt on a 14 inch diameter pulley. The belt embraces an arc of 180®, 
.md the coefficient of friction between belt and pulley is 0‘25. If the tension on 
the tight side of the belt is 350 lbs., find the maximum horizontal force that can 
bo delivered to the pump when the ladius of the eccentric is at 60® to the inner 
(lead centre. Assume the eccentric rod to be very long. Coefficient of friction 
between eccentric sheave and strap and between shaft and bearing is 0*1. [U-1j.] 
< 26. A pulley weighing KXK) lbs. is supported on a 6 inch shaft midway bet ween 
two bearings. The mass centre of the pulley is | inch from the axis of the 
shaft. Neglecting the effe<5t of the deflection of the axis of the shaft from the 
mxLs of revolution, calculate the horse-power required to overcome the friction of 
the bearings in consequence of the error of balance in the pulley when the shaft 
makes 200 revolutions per minute. Assume the coefficient of friction between 
the bearing surfaces to be 0*05. [U-L*] 

26. The journals of a shaft are 6 inches in diameter. The shaft carries a 
ioad of 8 tons, and makes 75 revolutions per minute. If the coefficient of friction 
between the journals and bearings is 0*05, at what rate, in B.Th.U. per minute, 
is heat being generated at the bearings f 

27. The radius of gyration of a fly-wheel and crank shaft is 10 feet. The 
shaft journals are 12 inches in diameter. The turning effort on the shaft is with- 
drawn when the speed is 65 revolutions per minute. There being no resistance 
except the friction at the journals, find how many revolutions the wheel and 
shaft will make before coming to rest after the efforli is withdrawn. Take 
/X 1=0*065. 

(r/28. A shaft 8 inches -in diameter carries a vertical load of 6 tons* and a 
horizontal load of 8 tons. Taking /Lt = 0-05, find the horse-power lost in friction 
at the journals when the shaft is driven by a pure toniue at 100 revolutions per 
minute. 

29. A wheel under a torque of 200P inch-lbs. is mouirted on a shaft along 
which it has to slide. The rotary motion of the wheel is transmitted to the 
shaft through two accurately fitting sliding keys which are opposite to one 
another, as shown in Fig. 420, p, 275. The resultant forc^ on each key is at a 
distance of inches from the axis of the shaft. If the coeflicient of friction is 
O'OS, what force acting on the boss of the wheel, parallel to the axis of ilio jhaft, 
will be nec.e.ssary to slide the wheel along the shaft ? 

30. Referring to Fig. 421, p. 276, the rotating guides are horizontal, and are 
each 0*3 inch in diameter. The weigjit of the sliding juece is 0 5 lb. Taking 
the coeflicient of friction as 0 0.1, find the tractive force T when the guides rotate 
at 600 revolutions per minute, and the sliding piece travels 5 inches in 20 seconds, 
and express it as a fraction of the tractive force when the guides are at rest.. Find 
also the ratio of the work done when the guides are rotating at the above speed 
to the work done when the guides are at rest. Neglect the friction of the thrust 
bearings of the guides. 

31. A solid cast-iron disc, 40 inches in diameter, and 8 inches thick, is 
rotating at a uniform speed of 240 revolutions per minute. If the air frictional 
resistance is assumed to be equal to KV* lbs. per square foot, where V is the 
linear velocity of any point, obtain an expression for the horse-power required to 
keep the disc in rotation, 

32. A flat band laps half round a fixed pulley. From one end of the band 
there hangs a weight W of KK> lbs., while the other is pulled by a force P. If 
^o=0*8, what is the smallest value of P which will raise W, and what is the value 
of P which will lower W with a uniform velocity? 

33. Find the answers to the jireceding question if the band is,||pund and lies 
in a V-groove on the pulley, the angle of the V being 45®. 

34. If a cord hanging in a vertical plane over a fixed horizontal cylinder with 
20 lbs. at one end and 10 lbs. at the other be on the point of slipping, what is the 
coefficient of friction between the cord and the cylinder ? 

36. How many times must a hemp rope IJ inches in diameter be passed 
round a post if a force of 6 lbs. at the slack end is just to hold it when it is 
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about to break on the tight side ? The breaking strength 
rope may be taken as 18,000 lbs., and ai = 0-4. Prove the 
formula you employ. [U.ii.] 

36.^ A brake strap (Pig. 443) J inch thick, embracing 
two-thirds of the circumference of a pulley 16 inches in 
diameter, has one end attached to the eud B of a lever 
whose fulcrum is at C. The other end of the strap is 
attached to the lever at C. AC 16 inches. BC = 3 inches. 
A weight W hangs by a rope ^ inch in diameter, which is 
coiled round a barrel 10 inches in diameter. I’he pulley 
and barrel are fixed to the same axle. BD is perpendicular 
to AB. The weight W is held up by a forec P of 50 lbs. 
acting at A at right angles to AB. Taking ^^ = 0*2, find 
the greatest value* of W (<;) when the weight hangs as 
shown, (6) when the weight hangs from the other side 


of a 1} inch hemp 



Fig. 443. 


of the barrel. 



CHAPTER XVn 


xJ EFFORT, ACCELERATION, AND VELOCITY 

DIAGRAMS 



244. Effort . — If a force P, acting on a body A (Fig. 444) which 
ntovos or may move in a definite direction BC, 

})C resolved into two components, one Q 
parallel to BC', and the other R at right angles 
to BC', tho component Q is called the of 

V on the body A. 

245. Unbalanced Effort. — If the motion of 

the body A (Fig. 444)- is opposed by a force 
S, whose components parallel and i»orpendicular 
to P»C] are T and TJ respectively, then Q-T 
is the inihiilauced effort on A, and tliis un])alanced effort will accelerate 
the S})ced of A, the wwk done by it app(%aring as an increase in the 
kinetic energy of A. If Q - T is negative, then th(5 acceleration of the 
si)e(;d of A will also be negative, and tlie kinetic enerj:^ of A will de- 
(Tease l»y an amount equal to that required to overcome the resistance 
T - Q. ^ 

246. Effort -Space Diagram. — In the well-known diagram repre- 
s(inting the work done by a force' or an eff(»rt acll/'g through a given 
distance, the bjiso rc'preseuts the distance or space, and the ordinates 
represent the effort. Sucli a diagram is shown in Fig. 445, w^here 
lengths on tho bas(i OX rejirescnt 
distances or s]);icos through whic^h a 
body A is movc^d by an effort 1’, whose* 
magnitude for any jiosition N of the 
body is re])resenied by the ordinate 

of the curve l^^d)E. The same 
tigur<? also shows that the motion of A 
is opposed by a resistance K, wdiose 
magnitude for any j>osition N of the 
body is re})resentod by the ordinate N^* of the curve FrDH. From O to N 
the work done by P is represented by the area of the figure and the 

work done on R is represented by the area of the figure OIVN. The differ- 
ence between these two areas, namely, the area of the figure FBpr, represents 
the excess work which goes to increase the kinetic energy, and therefore also 
to increase the speed of A. Let W == weight of A, 7'^, — sj)eed of A when 
at O, V = speed of A when at N, and K == work rejjresented by the area 

FBpj^ then ® ) = K, and + »’o • 

The ‘speed will increase so long as P is greater than B, and the speed 

2s:i 
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will be a maximum when A is at M, where^ P is equal to R. Beyond 
M the speed will diminish, and if the body comes to rest at J, then 

Wv^ 

+ work represented by area OBDEJ = work represented by area 

OFDHJ, or ^ + work represented by area BDF — work represented by 

2g 

area EDH, and if BDF = area EDIT. 

It is sometimes convenient to plot the unbalanced effort pr on a 
straight space base, avS shown in Fig. 

446. The area of this diagram be- ^ 

tween the ordinates tlirough O and : 

L then rej)resents the increase in the ^ r\ 

kinetic energy of the body when it q ^ ^ v X 

has moved through the distance OL, ; 

areas above OL being reckoned as posi- 
tive, and areas below OL as negative. 

The same result is represented by the “ 

portion FBDEHDF of the original diagram (Fig. 445), areas above 

FDH being reckoned as positive, and areas below Fi)H as negative. 

247. Effort - Time Diagram. — Referring to Fig. 445, if OX is a 
time Vrnse, that is, if ON represents the time during wlii(^h the body A 
has been moving while the effort changes from OB to Np, then the area 
of the figure OBpN i-epreseiits tlie momentum added to A by th(^ eftV)i*t P 
during the tim(‘ ON. If the resistance 11 be also ])lotted on the time 
base OX, the result bedng the luirve PrDH, thmi tlie area of the figure 
OFrN represents the decrease in the momentum of A during the time 
ON, and the area of the figure FB/^?’ r(*])resents the not increase in the 
momentum of A, due to the simultaneous action of P and R du.nT»g the 
time ON. 

If the unbalanced effort bo plotted on a straight time base OX 
(Fig. 446), then the area of the diagram between ordinates through O and 
L represents the net increase in the momentum of A during the time OL. 

^ 248. Space Average and Time Average of a Force. — When the 
magnitude of a force, acting on a body in the direction of its motion, is 
plotted on a straiglit base which re])resents the spare or tfistarire through 
which the- force acts, tln^ average value of the magnitude of the force, oi 
the mean height of the diagram, is the ,yxire average of the force. Again, 
when the piagnitudij of the force is plotted on a straight base which 
represents the thiu of tlio luotjon, the average value of tl^ magnitude of 
the force, or the mean height of the diagram, is the time average of tlw 
force, 

AVTien the space average of a force is used, it is a question of work ; 
and when the time average of the force is used, it is 4 , question of 
momentum. 


The space and time averages of a force are obviously equal when the 
magnitude of tbe force is eonstant ; they are also equal when the body 
upon which the force acts moves with a uniform velocity, Tiowover the 
force may vary in nuxgnitude ; but if the velocity of the body is not 
uniform, and the magnitude of the force varies, the space and time averages 
of the force may be very different. 



effort, acceleration, and velocity diagrams 

An example of some interest is the relation between the space and 
time averages of the pressure on the piston of a steam-engine. The 
ordinary indicator diagram is a force-space diagram, and the mean 
pressure found from it is a space average, and this space average is used 
in (jalculating the work done in the cylinder. In an indicator invented 
by Professor Ripper,* the mean pressure is shown directly by a pointer on 
a dial ; but this mean pressure is a 
time average, unless the proper cor- 
lection has been made by adjusting 
the instrument to convert the time 
average into the sj)ace average. The 
necessary correction to convert the 
time average into a space average wdll 
depend on the way in which the pres- 
sure varies in the cylinder. 

The following example will show 
the relation between the space and 
tim# averages of the pressure in a 
]»articular case. ABCD (Fig. 447) is 
tlie force-space diagram on a base AB, 
which represents the stroke of the 
]uston (20 inches). The steam pressure 
is 150 lbs. per square inch for the 
first 4 indies of the stroke, after w'hich Fig. 447. 

the pressure follows the law’’ IV—GOO. 

Dividing the stroke into 10 equal parts of 2 inches eaidi, and calculating 
the pressures at the middle points of these parls, the following table 
is constructed : — 

1 3 6 7 9 11 13 ir> 

150 150 120 85*71 (i«*G7 54*55 4G‘15 40 

from which the mean value of P is 78*0, and this is the spare average 
of P. 

To find the time average of P, construct the semicircle A'9'P/, which 
rej>resents the path of the crank j)in for oile stroke of the piston, and 
divide this into 10 fequal ares ; then assuming that the crank pin is moving 
■with a unifi^rin velocity, each of those arcs w ill be described by tlie crank 
pin in equal intervals of time. Bisect these equal arcs at the points 
P, 3', 5', etc. Then, neglecting the efiect of the obliquity of the con- 
necting-rod, the i)osition of the justoii, measured by itn distance fioni the 
beginning of its stroke when the crank makes an angle 0 with A'O, is 

= 10(1 - cos <9), and P == :, /iv ? greater than 1 50. 

1 0( J - <;os ( 7 ) 

Lot the base AB now represent the taken by the piston to make 
one strokti^, and let it be divided into 10 equal parts, ro})resei)ting equal 
intervals of time, and let these be bisected at the poijits 1, 3, 5, etc. 
The points 1, 3, 5, etc., will be the positions of the pressure ordinates on- 

* See the J^roceedings of the Institution of Mechounical Enginetrs^ 1899. 


r' ^ ~ 

j i/‘(spacc) 


17 19 

B5*aS 31-58 
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a time haae corresponding to the positions T, 3', 5', etc., respectively of 
the crank pin. The following table may now be constructed : — 


Position of'i 
crank pin] 

r 

3' 

6' 

7' 

9' 

11' 

13' 

15' 

17' 

19' 

X (time) . . 

1 

3 

5 

7 

9 

11 

13 

15 

17 

19 

^ . . . . 

9“ 

27“ 

45“ 

c.r 

81“ 

99^ 

117“ 

135° 

153“ 

171“ 

P . . . . 

150 

150 

150 

109*9 

71 *11 

51-88 

41*27 

35*15 

31*73 

30*19 

’ 1 
j 


from which the mean value of P is 82*112, and this is the tiiyie average 

of P. 

The time average of the pressure on the piston is therefore, in this 
case, 4*12 lbs. per square inch, or 5*3 per cent, greater than the space 
average. These results are not quite accurate, but they are sufficiently 
approximate for practical ])ur))oses. More exact results would of course 
be obtained by making the space and time intervals shorter, and corre- 
spondingly more numerous. ^ 

If the effect of the obliquity of the connecting-rod be considered, and 
the length of the connecting-rod is five times the length of tjie^crank, it 
will be found that iu the foregoing example the time average of the 
pressure is only 1*56 per cent. gi*eater than the space average. 

249. Acceleration- Time Diagram. — In Fig. 448, OD is a time 
base, and the curve ABO is such that any ordinate FN represents the 
acceleration / of the motion of a body after the 
lapse of time represented by the abscissa ON. 

If is mean . a(!C(i] oration during the interval of 
time f, or the mean lieiglit of the curve AF above 
ON, then the artja of the diagram OAFN repre- 
sents or V the added velocity. If t*^ and 
are the velocities at the beginning and end of the 
interval|pf time ON = t, then v = = /„/. 

Since acceleration is pro])ortional to the 
force producing it, it is evident that cf curve of 
also be a curve of acceleration, but to a difierent scale. 

250. Velocity- Time Diagram.— OABCD (Fig. 44ii) is a velocity- 
time diagram for the motion of a body. An oidinato BN of the velocity 
curve ABO represents the velocity v after the 
lapse of time jf, represented by ON. 

The area of the diagram between the ordi- 
nates AO and BN represents the distance 
travelled by the body in the time t, for if 
is the mean velocity bet\V(‘en O and N, the? dis- 
tance travelled in the time t is i\,f ; but is 
the mean height of the cui ve AB above ON, and 
the area of OABN is therefore ?*„, y ON = 

The sloj)e of the curvt' ABO at any point B is equal to the acceleration 
at the time ON, for if a point h be taken on the curve ABO near to B, 
and if the ordinate hv and the abscissa On + the slope of 

B/> is and in the limit when h coincides with B, the slope of B& 



Time. 

Fig. 44S. 

unbalant!ecl effort will 



Time 

Fku 449. 
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cl'o 'RT?' 

becomes — , the slope of the tangent to the curve at B, namely, . But 

is the rate of increase of the velocity, and is therefore equal to the 

acceleration /. In measuring the slope of BE, the height BF must be 
measured with the velocity scale, and the base EF with the time scale, 

251. Space-Time Diagram. — OBCD (Fig. 450) is a space-time 
diagram for the motion of a body. An ordinate BN of the space or 
distance curve OBO represents the distance s 
travelled after the lapse of time if, represented 
by the abscissa ON. 

The slope of the curve at any jioint B 
is ecjual to the velocity at the time ON, 
for if a point h be taken on the curve near 
to B, and if the ordinate = and the 

abscissa On — t + U, the sloj^e of B?> is and 




1 

m t evA 

€^h. 





Fig. 450. 


ds 


in the h’mit when h coincides with B, the slojxj of B/i becomes ^ , the 

BN 

slope of the tangent to the curve at B, namely, But is the rate 

of (‘hange of position, and is therefore equal to the velocity In 
measuring the slope of BE, the luught BN must be measured with the 
distance scale, and the base EN with tlie time' scale. 

252. Acceleration-Space Diagram. — Fig. 451 shows an acceleration- 

sj)ace diagram, any ordinate BN of the curve 

ABC re]>resentiiig thci acc'cleration when the 

distance moved by tln^ body is represented by 

the abscissa ON. Consider an indefinitely 

narrow vertical strip of the diagram. Let ds 

be the widtli of this strij) and f its he'ight, 

,, .. ' i> ^ ^ dv ds dv dv 

then Its area is /(As. 


. dv ds 


ds ^’ds' 



therefore fds — vdn. 

Ltit Cy be the velocity of the body when at O, and its velocity when at 

D, then the area OABCD = |/(/s = = ’-’ 7, * "• the mean 


..acceleration between O and D, and OD = .s,, then ^ ^ ^ or twice the 


ai*ea of the diagram represents the difference between the squares of the 
velocities of the Ixxly at the ends of the s}»ace base. If =^-0, or the 

body is at rest when at O, tlien ~ * , or twice the area of tlie diagram 

rejiresents the square of the vclc>city of the body at the other end of the 
space base. 

253. Velocity-Space Diagram.— ABC (Fig. 452) is a curve such 
that any ordinate BN represents the velocity v of a body when it has 
moved a distance s, represented by the abscissa ON. 
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dv 


therefore 


But 


is the slope of the tangent BE to the curve ABC 
EF 


It was shown in the preceding Article that 

f^dv 
V ds‘ 

at B. 

the sul>normal of a velocity-space 

1C 


T BF 

If BL is the normal to the cm vo ABO at B, then = 

BJN Er 




but BN = ^;, therefore LN==/; or 
curve represents the acceleration. 

The scale with whiqh to measure LN must 
now be determined. Let the velocity scale bo 
1 inch to m feet per second, the distiince 
scale 1 dnch to n feet, and the acceleration 
scale 1 inch to x feet per second per second. 

Let BF, EF, BN, and LN denote the lengths 
of these lines in inches. Then, /= LN x x 
feet per second per second, and ?’ = BNxm 
feet per second ; BF represents a vehxiity BF x m feet per second, and EP 

represents a distance EF x n feet. Hence ~ - thei-efore 

^ V BNxw EFx?^ 


I 





cV 

— 


'a 

N iVL 

5 Distance. 

Fig. 

452. 


X 

'in 


> and — 
n 


n 

254. Conversion of Space-, Velocity-, and Acceleration- Time 
Diagrams. — It was showji in Art. 250 that the slojic of the volofity-timo 
curve represented tlie acceleration, and in Art. 251 that the 8loi)e of the 
space-time curve represented the velocity. These pr(»perties may be 
made use of in constructing any two of the three curves, s])ace-timc, 
velocity-time, or acceleration-time, from the third. 

The curve OABC (Fig 453) is a space-time curve plotttid from the 
data in the following table : — 



0 

2 

4 

(» 

8 

30 

12 

14 

16 

IS 

s , . . 

0 

7 

22 

41 

64 

4 ) 

90 

122 

160 

197 

228 


where t is the time in seconds, and s the distance moved from rest in 
feet. Let A and B be two points on the curve OABC, the j>oints being 
sufficiently near to one another to warrant the assumption that the part 
AB of the curve is straight. Drawing ifvD perpendicular to the ordinate 
through B, BD is the space covered during the interval of time AD, and 
the mean velocity during that interval is BD -^AD. In Fig. 453 AD 
is 2 seconds and Bl) is 2G feet, therefore tlic velocity at the time 
9 seconds, the middle of the interval AD, is 13 feet }>or second, and if 
the Ordinate NP })c made equal to 13 on the v('lof;jty scido, a point P on 
the velocity curve is determined. If equal intervals of time be taken, it 
is only necessary to take the distance Bl) in the dividers and step it out 
a number of times on the mid ordinate to obtain a point on the 

velocity curve. 

The velocity curve in Fig. 453 has l)cen found by taking intervals of 
one second, and making the mid ordinate ten times the increase in space 
for each second. 
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The acceleration curve is deteriiiiiied in like manner from the velocity 
curve, NQ being made a fixed number of times FH, or, as has been done 
in Fig. 453, the mid 
ordinate has been 
made four times the 
increase in velocity 
for each second. 

Conversely, the 
velocity curve may 
be determined from 
the acceleration 
curve, and the space 
curve from the 
velocity cur^^e, be- 
ginning in each case 
at the zero point. 

T h e student 

should work out the foregoing example carefully to, say, the following 
scales : — Time, 1 inch to 2 seconds ; space, 1 inch to 50 feet ; velocity, 
1 inch to 5 foot per second ; and acceleration, 1 inch to 1 foot j)er second 
l>cr second. 

The ])ro]>erties r)f the curves on a time base whicli have been made 
use of in the foregoing examj)1e are applied in a slightly different manner 
in Fig. 45 1. Suppose the velocity curve to be given. Divide the diagram 
into vertical strips 
A, B, C, etc., and 
draw the mid ordi- 
nates si 1 own by 
dotted lines. Pro- 
ject the mid ordi- 
nate points of the 
velocity curve on to 
the vertical through 
O, thus ol)taining 
the points rf, r, 
etc. ( ^ h o( )se a j)ole. 

P on the time base, 
and join P to a, 5, 
c, etc. Starting at 
O, draw across the strips A, H, CJ, eti;., continuous lines ])arallel to Pa, 
P/>, Pc, etc., respectively ; a fair curve through the junctions of these 
lines will be the sj)ace-tim 0 curve. 

Choose a i)olc P, on the time base, and draw Pi^t, 
parallel to tln^ jXTtions of the velocity curve across the strips A, B, C, etc., 
res]»ectively, to iiuHit the vertical line through O at a,, c, , etc. Hori- 
zontal lines from a^, 5|, Cj, etc., to cut tfie mid ordinates of the strips 
A, B, C, etc., res])ectivoly, determines points on the, acceleration curve. 

Tile relations between the different scales are found as follows. Let 
the interval of time A be St se3coiids, and at the end of that interval let 
the increase in space be Ss feet, and the increase in velocity Sv feet jier 
second. At the middle of the interval A let the velocity l>e v feet per 
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second, and the acceleration ^feet per second per second. Lot the scales 
be — space, 1 inch to I foot ; velocity, 1 inch to m feet per second ; accel- 
eration, 1 inch to n feet per second ])er second; and time, 1 inch to 
q seconds. Also let OP=p inches, and 01\=p, inches. 

Then from the simple ^^eoinetry f>f the figure 



Therefore from (1) and (3) and from (2) and (4) Hence 

/ mp iti npy 

(Zj P ’1 P\^ given, I and n can ho found, or if /, 7n, n, and q 

are given, p and pj can be found. 

255. Angular Motion Diagrams. — Tn the preceding Articles of this 
chaj)tDr only linear distance or disjilacenient, linear velocity, and linear 
acceleration have hecni referred to, but all that has becu f^aid about the 
relations between tliese also a[>])lies to the relations bet-vveen angular dis- 
placement, arjgular velocity, and angular acceleration. Angular displace- 
ment, measured in radians, angular velocity in radians j>er second, and 
angular acceleratioji in ra<lians ]»cr second i)er second, may be plotted on 
a straight time base, and fingular velocity, angular acceleration, and time 
may be jdotted on a straight base re 2 )resenting angular dis^fiaceinents, 
exactly as for linear motion. 

256. Examples.-— (1) The tractiv’e force on a car weighing 10 tons is 
P lbs., and thcirc; is a uni form resistance R lbs., so that the unbalanced 
effort F is P — U lbs. Yfiluc's of F at intervals of 2 seconds are given in 
the second colusiiii of the table below. The car is at rest when the time 
t is 0, It is re(]nirod to dct(‘rminc the ac*.c,eli‘ration y’ of the 8[‘eed of the 
car in feet 2 )er s(‘cojid yx^r second, the velocity v of the car in fc'ct per 
second, and the distance .s travelled fr^mi the starting y)oint in feet at 
each of the given times t. 


Time 

(0 

Sec. 

TTn- 

Walariocd 
Effort (K) 
Lba. 

1 Accelera- 
tion (/ ) 
J'Vct per 
Sec. 

pci Sec. 

0 

610 

f)-S77 

2 

.570 

0-819 

4 

508 

0-780 

(> 

41G 

0-598 

8 

810 

0-416 

10 

292 

0-420 

12 

255 

0 367 

14 

260 

0-874 

16 

800 

0-481 

18 

809 

0*444 

20 

330 

0*474 

1 


AUaii 

AcceJei'U- 

t/iOLl 

fiuriiig 

Interval. 


0-848 
0 11 n 
o-set 

o-r.22 
0'm;j 
0 :vxi 
0 .■]70 

o-ioti 
o-4:i8 
0 459 
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The acceloration/ is calculated from the formula 

’’ 22400 

The mean acceleration during any interval is lialf the sum of the 
accelerations at the beginning and end of the interval. 

The increa.se in the velocity duiing any interval is the mean accelera- 
tion during the interval multiplied by 2, the ■ length of the interval in 
seconds. 

The velocity v at the end of any interval is the sum of all the interval 
increases of velocity up to and including that interval. 

The mean V£5locity during any interval is half the sum of the velocities 
xt the beginning and end of the interval. 

The distance^ moved during an 3 ^ interval is the moan velocity during 
the interval multiplied liy 2, the length of the interval in seconds. 

The distance moved from the start at the end of any interval is the 
sum of all the distances moved during the intervals up to and including 
that interval. 




The results are shown plotted on a time base in Fig, 455, and F, 
and tJ are shown plotted on a space base in Fig. 450. 
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(2) A body weighing 1 ton is lifted vertically by a rope, there being 
a damjjed spring balance to indicate the pulling force F of the rope. 
There is a constant frictional resistance of 1000 lbs. to the motion of the 
body. When the body has been lifted feet from its position of rest, 
the pulling force in lbs. is automatically recorded, and is given in the 
second column of the table below. It is required to find the velocity v of 
the lx)dy in feet per second for the given values of a*, also the time t in 
seconds to rise the distance x. 


Dis- 

tance 

M. 

Feet. 

Effoi-L 

(F). 

Lbs. 

Uii- 

lial‘iiu*ed 

EUort 

(F). 

libH. 

Mean 
Value 
of P 
diuini: 
lnt(‘rval. 

Increase 

in 

Kinetic 

Eiicrfyy 

dnriiiLi 

Interval. 

Ft.-lbs. 

Total 

Kinetic 

ETjeryy, 

K. 

Velocity 

(v). 

F(‘et per 
Sec. 

Time 

(•ver 

Interval. 

Sec. 

Time 
Iroiii 
Start (0. 
Sue. 

0 

10 

20 

30 

40 

50 

60 

70 

5580 

5450 1 

5260 

5020 

4W0 

4600 

4430 

4270 

2310 

2210 

2020 

1780 

1 570 
1360 
1190 
1030 

2275 
2115 i 
1900 1 

J(‘.75 1 
M65 
1275 , 

1110 

1 

i 

22.750 
21,150 
19,(K)0 

16.750 
11,650 

12.750 
11,100 

0 

22,750 

43,90(1 

62,900 

79,650 

91,300 

107,050 

118,150 

0 

0 

25*57 

35-53 

I 42-52 
, 47-85 

; 5207 
, 55 48 

' 58*28 

0-782 
! 0*327 
; 0 256 

0-221 

I 0-200 
' 0*186 
j 0*176 

0 

0*78 

1-11 

1 37 

1 -59 
179 
1*97 
2*15 


Unbalanced effoi t, 1* -= F — (2240 + 1000) -- ¥ ~ 3240. 

The mean value of V during any iiihTval is half tJie sum of the values 
of P at the beginning ami end of that interval. 

The increase in the kinetic energy of the body during any interval is 
the work done by V 
during that interval, 
namely, the mean 
vajue of P dining the 
interval multiplied by 
10 . 

K, the total kinetic 
energy in the body at 
the end of anyinterval, 
is the sum of all tlie in- 
terval increases (»f kin- 
etic energy up to and 
including that in ter v al. 

/2x32-2K 
V940 

The time taken ov('r aiiy interval is 10, the distance moved, divide<l 
by the mean velocity during the interval. The moan velocity during an 
interval is taken as half the sUiii of the velocities at the beginning and 
end of that interval. 

The time taken from the start to the end of any interval is the sum 
of all the interval times up to and including that interval. 

The results are shown plotted on a distance base in Fig. 457. 
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257. The Bull Bnmie*— Towards the end of the eighteenth centiiry 
Willian^ Bull 1 ^ a simple form of pumping-engine^ which was 
developed and improved by liis son Edward Bull and Richard Trevithick. 
This engine is now antiquated, but in its working it presents an exceed* 
ingly interesting problem in mechanics, which will liow be considered. 

The engine has an inverted cylinder ah (Fig. 458) placed directly over 
the pump well, and this piston-rod is attached direclly to the pump rods 
or “pitwork.^^ The up stroke is performed by tlie^ steam acting on the 
under side of the piston, but during this strok(i no water is ]7umped, the 
work drme by the steam, over and above that required to overcome the 
friction ai>poaring in the energy of the raised heavy pitwOrk. During 
the down stroke the steam is led from the lower to the upper end of the 
cylinder, thus produc- 
ing equilibrium on the 
instou, and the descent 
of the heavy pit work 
raises the water. 

During the up 
stroke the steam is 
used expansively, and 
the <’ud of the stroke 
is repacked when Iho 
work done by the 
steam is equal to 
the w’ork done on the 
resistance. I^ho dia- 
gram ACDEFB to the 
right in Fig. 458 shows 
the. effective j^ressuro 
])er square ineh on the piston during the U}> stroke, AB being the 
length of the stroke. AH represents tin? tolal resistance, ]ver square 
in ell of piston, <luc to the wu^ight of tin' piston, j)ist on-rod, and jutwork, 
and the resistance of friction. ^HKK, the resistance line, is parallel 
to AB, and cuts the exj)ansion curve at E. When the ])iston has 
nH>ved to N, the effective pressure on the j)iston exactly balances the 
resistance, and from A to N tlie W(jrk deme by the steam is ro 2 )rei>ent(;d 
by th(i area ACDEN, while the woik done on the resistance is ro])re- 
senfced by the* ai’oa AHEN. The excess wwk, represented by the area 
HCUIE, is stoned in the rising masses as kinetic energy, and the 
speed of the piston increases as it moves from A to N. Above N the 
effective' pressure on the piston will continue to dindnish as the piston 
rises, until the position B is reache^l, when it comes to rest. 

The v(ilocity curve ALB maybe constructed as in the soeond example 
of the preceding Article, and the point B where this curve cuts the line 
of stroke AT5 determines the end of the up stroke. 

A similar problem is presented during the down stroke of the piston. 
Referring to the diagram to the left of Fig. 458, the effort A^C^ is the 
weight of the pitwork, etc. (per square inch of piston), aiid the effort line 
CjE|F^ is parallel to A,B^, the line of stroke. The resistance AjITj, at 
the beginning of the stroke, is due to the head of water, the size of the 
pump, and the resistance of the valves. As the speed increases the 
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friction of the water in the pipes will increase the resistance, and the lm .0 
H^J will not be parallel to A^Hi* To stop the downward motion, the 
steam under the piston is shut in when the piston reaches the point M, 
and the resistance then increases, as shown by the line JEjK^ , due to the 
compression of the steam on the lower side of tlie piston. In constructing 
the curve JEjKj, it must be reincml>er(3d that while the steam below the 
piston is being com])ressed the steam above is exj)anding, and this must 
be allowed for, so that JE,Kj may show the effective increase in the 
resistance. The velocity curve is determined as before. 

During the up stroke the steam above the piston is exhausted into 
the condenser. To prevent damage to the cylinder in the event of the 
prearranged stroke b^irig exceeded, there are buffer beams against which 
the cross-head strikes. 


Exercises XVIIa. 

1. An effort-space diagram is drawn to the scales, 1 inch to (50 lbs. and IJ 
inches to 1 foot. The length of the diagram is 2*3 inches, and its area is 2*45 
square inches. How many ft.-lhs. of work does the area of the diagram repre- 
sent, and what is the space average of the eiffort ? 

2. A body weighing 80 lbs. is moved from rest in a horizontal direction by 
an effort which varies uniformly from 1J2 lbs. at the beginning to 40 lbs. when 
the body has moved 8 feet. There is a uniform horizontal resistance of (50 lbs. 
Represent this by a diagram to the scales, 1 inch to 50 Ihs , and 1 inch to 2 feet. 
Calc the kinetic energy and the velocity of the body when it has moved 
B feet.^^'ind also the maximum velocity, 

3. In an effort-time diagram, the effort being the unbalanced effort, the 
length of the diagranj is 5 inches, and represents 30 secjonds. The scale fof the 
effort is 1 inch to 100 lbs , and tliearca of the diagram is 12 square inchcjs. If 
the weight of the body upon which the effort acts is 5 ions, what is the increase 
in its velocity, in miles per hour, in the time represented by the length of the 
diagram ? 

4 . The pressure on the piston of a direct acting stcani'engino is 150 lbs. per 
square inch for the first thret‘-tenths of tlie stroke, and for the remainder of the 
stroke the pressure varj(\s inversely as tlie distance of the piston from the be- 
ginning of the stroke. Draw on the same base, (a) the pressuie-sjjaco diagram, 
{b} the pressure-time diagram, assuming an infinite connecting-rod, (c) the pressure- 
time diagram, taking the length of the c<Mine(;ting-rod twice the stroke of the 
piston. Find the moan pressure in Ib.s. per square inch of piston from each 
diagram. Assume that the ciank is rotating at a uniform speed. 

G. A certain accel (^ration diagram on a time buse has an area of 2*1 square 
inches. The base is 3*5 inches long, and rei)resents 17 5 seconds. The accelera- 
tion scale is 1 inch to .5 feet per second per second. If the velocity is 8 feet per 
second at the beginning, what ls the vclocify at the end of the 17 5 seconds 7 

6- In a diagram nqiresenting the unbalanced effort on a body wcigliing 800 
lbs., the effort scale is 1 incli to 100 lbs. If the effort curve is also the accelera- 
tion curve, and the acceleration scale is x inches to 10 feet per second per second, 
find x» 

7. The tangent at a certain pioini of a certain velocity curve on a time Viase is 
inclined at 35° to the base (tan. 35° -0*7). If the time scale is 1 inch to 5 
seconds, and the velocity scale is I inch to 20 feet per second, what is the 
acceleration in feet per second per second at the point considered. 

8 - The area of an m crlcration diagram on a s]iace base was measured with a 
planiineter and found to be 7 S5 squan* inches, 'fhe base ON of the diagram was 
4 inches long, and represented 20 feet. The acceleration scale w^as 1 inch to 10 
feet, per second per se<;ond, and the velocity at O was 2 feet per second. 
Calculate the velocdty at N. 

9. At a particular point on the curve of a velocity -space diagram the inclina- 
tion of the tangent is 30°. The ordinate of the point represents a velocity of 7 
feet per second, and the sub-normal measures 1*35 inches. If the distance scale 
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is 1 inch to 10 feet, what is the acceleration, in feet per second per second, at the^^ 
position considered ? 

10. An electric street car was found to have moved from rest 66, 246, 490, 

and 750 feet in 5, 10, 15, and 20 seconds respectively from the start. Construct 
on a time base the displacement, velocity, and acceleration curves, and state the 
velocities in miles per hour, and the accelerations in miles per hour per second 
at the times 5, 10, 15, and 20 seconds from the start. [Engineering Oct, 

14, 1897, and Durley’s “Kinematics of Machinery,” p. 47.] 

11 , The angular position $ (in radians) of a rocking shaft at any time t (in 
seconds) is racasared from a fixed position. Successive positions at intervals of 
tjV second have been determined as follows ; — 


t 

0-0 

002 

0-04 

0-06 

008 

0-10 

0*12 

0-14 

016 

0-18 

0 

0-106 

0-208 

0-337 

0-487 

0 651 

0*819 

0-978 

1-111 

1-201 

1-222 


Find the change of angular position during the first interval from <=0*0 
to < = 0’02. Calculate the roean angular velocity during this interval in radians 
Xior se^cond, and, on a time base,*set this up as an ordinate at the middle of 
the interval. Kepeat this for the other intervals, tabulating the results, and 
drawing the curve showing ax)proximal.ely angular velocity and time. In the 
same way find a curve showing angular acceleration and time. 

Head oil angular vidocity in ratiians per second, and angular acceleration in 
radians per second j}er second, when <=0’075 second. 

A wheel keyed to the shaft weighs 720 lbs , and has a radius of gyration of 
1*5 feet. What is the torque tending to fracture the shaft wh«0^<,= O‘16 
second? [B.B.] 

12. A weight W of 1000 lbs. is made to move along a horizontal plane. The 
frictional resistance R is uniform and equal to 100 lbs. The driving force P in 
lbs. varies uniformly, and is given by the formula P — Q(10-a;), where x is the 
distance moved in feet from the starling i)oint. Deteuniiie in each of the 
following casf's (<t) the distance moveVl in feet by W before coming to rest, {b) 
the iTUixinium velocity of W in feet per second, (c) the distance* in feet of W 
from the starting point when its velocity is a maximum, (</) the acceleration in 
feet per second per second w’hcn AV is 2 f(‘C‘t from ihe starting jjoint. Case I. 
Q-::15 ; Ca.se II. Q = 20; (!ase 111. Q^^O. 

13. A body A weighing 1000 lbs. is moved horizontally by a force P lbs. , 

which is equal to 200 lbs. for the first 2 feet, and afterwards varies according 
to Iho law P:r = 400, wluire x is tlie distance moved from the starting point. The 
frtcitional resistance It is constant,* and equal to 100 lbs. Determine (a) the 
distance moved by A, infect, before coming to rest ; (b) the maximum velocity 
of A, in feet per second ; (c) the distance of A from the starting ixfint, in feet, 
wlu'ii it s velocity is a maxiiiuiin ; {f/) the acceleration, in foot jier second per 
second, when A is 3 feet from the starting Plot P — R, and the velocity, 

on a sxiace huso 

14. A body weighing 1610 lbs. is lifted vertically by a roxie, there being a 
damxRid s[>ri?ig balance to indicate the pulling force; F lb. of the rojic. I’liere is 
a constant fnctional resistance of 710 lbs, to the motion of the body. When the 
body lias been lifted x feet from its position of rest, tlie lulling force is automati- 
cally recorded as follows : — 


X 

0 

11 

20 

U 

45 

55 

66 

76 

¥ 

4010 

1 

391.5 

3763 

3532 

3366 

32(JH 

3100 

3007 


Using squared pax»er, find the velocity v feet per second for values of x of 10, 
30, 50, 70, and draw a curve sliowing the jirobable values of r for all values of x 
ux^ to 80. In what time does the biidy get from «; = 45 to ? In what time 

does it get from 05= 0 to 0 ? = 75 ? [B.E.J 
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15 . A body weighing 322 lb. is lifted by a force F lb. which alters. When 
the body lias risen through the distance x feet, the force in lb. for the several 
values of x is as follows (or would be if the body rose as far) : — 


X 

0 

1 

2 

3 

4 

6-5 

7 

9 

11 

12-5 

14 

17 

20 

¥ 

540 

540 

540 

i 

530 

500 

450 

310 

220 

190 

190 

190 

190 

190 


Using squareJ paper, find the velocity in each position and the time taken 
by the body to get to each position counting from ir,=0, the velocity then being 
6 feet per second. ‘ [B.E.j 

16 . A tram-car, weighing 15 tons, suddenly has the electric current cut off. 

At that instant the speed of the car was 1 0 miles per hour. Reckoning time 
from that instant, the following velocities, V (miles yier hour), and times, t (seconds), 
were noted. V = 16, < = (). V = 14, < = 9*3. V==\2, V=10, «=35. 

Calculate the average value of the retarding force, and find the average velocity 
from i = 0 to i = 35. Also find the distance travelled between these times. 

If the law of resistance be F (lb )==a-t-6V -f cV^, where V is in miles per hour 
as before, indicate the method bv which values of a, h, and c could be found 
from the above observations. Also calculate the relation between V and T (the 
time taken to come to rest from velociLy V) for such tests. What is T when V 
is very large? [B.E.] 

17. During the up stroke of the piston of a Bull engine the effective pressure 
p of the steam on the piston, in lbs ])er square inch, varies, as shown in the 
following table, where x is the distrtnee of the piston from the bottom of its 
stroke in feet; the jiiston will however not rise so liigli as 10 feet. The w^eight 


X 

00 

05 

I'O 

1‘5 

2*0 

2 5 

30 

3-5 

40 

4*5 

5 0 

iVO 

7-0 

80 

90 

100 

P 

55 

54 

53*5 

53 

41 

34 

28 

24 

21 

18 

b> 

12*5 

10* 5 

8-5 

7 



of the piston, piston-rod, and “ yiitwork” amounts to 22 lbs per square inch of 
piston, and the fiictional r(‘sistances are ecjuivalent to 2 lbs. ymr sipiare inch 
of piston. Draw the velocity curve for t-lie yfiston on a stroke base, and find the 
length of the strok(; Kind the time taken to make one up stroke, and draw the 
velocity curve on a time base. 


/ 258. Simple 'Harmonic Motion. — A (Fig. 459) Is a whicli is 

moving with a uniform velocity V aloi>g tlie eircninfmence of the circle 
BACD. a is another yioiiit wdiich is 
moving backward and forward along the 
diameter BOO of the same circle in such 
a manner that Aa is always j)erj)endicular 
to BO ; in other words, a is the projection 
of A on BO. Und(u* these circumstances, 
the point a has shnple harmonic motion. 

Let A and A^ be two }>ositions, near 
to one another, of the point which is moving 
round the circle, and a and (t, correspond- 
ing ()Ositious of the yioint which has simple 
harmonic motion. Let he the velocity of a 
at a, and the velocity of a at along BOO. Let Oa ■■= x, Oa, = and 
angle JiOA = 6. Resolving V, the velocity of A, parallel and perpendicular 
to 1500, it is evident that the component 2 >aral!el to BOC is equal to 

V /— V 

the velocity of a, and w ~ V sin 0 = - V 



Also 
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The mean velocity of a between a and is +v), and the time taken 
to travel f I'om a to a. ia If f jg the mean accelera* 

+ »i + « 

tion of a between a and a,,/= (v, -v)-t- Y Yx + *,). 

Vj^ + v 2(x-g^) 2/“*' 

Now if AAi ia made indefinitely amall, Xj^ becomes equal to x, and / 
becomes the acceleration of a at a. Hence /== — 

If / be plotted on the space base HOC, the straight line fjOc is the 
result, the maximum values of / being at B and C where ijc r. At the 
centre (), where x — 0, /— 0. At B and C, v = 0, and at O, v has its 
maximum value, ajid is there equal to V. 

When A is at B or C, A and a coincide, and f for a becomes the 

Y2 

radial acceleration of A, namely, a result w^hich has been proved in 
another way in Art. 21, p. 17. 

Since the acceleration of the point a is directly proi)ortional to its 
displacenujnt from its middle position, this property may be used as a 
tost of simple haritionic motion. In fact, the 
definition of simple harmonic motion is better 
given as the motion which a ])oint has when its 
acceleration is proportional to its displacement 
from its middle position, because this includes 
the case of a jioint oscillating in a curved path (Fig. 460), where the arc 
OB or the f(rr OC = r, and the arc Oa — x, 

A coin])lete oscillation or vibration is a movement from one end of 
the path to the other and back again. The time of a complete os(‘illatioTi 
is called the periodic tinte. If V is in feet ]>er second, f in feet per 
second per second, r in feet, and t, the periodic time, in seconds, then 



Fig. 4(50. * 



and /= 



47r^x 

■ 


Referring again to Fig. 459, Aa — r sin but 'v~Y sin 6^, therefore if 
the velocity scab; be chosen so tliat r ro])resents V, then Aa will rej»reserit 



w on that scale, and the circle BAOD will bo the velocity diagram on 
the space base BO(J for the j^oint which has simple harmonic motion. 

Again,/ = ^ therefore if the acceleration scale be so chosen that r 
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W" 

V P 

T)receding Article, ~ , and ^\hen = 

W qr- W 


represents Oa or x will represent / on tliat scale. This also foIloW 

T 

from Art, 253, p. 287, because x is the sub-normal of the velocity curve 
on a space base. 

Fig. 461 shows the velocity v and accederation f plotted on a time 
base. The constructions are obvious, and clearly shown in the figure. 

^ 259. Forces giving a Body Simple Harmonic Motion. — If a body 
weighing W lbs. has simple harmonic niotioTi along the line BOC (Fig. 
462) under the action of a force P, then since acceleration is ])roportional 

to the force producing it, , and using the notation and results of the 

- V2__47r2r 

(jr (jt‘^ ’ 

The force P must always act towards the centre O, so that while the 
body is moving towards C3, 1* is an effort, 
but when the body is moving away from O, 

P becomes a rcsistanc'O. 

The force diagram on a s))ace base is 
evidently a straight line one, like the at*- 
celeration diagram. In mciving from B to 
O the work done by tlit^ effort is represented 
by the area t>f the triangh^ B/^O, and is stored 
up in the body as kinetic energy, tt) be given 
out again in overcoming the resistance in 
moving from O to C, tlie work done on the resistaiice from O to C being 
represented by area of the triangltj OcC. 

The foregoing results may be applied to the case of a body which havS 
angular harmonic motion. Let O^A (Fig, 463) 
be a bar upon wldcdi is mounted a mass M, 
the weight of the rod t),A and the mass M 
being W, and let the whole ]>ody oscillate with 
harmonic motion about an axis O, per[)en- 
dieular to the jdane of the pa})er. LetOj^A be 
the central position, and (bPj making an angle 
d with 0|A, any other ]ir)sitioii. Let Ic be the 
radius of gyration of tlie whole body about 
the axis Op and let P b(‘ a fonie acting on die 
body at a distance from e(jual to k and 
in the direction of motion, wliich will give the harmonic motion. 

Applying the foninila J 

W (ji^ 











>r; 




ITio. 


to this case, r arc OB = kO. Hence. 


AttHO 


, where 1 Is the moment of inertia 


p ATT^-e , 

— — = - - ~~ — , and 1 /r = — 

W qf- qt- 

of the body about the axis O,, Tin; product P^- is the turning moment 
of the force P about tin; axis Op If T denotc'S this turning moment, 
47r2X^^ 

then T = . If tli(3 force which gives harmonic motion to the body 

qfr 

bo a force Q acting as shown, R being the perijendicular distance of its 
line of action from Op then T = QR=: . 
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Ly^For example, take the case of the simple pendulum (Fig. 464), where 
a small body of weight w swings in a vertic^ plane in a _|n 

small arc of a circle of radiiis 1. T = w • = wl sin 6. » | 

Since ^ is a small angle, sin Q may be taken equal to 9, • » f, 

also I = wV^, hence j / 


therefore 


or /f = 27 


v^ 


well-known result, which may be proved in other 



Fi(j. 464. 


Exercises XVIIb. 

1. A bofly of 60 lb. has a simple vibration, the total lenj^tb of a swin^ being 

3 ffiot ; there are 200 compute vibrations (or double swings) per minute ; calculate 
the forces which act on the body at the ends of a swing, and show on a diagram 
to scale what force acts iiiion the body in every position. [B.E.'J 

2. A weight of 5 lbs. is supported by a spring. "Jlie stiffness of the spring is 

such that putting on or taking off a weight of 1 lb. produces a downward or 
upward niofion of 0'04 foot. What is tlie time of a complete oscillation, neglect- 
ing the mass of the spring ? *[B.E.] 

3. A weight of 10 lbs. suspended by a spiral spring makes 107 complete 
vertical oscillations in 1 minute. What weight applied gradually will lengthen 
the spring 1 inch ? 

4. A U tube (Fig. 4(>i)) of uniform bore contains a liquid which fills a length 
of 2 feet of tlm tube. Find the time of a complete 
oscillation of the liquid in the tube. 

6. A steel wire 0*16 inch diameter fixed at its upper 
• end and guided at the lower end has a wheel weighing 
12 ',‘1 lbs, fixed to it ru.ar its free end and 40 inches 
from its fixed end, as shown in Fig. 466. 'J1ie wheel is 
turned through a small angle and then liberated, and it 
is then found to make 4 complete oscillations in 6 
seconds. Taking the modulus of rigidity of the wire as 
I.*k0u0,000 lbs. per square inch, calculate the radius of 
gyration of tlie wheel alKiut its axis. 

6. A fly-wheel weighs 5 tons, and its radius of gyra- Fifb 465. Fl(’ 466. 
fion is fi-.’lO feet. It is at the end of a shaft 40 feet 

long, 5 inches diameter, modulus of rigidity of material 12,000,000 lbs. per square 
inch, wdiat is the natural time of torsional vibration of the system, neglecting the 
inertia of the shaft itself? IB.E. j 

7. A fly-wheel weighs 5 tons, and has a radiu.s of g^/ration of 6 feet. It is at 
one end of a shaft, the other end of wdiich is fixed. It is found that a toniue of 
200,000 lb, -feet is sufficient to turn the wlieel through 1®. If the wheel is twisted 
slightly and then released, how many vibrat ions per minute will it make ? ^ [B.E.] 

8. A uniform (urcular plate, 1 foot in diameter, and weighing 4 lbs., is hung 

in a horizontal plane by three line parallel cords from the ceiling, and when set 
into small torsional vibrations about a vertical axis is found to have a period of 
3 seconds. A body, whose momtmt of inertia is required, is laid horizontally 
across it, and the period is then found to be .5 seconds, the weight of the body 
being 6 lbs. Find the moment of inertia of the body about the axis of oscilla- 
tion, [Inst.O.E] 




CHAPTER XVIII 


PISTON OR SLIDER AND CONNECTING-ROD 
VELOCITY AND ACCELERATION DIAGRAMS 

260. Piston or Slider Velocity Diagrams. — In tlie direct^acting 
engine thel'erJprocating motion of the piston is converted into the rotary 
motion of the crank shaft by means of the crank and connecting-rod. In 
what follows it is really the motion of the cross-head whicli is studied, 
tut the piston and cross-head have exactly t]ie‘, same motion. Ilcferring 
to Fig. 467, A is the axis of the cross-head pin, AB the axis of the con- 
necting-rod, B the axis of the crank ])in, BC the crank, and C the axis of 
the crank shaft. The line of stroke of the piston when ]:)rodiicod is 
assumed to pass through C. Let Oj be the. instantaneous centre for the 



connecting-rod when in the position shown. 


Let V" l»e the linear velocity 
O^A 


of the crank pin, and v the velocity of the cross-head, then 

Through C draw CD' perpendicular to AO. Make C'B' — V to any 
convenient velocity scale, and draw B'D' parallel to AB tc^ meet CD' at D', 

then, since the triangles OjAB and CD'IV are similar, 

CjB 

therefore CD' = ??. Since V, the velocity of the crank pin, is usually 
uniforni', it is generally convenient to select the velocity scale such that 
CB — V, then if AB be ja-oduced to meet CD' at D, CD=#, Drawing 
DE parallel to the line of stroke Jo meet AE perpendicular to the line of 
stroke at E determines a j)oint on the piston velocity-space curve. If Cd 
(on the crank) be made equal to CD, tlicn d is a poitlt on the polar 
velocity cujve for the piston. A point on another form of the polar 
, velocity curve is obtained by making Be (on the crank produced) = CD. 

800 
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The diagram to the right in Fig. 467 ohows the velocity of 
pistori, during one stroke, plotted on a crank angle, or time bstse. 

If the connecting-rod is of infinite length, AB becomes parallel to the 
line of stroke, BE> is perpendicular to CD, and v is equal to V mi 0. If V 
is constant the piston has simple harmonic motion, and the velocity-space 
and the velocity- time diagrams for the piston are the same as those shown 
in Fig. 461, p. 297. The ]>olar velocity diagram becomes^ a circle 
described on the ci’ank as diameter when tlie latter is perpendicular to the 
line of stroke. 

The arrangement shown in Fig. 468 is the equivalent of an infinite 
connecting-rod. This 
firivangement is fre- 
quently found in steam 
])Uinpy,one rod M being 
tlie steam piston-rod, 
and the other N the 
pump plunger. I'he 
crank in this case must 
be an overhung one, or 
tlni crank shaft inust 



be (lividfui to allow the slotted piece KL to jiass. If the slotted piece 
have two slots at right angles, «as shown in Fig. 469, the crank may be 
placed anywhere ori th(‘ shaft without altering the shaft in any w^ay. 

261. Piston or Slider Acceleration. — Since (JD (Figs. 467 and 
470) represents the ]>iston velocity if CB represents the crank pin 
velocity, it follows that since acceleration is rate of incTeaso of velocity, 
th(‘ velocity of the I) along CD will be the rate of increaKse'of CD, 

and will therefore be the pistori acceleration. 

Consider the point D as a point in the connecting-rod produced, then 


I) must be ]novi)ig at the 
instant in a direction per- 
])cndicular to Ol) with a 

velocity equal to V • 

This Velocfty may be found 
by construction as follows. 
On Ol) make OF/ = 013. 
Draw B'C' 'i)er|)endicular to 
OD and equal to BC. Join 
OC/ and produce it to meet 
DE, a perpendicular to OD, 



at E, then DE — V 


Fio. 4.70. 


" If DE 1 h 3 resolved into components DF along AB, and DH along 
CD, then T)H is the velocity of D ahmg CD, and therefore re|jMresents 
the piston acceleration. Draw CK ]>a railed to OD to meet AB at Iv, and 
draw KL perpendicular AB to meet AC at L, then it will be showm 
that 017= DH. The triangles CKB and OBD are similar, and 


CK^OD_(2D ^ DE ^DE 
BC OB OB' B'C' BC 
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therefore CK = CE. The triangles CKL and DEH are similar, because 
the sides of CKL are respectively jitiriwndicular to the aides of DEH, and 

J , but CK = DE, therefore CL = 1 )H. If, therefore, the point O 


m accessible, C -L, the piston acceleration, is ff>uTicl by drawing CK jiarallei 
to OD, and KL j)erpendicular to AB. But for a considerable portion of 
the motion of the piston the i)oint O is 
either at an inconvenient distance or 
is quite inaccessible, and some other 
construction for finding the jioint K is 
desirable. 

What is generally known as Kleiv^a 
constriiction is tlnj most convenient 
for finding KL. Klein’s construction 
is as follo'ws. On AB as a diameter 
describe a circle. Witli centre B and Fia. 471, 

radius BD describe another circle, 

cutting the former at M and N. Join MN. The lino MN coincides 
with the line KL of the former construction. For, referring to K as 



found by the first construction 


BK 
^ Bb 


BC 

OB’ 


because tlie triangles CBK and 


OBD arc similar. Also, , because the triangles CBD and OBA 

Oil AB 

are similar, therefore or BK*AB-=BI)-. licferring now to 

B L) A 1 > 

K as found by Klein \s const ruction, 


BK BK^BM 
BD ""BM AB 


- or BK . AB - BD'' as before. 
AB’ 


For the sake of cleai iusss, the essential linos of Klein’s construction 
are shown si'jiarately in Fig. 471. 

262. Piston Acceleration at Ends of Stroke. — Wlien the piston is 
at either end of its stroke the crank an/1 connccting-rod are in a straight 



Km. 472. 


Fig. 47:i. 


line, and Klein’s construction gives the result sliown in Fig. 472 for the 
outer end of the stroke, and the rosnit shown in Fig. 473 for the inner 
end. Referring to Fig. 472, the angular velocity of the (^onnecting-rod 
in this position is V/7, and A has an acceleration in the direction AC duo 
to tills and equal to Y^/L Also the angular velocity of the crank is'V/r, 
and in the position shown A has an acceleration in the direction AG due 
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to this and equal to Hence the total acceleration of A in the 

direction AC is equal to VYr + V^/Z. Referring to Fig. 473, it follows 
in the same way that the acceleration of A in the direction CA is equal 

to VVr - V2/Z. Hence /= ± I + 0 .. Y:(^] ± 1^, « is 

the ratio of the length of the connecting-rod to, the length of the crank: 
thqj)lu 8 sign applies to the outtT and the minus sign to the inner end 
of the stroke. lor example, if V =. 10 feet per second' r = IU*^ihchesi and 

Z = 50 inches, /= ± ^144 feet 2 )er second per second at the 

outer end, and 96 feet per second j)er sectoml at the inner end of the stroke. 

263. Piston Acceleration Diagrams. — Having shown how the piston 
acceleration may he determined at any point of the stroke, the results for 
a nuin])er of points may be plotl.ed, and acceleration curves obtained 
corresi)onding to the piston velocity curves described in Art. 260. Fig. 
474 shows the various piston acceleration curves foi* the case where the 
length of the connecting-rod is 2 ^ times the length of the crank. 



264. Piston Acceleration Scale. — It was shown in Art. 261 that 
1U\ - AB-:^r>D- (Fig. 471), and when the ]>istnn is at the rmter end 

150- 

uf its stroke (Fig. 472) this becomes 1 >L • Ai>=^ l>C-^ or 

OL = 150 -h llJj, therefore OF = ViC + -- T5(^(^l 4- ^ = 150^1 !■ 

Ihit it was sliown in Art. 202 that the luston accelcTation ' at the outer 
end of the stroke is equal to 

"'"Yl +])=.- /: Hen.’o if (.n. - /; IX f l + ^ ) -- 1 + b or ^ • 

r \ nl ' ' \ '/?/ r V n/ r 

Therefore the scale on Avhich (^F will nieasure the acrelt;raiion of 

y2 

the pist(ni is one on wdiich a length ('<puil to 150 re])resonts , the 

radial acceleration of the crank pin. For exani]>le, it on the drawing 
measures 2 \ imthes (on a full siz(‘ scal(‘)» if ^ 19‘0 ieet per second, 

and r=S inches = 0-7n foot, t)icn^“= feet pm second j)er 

second, and the acceleration scale is .such that 1 irich represents 
147 4 - 2*5 ==58 '8 feet per s<icond jior second, or 100 feet i^er second per 
second is represented by 100 - 7 - 58 * 8 — 1*7 inches. 




304 


APPLIED 3IECHANIOS 


235. Position of Piston for Maximum Velocity and Zero Ac* 
celeration. — Still assuming that the velocity of the crank pin is uniform, 
it is evident that when CD (Figs. 467 
and 470) ceases to increase, the position 
for maximum velocity and zero accelera- 
tion of piston has been reached, and 
this will obviously happen when the 
angle ODA is a right angle (Fig. 475). 

No direct geometrical construction has 
yet been found for drawing the figure 
so that the at\gle ODA may be a right 
angle, but by analysis it may be shown 
that when ODA is a right angle, 6^, the 
angle ACB, is given by the equation 

sin® 6-71^ sin'^ 6 - sin- 0 + = 0, 

which is a cubic equation in sin- 6. Mr. 

G. A. Burls * lias solved this etjuation 
for a considerable number of values of n, 
and }>laced the results in a table, of 
which the following is an abstract : — 




n 


e 

1 

1 71 

1 


0 

71 

8-^r 

0 

1*0 

2-Q(Ki^ 

O / /J 

90 0 0 

i 2-0 

0-8474 

O / // 

67 42 0 

6 0 

0-9218 

O / // 

80 47 40 

1*1 

1 -OnSO 

64 57 50 

2-S 1 

I ()-«550 

70 43 46 

7*0 1 0*9321 

82 3 3 

1-U4 

1 *0000 

61 Tj 11 ; 

|| 3'0 1 

t O-Rr.74 

73 10 3] 

8*0 

0*9389 

82 56 30 

1*2 

0*95'64 

f)3 .'if) 5 1 

il 4-0 1 

0-890(; 

76 43 24 

9 0 

0*94r»8 

83 47 12 

1*5 

0*8681 

64 20 38 ’ 

i 

1 s-o 

'! 1 

0-90K5 

1 

79 6 34 

10 0 

0*9524 

84 24 .59 


s is the distance of the. piston from the outer end of its stroke w^heii 
its velocity is a maximum or its acceleration zero. 


*! = 7^ + 1 — v^l “ sin- 0 - — sin-^ 6 . 


Students §,rc referred to Mr. Burls^ pai)er for the complete discussion 
of this problem. 

For practical purposes, \vheu n ha*^ values (^onunon in direct-acting 
engines, it is usually sntUcieiit to avssiimc that the position of the piston 
for maximum velocity and zero accelcratic»n is that for which the crank 
and connecting-rod are at right angles to one another. 


Professor tTiiwin’s formula, t sin‘^ + x 

??- + 1 {n^ + 1 )f 7?'* -H 4??/) 

for values of 7i usual in prac.'tice, an extremely close apiiroximation to 
the true value of d. 

266. Analytical Determination of Piston Velocity and Accelera- 
tion. — Piston velocity and acceleration diagrams are most readily drawn 
by the accurate constructions which have been given in preceding Articles, 


*" Proceedings Iiist. C.E.^ vol. cxxxi. p. 338. 
t Ibid,^ vol. exxv. p. 366. 
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but the velocity or acceleration of the piston for any position of the crank 
may be calculated hy means of the fomiulae now to be proved. 

Referring to Fig. 467, p. 300, it is readily seen that 
V _ain sin #cos <^» + cos 6 sin ^ eos 6 sin d5> 

^ . , r . „ sin 0 , ' . 1 : 

But sin <j> = j sin 6 = , and cos <^ = ^1 _ sin2 ^ _ sS^'. 

Therefore = sin 0 -t- = sin 6> + »»» 

^ yjffi - 8in=* d 2 Jrfi - sin® $ ' 

For values of n usual in direct-acting engines it will be sufficiently 

accurate to take sin^ 0 then ^7 = vf8in 0 — y approxi- 

mately. 

From this approximate expression for v the acceleration / is found 
as follows ; — 

^ n , ^^‘0 2 cos 2^\ -rr 1 • . . 


. = sin 6-h 


approxi- 


the acceleration / is found 


= V 

^ dt 


dd ^'dO 

^ cos 6/ 4- — . 
dt dt 


V being constant, 


V cos 2^^ 


cos 9 + 


cos 26> 


= V(Y cos + V _ C 08 2J\ ^ Y^/ ^ ^ cos 26\ 

267- Angular Velocity of Connecting-rod. — The connecting-rod lias 
a motion of translatir)n along witli the jiiston, and also an angular motion, 
the angle 4» which it makes with the line of stroke changing from zero 
to a maximum, and back again to zero during one stroke of the piston. 
4) is (ividcntly a maximum when the crank is jierpendicular^o the line of 
stroke, and it is zero when the crank is on the line of stroke. 

Referring to P’i^ 476, () is th(i instantaneous centre of the connect- 
ing-rod when in the position shown, and if BC r(^])resents V, the velocity 
of the crank pin, CD rcjires nits 

the velocity of the piston. oT\^ 

Imagine a vek^city equal to v p' 

b> }>e impressed on the connect- \ / 

nig-riid in the direction CA. ^ V — 

TJie point A will now be at \ 

rest, a-nd the conneoting-i'od will ^ 

only have angular motion. The 

point B has now a velocity — *'*'‘ "0) [ 

which is the resultant of the A ~ ' ^ 

velocities -BC' perjiendicular to Kio. 47(>. 

BC, and-Y=BC, and C/D' 

parallel to CA, and CD. This resultant will evidently he per- 
})endicular to AB and BD. The angular velocity of AB in the 


Kio. 470. 


This resultant wdll evidently he per- 
The angular velocitj’^ of AB in the 


given 2 )osition is therefore equal to BD'/AB = BD/AB, and as AB is 
constant, the angular velocity is represented hy BD. 

The foregoing result is also obvious when it is reniemhercd that, at 
the instant considered, the connecting-rod is rotating about O, and its 
angular velocity about O is equal to BC'/OB = BC/OB = BD/AB, and 
this will also be the rate of change of the angle </>. 

The angular velocity of AB may be plotted on the crank CB from 
the pole C, or on the piston or cross-head stroke as a base, but preferably 
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on the connecting-rod, as shown to the right in Fig. 477. The cross- head 
end of the connecting-rod is placed at C, and assumed to be at rest The 



Fjg. 477. 


different values of </> corresponding to different values of 0 are readily 
obtained by tlie construction shown, and winch may be briefly descjibod 
as follows. With C as centre, and radius equal to the length of tlie 
connecting-rod, measured on the linear scale, describe the arc 0'3'. Let 
CB be one position of tlie crank. Draw BB' ijarallel to CO' to meet 
at IV. Join CB', then angle lVC0' = </>. Draw BD parallel to B'C 
to meet tho pcr])eridiciilar to CO' from C at D. Then BD roi)reHents 
the angular velocity of the connecting-rod when the crank is at CB. 
Make, on B'C, JVP]^B1). Then E is a point on a ]>olar curve of angular 
velocity of connecting-rod. If (’\if=BD be marked off on B'C from C 
as a pole, then d is a }>oint on another polar curve of angular velocity of 
connecting-rod. Oliserve that wlnni BD is j)()sitive B'E is measured from 
the arc on the side opposite to C, and wluni negative it is measured 
from the arc O'lV towards C Also for the other i)c)lar diagram, when BD 
is positive is nu^asured from C towards the arc 0'3', and when negative 
it is measured fi'oni in the o])])osite direction. 

The construction for tlie angular velocity curves on a time base is 
obvious, and clearly shown in the figure. 

The scale on which BD will maisiire the angular velocity of the 
connccting-rod is found as follows. Let BC-, flD, and AB denote tho 
lengths of these lijuis on tho drawing, measured in inches on the full size 
scale. Let the scale for angular velocity be i inch to x radians per 
second, and let the linear s(;ale of the drawing be 1 inch to y feet. Also 
let r be the true radius of the crank in feet, and let V be in feet jjcr 
second. Then 

Angular velocity of conuecting-rod ^ BD ^ AB __ BD 
Angular velocity oi crank J50 J^C AB 

But angular velocity of crank = —, therefore angular velocity of 

V 

, BD V 

connecting-rod = w = ^ . 

But AB = 7 i • BC== Wy, therefore w = . Y = BD • ir, and there- 


fore X 
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Tt e • M. ■!?•« ACT ®D 8111 (90 — 0) COS 0 V . • j sin 0 
Referring to Fig. 467, ~-= = but sin ^ = — — - 
Bu sin (90 - </>) cos cf> n 

atfid cos <t> ~ -L-l.?. 1;'lierefore 


n cos 6 , 

- _v-r'- , and w = 

- sin- d 


BI) M) Y. 
AB r n • BC r 


^7t2-sin-0 AJi r n-BO r Jn^-siu^e r 

268. Angular Acceleration of Connecting-rod. — Eefcrring to Fig. 
470, p. 301, just as DH or OL represents the rate of increase of CD, so 
DF or KL represents the rate of in<;rease of BD, or the rate of increase 
of BD' (Fig. 476), and therefore KL/AB represents the angular accelera- 
tion of the connecting-rod. The figure CBKL (Fig. 470) is a linear 
acceleration diagram, tlie scale of which was shown (Art. 264) to be such 
that BC rejiresents V-/r, the linear acceleration of B in the direction BC. 
Hence if KL and B(J be measured in inches, and r and nr are the true 
lengths in feet of the crank and connecting-rod respectively, angular 

KL KL 

acceleration of connecting-rod =-■ <i = . - nr ~ ^ - , , and since KL 

BC r BC wr- , 

is the only variable in tlie exjiression for a, KL will re])rosent a on a 
certain scale. Let tliis scale be 1 inch to :: radians }>er second per second, 
and let the linear scalc‘ of the drawing bo J inch to y feet, then 


a-KL.,-- 


KL . y V-’ 


KL . y 




The angular aocjcleration of the* c*onne<*ting-rod may be ])lotted in a 
manner similar to that described for the angular vehjcity in the preceding 
Article. 

269. Case where Line of Stroke does not Intersect Axis of 
Crank Shaft. — 'Hie illustrations of the dire(!t acting engine mechanism 
which have been giv(m in pn'ceding Articles lum‘ shown the ]in(‘ of str^^ke 
passing through tlie axis of the erank sluift, and this is the usual arrange- 
inent, but in a single-acting (nigine, that is, an engine in wdiich all the 
work is done (ui one side of the piston, there are advantages in arranging 
the meclianisni as .sliewn in Fig. where />(/, the line of stroke, when 
produced, does iK)t })ass 
tlirough 0, the axis of 
tlie crank shaft. 

One result- of alter- 
ing the jHisitioii of the 
lino of stroke, as shown 
in Fig. 478, is that 
during the forward or 
working stroke tlie ob- 
liquity of the eonnee.t- 
ing-rod is diminished, 
and in conscciucnce of 

. , . , X ^ Fuj. 478. 

tins the iiressure on 

the cross-head guide is diminished, and the turning moment on the 
crank is slightly more uniform. Tlie diminished pressure on the guide 
means of course less work lost in friction at that part. During the 
return stroke the obliquity of the connecting-rod is increased by this 
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new arrangement, bnt as the engine is single acting, the forces to be dealt 
with during the return stroke are much smaller* It is easy to show that 
the stroke of the piston is now greater than twice the radius of the crank. 
The “ dead centres ” still occur w^heii the piston is at the ends of its 
stroke, hut the two dead centres are no longer on the same diameter of the 
crank pin circle, and, as will be seen by reference to Fig. 478, the time 
taken for the return stroke is less than that taken for the forward stroke 
if the crank is turning uniformly. 

The construction for determining the piston velocity and piston 
acceleration are unaltered, except that CL, the acceleration, is now shown 
on a line through C parallel to the line of stroke, instead of on the line 
of stroke. , 

27Q. Inversions of the Direct-Acting Engine Mechanism. — What, 
iu preceding Articles, has been called the direct-acting engine mechanism 
is also known as one form of the sHder-emnk chain, namely, the turning 
sUder-cranh chain. The slider-crank chain consists of four parts, three 
links and a block or slider. In the direct-acting engine mechanism 
(Fig. 479) the links are, the crank a, the connecting-rod r, and the 




frame h (jf the (;ngiii(\ 1’'lie cross-head d is the block or slider, but the 
slider may include tlie piston-rod and j>iston, and, as in most internal 
combustion engines, tlio slider may consist of the piston only. 

Various meciianisnis may bo obtained from the slider-erank chain by 

the ])r()cess of inversion, which 

involves the (exchange of one 
fixed ])art or link lor aiioilier. 

TJio oscillating engine mech- 
anism (Fig. 480) is obtained from 
the direct-acting engine mech- 
anism by making c the fixed link 
instead of b, Tiie crank is still 
(i, but the crank shaft is now at 
B instead of at C. '^I'he block d 
is now the cylinder which oscil- 
lates on trunnions at A. The 
link h oscillates with the cylinder, 
but tlie relative mr»tion ))etween 
<j?and />is still that of sliding ; in 
fact, the motion of any one link 
relative to that of any other link 



Pig. 481. 


of the chain is unaltered by the }^roccss of inversh)n. The oscillating engine 
mechanism is known as the swinging-hiock slider-crank chain. 

The mechaniflin shown in Fig. 481 is known as the Whitwatih quick 
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return motum or tuming-bJock slider-crank chain^ and obtained by 
making a the fixed link, c becomes a crank, the rotary motion of which 
is communicated to fe, but the angular velocities of h and c are unequal,' 
except at two points during a revolution. This mechanism is used for 
driving the ram of a shaping machine or the ram of a slotting machine. • 
The link or crank c is really a spur-wheel rotating about an axis at B, 
and carrying a pin A projecting from one side, on which fits the block cZ, 
which in turn fits in a slot formed in b. The link b rotates about an axis 
at C, and carries a pin P, the positi(3n of which may be varied to suit the 
required stroke of the ram, which carries the cutting tool at one end. 
The recij>rocating motion of the ram is obtained from 
the pin P through a connecting-rod. The line of 
stroke of the ram is shown passing through C, and 
cutting the circle described by the pin A at E and F. 

The pin A has uniform velocity, and the times of the 
forward or cutting stroke, and the return or idle 
stroke of the ram, are to one another as the arc 
EHF is to the arc FKE. 

The only otlier possible inversion of the slider- 
crank chain is that obtained by fixing the block d. 

This inversion, called the swinging dider-crauk^ is 
n(*t very important, but one interesting aj)plicatioTi of 
it is found in the pendulum pump, shown in Fig. 482. 

The block d has become the steam cylinder, j>ump 
barrel, and frame. The link h has become the piston, 
piston-rod, and plunger. The connecting-rod c swings 
til)out a pin A fixed on the side of the steam cylinder. 

The crank a has become a fly-wheel, which rotates 
about a j)iii B attached to the lower end of the swinging link c, and it 
also rotates about a pin C, which is attached to the sliding link h. Ihe 
sti’oke of the piston and plunger is evidently twice the radius of the 
crank a. 



Exercises XVIII. 

1. Construct the piston veloc.ity diagrams, as shown in Fig. 4<»7, p. 300, for 
the following cases : — (1) //r^ ^o ^ (2) llr=4’Bj (3) llr~*2,, where / —length of con- 
nect ing-rod, and r - radius of crank. TLe three sots of diagrams to be drawn 
on the same corresjioiiding liases, or, in the case of the polar (iiagrams, from the 
same pole, in older to show the difTerenees due to variations in the value 
of //r. Take 7- “10 inches, velocity of crank pin 10 feet per soeond, and linear 
scale J, Construe/t on the diagrams the velocity scale, sln)wing feet per second. 
Tjike from ihp diagrams the values of v in feet per second when --45®, and 
state the results. 

2. In a direct-acting engine mechanism the radius of the crank is 10 inches, 
and tho velocity of the enink pin 10 feet per second, find, by calculation, the 
answers to the queries in the following table : — 


1 (inches) 

00 

oo 

4r> 


45 

41 

20 

20 

20 

20 

0 (degrees) . 

30 


30 

150 



30 

150 



X (inches) . 

? 

is 

? 

? 

o 

18 

f 

? 

2 

18 

V (feet per second) 

? 

? 

? 

? 


^ 1 

(> 

1 

*? 

? 


where I is the length of the connccting-rod, $ tho angle between the crank and 
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the inner dead ^centre radius, x the distance of tlie piston from the oi^ter end of 
its stroke, and v the velocity of the piston. 

3 . When the length of the connecting-rod is equal to that of the crank, show 
that the stroke of the piston is four times the length of the crank. Also, if the 
crank has uniform velocity, show that the piston has simple harmonic motion, 
aud that the maximum velocity of the piston is twice the velocity of the 
crank pin. 

4 . In a direct-acting engine the connecting-rod is 50 inches, and the crank 
10 inches long. If the crank makes 120 revolutions per minute, calculate the 
mean velocity of the piston, in feet per miuut.e, also the velocity of the piston, 
in feet per minute, when t)je crank and connecting-rod are at right angles to 
one another. 

5 . Estimate the greatest and least forward velocity of the xjiston of a loco- 
motive engine, relative to the rails, when ih(3 train is running at 50 miles per 
hour, the diameter of the driving wheels being GO inches, the length of stroke 
27 inches, and the Icngtii of tlie engine connecting-rod 54 inches. [Inst.C.E.] 

6. Construct the piston acceleration diagrams, as shown in Fig. 474, p. .'503, 
for the following cases : — (1) //r - ^o, (2) 7/V-=4‘5, (3) Z/r— 2, where Z = length of 
connecting-rod, and r = radius of crank. The three sots of diagrams to be 
drawn on the same corres})onding bast's, or, in tlie case of the jiolar diagrams, 
from the same pole, in order to show the dilferences due to variations in the 
value of //r. Take r= 10 irich<\s, V --10 feet per second, and linear scale J. 
Construct on the diagrams the acceleration scale, showing feet per second per 
second. Take from t he diagrams the values of /, the juston acceleration, in feet 
per second j>er second, when ^ — 30'', and state the results. 

7. Same as preceding exercise, but for the following cases: — (1) 

(2) (3) //r-^1-2. 

8 . If the acceleiation of a piston is 350 feet per second per second when it 
has moved 4 inches irotn one end of its stroke, which is 24 inches, at what 
speed is the crank sh;itt running, in revolutions per minute ? Assume an 
infinite cannecting-iod. 

9. Ill a direct-acting engine, /!- length of connecting-rod, r— radius of crank, 
n=ljrf jr=; distance of ])iston from outer end of stroke, V~ velocity of crank pin, 
i;z=: velocity of iiist.oti, and /—acceleration of piston. Show tliat — 

(1) when the crank is perpendicular to the line of stroke, 

ir - 1 

1 - r-^V, aii(l,/= + -^ ’ '7 ! 

(2) when tlu3 crank is at angles to the connecting-rod, 


= n \ 1 - J?r H 1 , 




. I 


, and/ - + - 


Vr2 


. } 1 


(3) when a; — r, 


')i 1 /f“ 1 


V2 

Mml/.r.+J- 

7‘ 


9i(4u‘* 1) 

\ I ' j ^ (2u-’- 1/ 

The ui>i3cr sign in tlio value of /in each ca.se axiplyiag to the “ in stroke, and 
the lower sign to the “ out. ’ stroke. 

10. If 0 ) IS the angular velocity, aud a the angular acceleration of Iht*, con- 
necting-rod, then, using t.h(» notation of Exercise !), show that (1) when the 
crank and coiinecling-iod are in a straiglii. line w -- V/wr, and a - 0 ; (2) when the 

1 V2 


crank is perpendicular to the line of strokef u ~(), and a— - 


(3) when the crank is perpendicular to the connecting-rod. 






V 

w - 

nh 


and a = 


1 . V -' 


11. Construct the connecting-rod angular velocity diagrams, as shown in 

Fig. 477, p 300, for the following cases.* (1) (2) Z/?- = 2, (3) l/r~lf 

where Z -hmgth of connecting-rod, and r -radius of crank. 'J'ake r— 10 inches, 
velocity of crank pin 10 fe«!t per second, and linear scale Construct the 
angular velocity scfile, showing radians per second. Take fijom th^ diagrams the 
values of (*) in radians per second when 30”, and state the results, 

12. In an ordinary steam-engine the stroke is 18 inches, the length of the 
connecting-rod is 36 inches, and the revolutions are 400 per minute. The 
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diameters of the crank shaft journal, the "crank pin, and the cross-head pin axe 
74 , T|, and inches respectively. Find the velocity of the piston and the 
velocity of rubbing of each journal in feet per minute in the position of the 
mechanism, for which the crank aim has turned through an angle of 30® from 
the inner dead centre, LU.L.] 

13. Taking the same cases and the same particulars as in Exercise 11, con- 
struct the connecting-rod acceleration diagrams, and construct the acceleration 
scale, showing radians per second per second. Take from- the diagrams the valuer 
of a in radians per second per second when ^ = 75'’, and state the results, 

14. In a direct-acting engine the line of stroke is at a* perpendicular 
distance of 4 inches from the axis of the crank shaft If the radius of the 
crank is 8 inches, and the lengtVi of the connecting-rod is 30 inches, find the 
length of the piston stroke. On the stroke of the piston as base, construct the 
piston" velocity and piston acceleration curves for both the forward and return 
strokes. The speed of the engine being 200 revolutions per minute, construct 
the velocity and acceleration scales. 

15. The table of a small planing machine is driven from a crank through a 
connecting-rod, whicli is 9 inches long. The axis of the crank shaft is 3 inches 
below the line of stroke. If the stroke of the table is 


Fig. 4S3. 


6 inches, find the radius of the crank. Construct the 5 ^ 

velocity curves for both the' cutting and return strokes 
of the table, on a stroke base, the crank rotating uniform!}^ 7 7 i 

at 2t) revolutions per rninuto. What are the velocities of 1 / , i 

the table, in feet per minute, at mid-stroke (r*) when cut- ^ 

ting, (6) when returning? Also, wdiaf is the time ratio of gw / ^ 

the cutting and return strokes. ^ ' \j 

16. In an oscillating engine the piston has a stroke of 

6 feet, and the distance between the axis of the trunnions s 

and the axis of the shaft is 10 feet 6 inches. The shaft V 

makes 35 revolutions per minute. Find (a) the ma.ximum ^ ‘ 

angular veilocity (jf the cylind(*r in radians per second. i O 

(6) the piston speed in feet per minute at mid-stroke, and r \ 

(a) the ineun piston speed in ft*et per minute. / in 

17. P'ig. 483 shows tlie swinging- block slider-crank chain | ® ‘ 

as applied to a shaping rnac.hine. The pinion E diives V L [j V / 

wheel F, which rotates on the fixed pin B, and carries the 

pin C. The jun C carries the block wdiich works in the 
slot of the lever dd, which oscillates about the fixed pin 

A. The upper end of tlui lever dd carries a pin II, from ^ 

which a connecting-rod Iraiisinits motion to the ram carry- j'iq, 

ing the cutting tool. The stroke of the ram is varied by 

altering the distance of the pin (J from B. For the given dimensions find the 
length of the stroke of the ram. Construct on a stroke base the velocity curves 
for the cutting and return strokes. The wheel F makes 20 revolutions per minute. 
AVhat is the time ratio of the cutting and return strokes? 

18. Referring to the Whitworth quick return motion, shown in Fig. 481, 

p. ,30S, 1K: 1 J incluis, A B -— 5 inches, CP~ .5 inches, and the connecting-rod to the 

ram is Id inches long. The line of stroke passes through C, and is perpendicular 
to BO. The driving wlieel makes 15 revolutions per minute. Construct on a 
stroke base the tool velocity curves for the cutting and return strokes. What 
is the l ime ratio of the cutting and return strokes ? 

19. A and B (Fig. 4S4) arc fi'xed centres. The crank BC revolves uniformly 

with an angular velocity of 10 radians per second about the centre B. The end 
O is pivoted to a block, wdiich can slide along AD. AT) revolves about the 
oeiitre A. The point E mo\c-s along FA. Determine the velocity of sliding at 
both C and E wdien BG is at right angles to AB, and find also the maximum 
velocity of E. Show how the mechanism can be applied as a quick return 
motion for a shaping machine, and deU^rmine the ratio between the times of 
cutting and r(‘turn. fU.L.j 

20. The crank AB (Fig. 485) rotates uniformly at 150 revolutions per minute. 

The end D of the rod BD is constrained to move in the straight line GlI, The 
end E of the rod CE moves on the straight line EK. Determine the velocity of 
the point E for the given position of the mechanism. Indicate how you would 
determine the accjeleration of the pioint E, [U.D.] 
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Fig. 484. I'lG. 485. 


31. In a horizontal steam-engine tlio indicator reducing gear consists of a 
radial arm AB suspender! from a fixed cenl.re A above the line of stroke ; the 
end B of the radial arm is connected to the cross-bead by a link BC, and the 
cord passes off from a sector fixed to the arm AB, its centre being A and the 
radius AD. If, for any position of the gear, a vertical line drawn through 

cuts the link BC in N, show that gives the ratio of the piston speed to the 

cord speed. [U.L.] 

22. In the four-bar mechanism shown in the sketch (l^Hg. 486), the bar A is a 
fixed bar ; the bars B and D n)tate about the fixed centres GAB and OAD, and 
they are coupled together at th(dr outer ends by the bar 0 ; the bar B revolves 
in a clockwise direction, with uniform velocity round its fixed axis CAB at 50 
revolutions per minute. Find in any way you please the positions of the bar 
D for twelve equidistant positions of the bar B during one complete revolution, 
and draw up a table showing (J) angle turned throiigli by the bar B, in degrees ; 



I'lG- 486. Fig. 487. 


(2) angle turned through by t he bar D, in degrees ; (3) mean angular velocity of 
the bar D, in radians per second, during each interval (4) mean angular accelera- 
tion of the D, in radians j)nr second per second. Draw'^ curves showing 
angular velocity and angular acceleration at any time. The lengths of the bars 
y are 15, 30, 25. and 35 indies respectively. 

23. The diagram (Fig. 487) shows a radial valve gear. The crank CP turns 
uniformly at 12 radians per second, and is pinned at P to the rod PK, the point 
Q in this rod being guided in the circular path SS, centre T. For the position 
of the mechanism .shown in the diagram, determine and measure the velocities 
and accelerations of the points R and V. 
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PISTON AND C RANK EFFORT DIAGRAMS 




271 . Piston Effo rt Piaffr^^g- — An engine or machine worked by 
fluid pressure has usually a piston or ram which receives reciprocating 
motion in a cylinder. When the piston or ram is single-acting, the 
pressure of the fluid introduced into the cylinder causes the piston or rain 
to move outwards, and the return stroke is usually performed either by 
the energy stored up in a fly-wheel, or by the pressure of the fluid in 
another cylinder, through intermediate mechanism. In this case the 
effort on the piston or ram at any instant is simply the force exerted on 
it by the fluid in the (iyUnder at that instant. When the piston is 
double-acting, the fluid is admitte<i into the cylinder on opposite sides of 
the piston alternately, and after doing its work it is allow'ed to escape. 
In this case the elfort on the piston at any instant is the difference 
between the foretis exerted by the fluid on the opposite sides of the 
])iston at that instant. 

When the fluid used is water, the pressure which it exerts is practi- 
cally constant throughout the stroke, and the effort is therefore constant, 
and the effort diagram is a rectangle whose Icjigth represents the length 
of the stroke of the piston or ram. 

In heat engnios and in machines wtu'ked by r*f>mpressed £fir the 
pressure of the fluid is generally variable throughout the stroke. In 
such cases the actual effort on the piston is obtained from indicator 


diagrams^ which are simjdy the records 
of self-registering i)rcssiire - gcAigcjs, 
which show the ])ressuro of the fluid 
at eveiy j)oint of the stroke of Ibe 
piston. If the engine is doubh^-acting 
two indicator diagrams are required, 
one for each side of the piston. The 
indicator diagram shows the intensity 
of the jjressure of the fluid, generally 
in lbs, pe r square inch. 

Let and p,^ be the intensities of 
the pressures on the fi'ont and bark 
of • the piste m respectively at any in- 
stant, and let and be the effective 
areas of the front and back of the 



piston respectively, then the effort on 
the piston at the instant considered 

is If then the eflbrt is <x(pj double- 

acting engines a, is not generally equal to on account of the presence 
of the piston-rod on one side. ^ 



314 


APPLIED MECHANICS 


The upper part of Fig. 488 shows a pair of indicator diagrams from 
the cylinder of a vertical steam-engine. The full line diagram is from 
the top end, while the dotted lino diagram is from the bottom end of the 
cylinder. 

The effective pressure on the piston at any ])oint of the stroke is 
shown by the vertical distance between the to|» of one diagram and the 
botU>ni of the other at that point. If this vcTtieal distance he" pTo£Ie<^ 
h straight bas<^ for a sufficient number of j»omts in the stroke, a diagram is 
obtained which showvs more clearly the effort on the piston during the 
stroke. In Fig. 488 the full lino diagram on the base XX is the effort 
diagram for the down stroke, while tin', dotted line diagram is the effort 
diagram for the U]) stroke. Wht^rc the effoit is negative, the diagram is 
below the base XX. 


272. Reduction of Indicator Diagrams to same Effort Scale. — It 

wras stated in the }>rcctHling Artich', in referring to the indicator diagrams 
given in Fig. 488, that tlui effective ])ressurc on the jnston at any }>oint of 
the stroke is show’ii ]>3^ IIjo Aertieal distance between the top of one 
diagram and the bottom of the other at that jioint. however, is 

only true wdien the effective areas of the to]) and bottom of the piston 
are equal, and wheii the j>r<‘ssure scales of the two diagrams are the 
sanuj. If the }>ressiire scales are the same, but the areas are unequal, 
then either the ordinates of the. diagram for the smaller area <»f piston 
must be reduced in the ratio of the smaller to the larger ar(‘a, or the 
ordinates of tlie diagram for the larger area of piston must be enlarged 
in the ratio of the larger to the smaller area. 

The diagrams of Fig. 4SS arc repeated in Fig. 489, and the diagram 
for the bottom of tlie juston is shown coi- 
recto{l to tlie' thick('r dotted line diagram 
to allow' for the area of the }>istorero<l on 
the under side. The effe^'tivc‘. forc(* on the 
])iston at any }>oint of the down stroke is 
HOW' repre.S(‘iited by the vertical distance 
between the top of the full line diag/*am 
and the bottom of the thicker dotted line 
diagram at that point, and the efte(*tiYe 
force at any jK)int of the u]> stroke is rej>n^sented by the vertical distance 
between tlui top of the thicker dotted diagian) and the bottom of the 
full line diagram at that ])(>iiit. If the onginal indicator diagrams ore nc^t 
to the same jjressnnj s(-ale, it W’ill of course be n(*(‘t\ssary to l)ring Ihmn to 
the same scale, in addition to correctiiig one of them for the difference 
betw^een the areas of the to]> and lx>ttom of the jhston. 

The. indieator diagrams fi‘oni the different cylinders of a compound 
or tri])le o\j)an.sion ongijie are g(5nerally to different j)ressure scales; also 
wkai the sti'tjkes of the difha-ent pi.stous are the same, which is generally 
the case, their areas are different. Hence it is evident that in order that 
the effort diagram for om; piston may be comj>arable w'itli the effort 
diagram for another piston, the pressure scahjs must be the same, and 
their ordinates must be sucli as to give equivalent pressures on pistons of 
the same area. 
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Let A be an indicator diagram for one side of a jiiston, the effective 
area of that side being and let be the pressure scale of this diagram 
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in lbs. per square inch per inch. Also let B be an indicator diagram for 
the other side of the same piston, or for one side of another piston, the 
effective area of that side boijjg a 2 , and let 2^2 pressure scale of this 

diagram in lbs. per square inch per incli. Then in constructing piston 
effort diagrams which shall be comparable, either the ordinates of B 

must be multiplied by or the ordinates of A must be multiplied by 

273. Correction of Piston Effort Diagrams for Weight of Becip* 
locating Parts in Vertical Engines. — In a vertical engine the weight of 
the piston, juston-rod, cross-head, and a part of the cOnnecting-rod 
increases the effort during the down strT)ke, and diminishes it during the 
up stroke by an amount e([ual to that wenght. Let w equal the w^eight 
of the reciprocating parts in lbs. per square inch of piston, then the' 
effort due to tlie fluid pressure i>cr square inch of piston must be in- 



cn;ased l>y an amount ir for the^ down stroke, and the effort diagram 
is altered, as shown in Fig. 490, by lowering the base line from XX a 
distaiKtf; equal to w on the force scab'., and the effort diagram for the up 
stroke is (‘orrected, as shown in Fig. 491, by raising the base line from 
XX an equal aujount. ■> 

Frequently half the wiught of the conneeting-rod is reckoned as 
belonging to the rerij)rocating j)arts. 

274. Forces due to Inertia of Reciprocating Parts. — The deter- 
mination of the acceh'ration of the pistciU was fully discussed in Arts. 
201 to 205. Let f (leTiot<' the acceleration of the piston in feet jier 
second ]»er sc‘cond, W tlie total weight of the reci]>rocating jiarts, in lbs., 
and P the force, in lbs., required to produce the acceleration /, then 
V f 

and P= - . It was shown in Art. 262 that, at the ends of 
W c/ (f 

V^/ ]\ 

the stroke,/- (^1 ±- j, where V is the velocity of the crank pin in 

feet per second, and n is the ratio of the length of the conTjectiug-rod to 
r, the radius of the crank, th(i }>lus sign aj)plying to the outer, and the 
minus sign to th(i inner, end of the stroke. Hence, at the ends of the 
WV^ / 1\ 

stroke, ^ — “ )• the weight of the reciprocating parts, in 

lbs. per square inch of piston, and p is the accelerating force, in lbs. per 
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icf *' 

square inch of. piston, then p — and at the ends of the stroke 

0 


gr 


(l ±^)‘ acceleration is passed, tiie 


acceleration is of course negative, or the accelerating force reverses. 

276. Oorrection of Piston Effort Diagrams for Inertia Forces.* 


From the beginning of the stroke of the piston up to the point of maxi- 
mum velocity, ur zero acceleration, part of the effort on the piston, ar> 
determined in }>receding Articles, is required to accelerate the piston and 
the other reciprocating parts, and that jiaiii is therefore not available at 
the cross-head for transmission to the crank pin. The work done by that 
part of the steam pressure whicli is not transmitted to the cross-head is 
stored up in the reciprocating jmrts as kinetic energy. After the piston 
has reached its point of maKimum velocity its velocity diminishes, and 
»the kinetic energy in the reciprocating parts is given out, appearing as 
work done at the cross-head. During tlie latter part of the stroke, there- 
fore, the effort duo to the steam pressure is supplemented by the effort 
due to the retarding or negative accelerating force. 

The necessary (*-orrection of the piston effort diagram due to the inertia 
forces is made as shown in h^igs. 492 and 493, where the full line diagram 



on the straight base AB is the piston effort diagram due to the steam 
pressure, and Aai V^R is the accelerating force diagram on the same base 
AB. The curve a/C// is th^ curve got, say, by Kleii/s con str motion (Art- 
261), and the curve aC/> is obtained by altering the ordinates in tlie ratio 
of .Aa' to Aa. The length Aa is measured with the pressure or effort 

scale t('» represent^ = - ^ ^ 1 the accelerating force per square inch of 

piston at the beginning of the forward fw ‘^in” stroke. The curve aCh 
is the new base of the effort diagram. The corrected diagrams are shown 
constructed on straight bases below the others. « 

It is evident that the forces due to the inertia of the reciprocating 
parts do not affect either tliC work done or the mean effort during a complete 
stroke. 

276. Crank Effort. — Referring to Fig. 494, if P is the effort on tlie 
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^ 1 / 


crosa-head, Q, tho thrust or pull on the connecting-rod, is equal to J?/ciost<i>* 
At the crank pin the force Q produces a thrust or pull on tlie crank and 
a fore© T tangential to the path of the crank pin equal to Q sin (0 + 

Hence, T = ^ ~ P(sin 0 + cos ^ tan </>). ' 


I sir 


T-Pi sin <9 + 


If n is the ratio of the length of the connecting-rod to the radius of 
_ sin 0 

the crank, then tan <f> therefore 

_sin0cos0 I / . sin 2(9 1 

- sin- 6 ) ^ I ^^2 Jn^ - siu^^ j * 

T is called the ermtlc pin efff/rt. The moment of T about C, namely, 
IV’, where r is the radius of 
the crank, is called the cranlc 
effort, but as r is constant, 
it follows that the crank 
effort is projiortioiial to T. 

If Cb be made equal to P, 
and h(l bo drawn jjarallel 

to AB to meet Cd at d, Fia. 494. 

where Cd is perjjcndicular to the line of stroke, then 



blit ri 


sin (<? + </>) 
cos </> ’ 


therefore h, — -p - Hence, since Ch ia equal to P, Cd 


Cd. sin(^ + </>) 

+ Cd T 

p -^- .osV. ■’ therefore = 

must be equal to T. The construe tjon f(»r determining the crank effort 
from tlie piston or cross-head effi^rt is tlien^fore extremely simple, and if 
it be compared with tlie construction proved in Art. 260 for finding the 
piston velocity from tlio crank ])in velocity, it w^ill ])e seen that the con- 
structions arc ideiiti(‘ak In fact, the construction and formula foi the 
crank effort may ho deduced at once from the construction and formula 
for piston velocity by the princijilc of work. 

277. Crank Effort Diagrams. — The construction of diagrams which 
shall show the crank effort for any position of the crank wdll be readily 
understood by reference to Fig. 495. In tlie polar curves^of cranJt effort, 
the effort found by the construction or l^y tlie> formula of the preceding 
Article is markcfl off', either on the crank from the centre of the crankshaft, 
or on the crank produced, from the path of tlie crank j>in, The^.^ost 
useful crank effort diagram is the rectaiig^ar diagrajm,*’ in which the 
base is a straight lino rc[>rescnting the circumference of the circle described 
1>y the crank pin, and the ordinates, perpendicular to that base, repreajj^ 
the crank effort. ^^***^x 

If the base of the rectangular diagram crank effort be made ec^ual 
to the circumference oft the circle described by the crank })in, then, friction 
being neglected, the area of the crank effort diagram for one revolution 
will be equal to the sum of the areas of the ippstoii effort diagrams, but 
praclicaHy all that is 4o be learneil from the rectangular crank effort 
diagram can be learned from it, 'whatever be the length taken for the base. 
The principal use of the rectangular crank effort diagram is to show 
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the fluctuation of energy, which is discussed in tho next Article, and for 
this the length of the base is immaterial. % 



Fto. 495. 


The inaxininiu crank effort can evidently be found from eitlior the 
polar or rectangular ciiives. Tlu‘ niaxiinuui crank effort is also the. 
luaxiniuiu tonpie t)n the crank shaft, and this is of great importance ii> 
designing the si i ait. 

If is t lie mean effort on the crank ])in and V,„ is the mean effort on 
the piston, during one re\olution, then, simu^ the AV(n*k done at the crank 
pin is e(iual to the work done on the piston in the same time, friction 
being neglected, 


mJ it t 1 


- 2P„, X 2r, or T„ 



When tliere are two or more cranks on a shaft, tho total turning 
effort on the shaft at any instant is the sum t)f the turning efforts on the 
separate cranks at that instant, ami tlx^ total effort may bo considered as 
acting on any 07 h? of tlie (tranks. Hence a <lijigram af total turning effort 
may be constructed by adding tt) the ordinates of the effort diagram for 
one crank tho corresp(»nding ordhiates of the 
effort diagrams for tlie otlioi- cranks, corre- 
spofiding Old i nates being tliose which show 
the efforts on the separate cranks at the same 
instant. 

Fig. “496 show^s the relative positions of 
three cranks on the sanu- shaft, and Fig. 497 
show\s how the rectangular crank eff'ort diagrams 
for these three cranks rna^ be combined to give 
a total turning eff’ort diagr,^m. It wall bo 
observed in Fig. 497, that in order to bring 
the corresponding ordinates together tlie effort 
diagrams for cranks No, 2 and No. 3 have been moved forwaid distances 
corresponding to the respective angles which these cranks w^ould have to 
move through to overtake No. 1 crank. It is obvious that the crank 
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shown in Fig. 497. The mean total oftbrt is of course equal to the 
sum of tile moan elForts fot tlic separate cranks. 

278. Fluctuation of Energy. — When the direct-acting engine mecha- 
nism is used to transmit the w'oik done on a piston to a shaft, the turning 
eflbrt on the shaft is very variable wdien only one crank is used, and when 
two or more cranks, inclined to one another, and connect(‘d to different 
pistons are used, the turning effort on the shaft, although much more 
nearly iiuifornn i» still variable. This want of uniformity in the turning 
effort on the crank shaft is a characteristic of all heat engines having 
reci})roeating jkistons, and the result of this is that, exce})t in the very 
improbable case in which the moment of the resistance to the turning of 
the shaft vari(‘s so thnt at evtfiy instaiit it is e<jual to the turning moment, 
the- sui)j)ly of eiiergy to the shaft over oertnin intervals must b(j greater, 
while over other intervals the .sn}>ply must be less than that required by 
the resistan(;e. 

In most eases in practice* tlie rfvsistance to the rotation of the crank 
shaft of an engim? may be considered to be uniform during a complete 
j)eriod or cycle, and the resistance reduced to the crank pin may therefore 
l)e considered as equal to the fliean effort on the crank pin during a 
period or cycle. 

h'ig. 498 shows a i-ecta-ngular diagram of crank effort on a base OX, 



Fig. 49s. 


representing the path of the crank pin, and the ordinates of the line LMN 
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represent the resistance reduced to the crank pin. In the upper pirt of 
Fig. 498, LMN is a straight line parallel to OX, while in the lower part 
LMN is a curved line. Ih each case the work done by the effort is 
represented by the area between the effort curve and the base, and the 
work done on the resistance is represented by the area between the 
resistance line and the base. It will be noticed that the points 
A, B, C, D, E, and F are the points where the effort is equal to the 
resistance. 

Let K denote the kinetic energy in the moving parts when the crank 
pin is at A, then while the crank pin moves from A to B the work done 
by the effort is greater than" that required by the resistance by the 
amount represented by the area and therefore the kinetic energy in 
the moving parts when the crank pin Teaches B is K-fa^. Again, while 
the crank pin moves from B to C the w'ork done by the effort is leas than 
that required by the resistance by the amount represented by the area a^, 
and therefore the kinetic energy in the moving parts when the crank pin 
peaches C is K -i- a, - Similarly, the values of the kinetic energy in the 
moving parts when the crank ]»iii reaches II, E, and F are, K + U j — ag + 

K + - ag + ^3 - ^ 4 , and K + + ag respectively. Between 

O and X the velocity of the crank pin will be a niaxiimim at that point 
where the kinetic energy of the moving parts is greatest, and the velocity 
will be a miniTiium at that ])oint where the kinetic energy is least. 

between the kinetic energy of the nipying^parts at the 
j[>ointsbf maximum and minimum speed is palled thv. fluctuation of enexgy. 

T!he ratio which the fluctuation of energy bearj;?, to the, work* done per 
cycl^is called the coefldent of fluctuation of energy. In an ordinary steam- 
engine the cycle takes place in one revolution, while in an internal com- 
bustion engine working on the Otto cycle, the cycle covers two/evolutioiis 
of the crank shaft. 

lleferring to Fig. 498, supi)Ose that OX represents the distance 
travelled by the crank pin during one <*yc]e, and suppose that F is the 
point of mrtximnm speed, and (J the ]K>int of minimum *spoed Lot the 
Sirea between the effort curve and the basci equal a, then the fluctuation 
of energy is represented })y -a 4 + <X 5 ,cand the coefficient of fluctuation 

of energy is equal to ^ . 

279- Fluctuation of ]Bnergy in Gas-Engines. — In a single-cylinder, 
single-acting gas-engine working on the ^‘Otto cycle," the oi)oration8 
performed during a cycle are as follows : — 

Fir^ Stroke. — Thu juistori moves outwards, and draws in the charge of 
air and gas. This is the charging or suction stroke. 

Second Stroke , — The piston moves inwards and compresses th(^ charge. 
This is the compression 'stroke. 

Thii'd Stroke, — The compressed effarge is ignited, an explosion takes 
place, and the piston is driven outwards by tlui expansive force of the 
products of combustion This is the working stroke. 

Fourth Stroke , — The piston moves inwards and expels the products 
of combustion. This is the exhaust stroke. 

The indicator diagram is shown in Fig. 499, but the suction and 
exhaust pressures are shown exaggerated for the sake of clearness. 
Fig. 500 shows the diagram as continuous on a four-stroke base. 



PISTON AND ORANK EFFORT DIAGRAMS 321- 

All the work delivered to the crank shaft during a cycle is delivered 
during the working stroke, and the work done in the cylinder during the 
other strokes comes from the lly-wheek 

The fluctuation of energy is obtained from the rectangular crank 



effort diagram as in a steam-engine, but the diagram must be constructed 
for a coin])lete cycle. Tlie net work done on the useful resistance at the 
crank shaft and on the friction of the engine is represented Tby the shaded 
area in the working stroke in Fig. 500, minus the shaded areas in the 
other strokes. The inaxiinuin sj^eed of the crank shaft is ap}>roximately 
at the end of the ^vorking stroke, and the mininmni speed is approxi- 
mately at the beginning of that stroke. Henet^ the fluctuation of energy 
is a])proxiniately ecjual to tlie work done during the working stroke, 
minus 1-r/th of the net work done during a cycle, wliere n is the number 
of strokes during a cycle, • 

If the engine is governed on the “ hit or miss principle, the governor 
acts by cutting off the gas, and there is no e\]>losion and no effec^tive work 
done for at least two rtMdutions after tire comph^lion of an effective cycle. 
The (‘.OTnj)lete oyc'le then tfikes a number of revolutions, wdiich is a simple 
multi])h‘ of two, 

28 0^riy-whe fils,- -The function of a fly-wheel is to reduce the flue. 
tuatioTi oTspe^d^^diie to th(‘ fluctuation of eiuTgy during the period or 
cycle 6f the workiiig of a machir^. If over an iiibu’val IhtJ suj)])ly of 
energy to a iiiacluuc is greater thali the resistanc^o requires, the moving 
])arts increase in spc(‘<l, and their kinetic energy therefore increases by 
ail amount eciuafto the surjdus energy: and if over another interval the 
supply of energy is less than the n^sistance requires, the moving parts 
decrease in si»cod, and their kineth^ energy therefore decreases by an 
amount equal to the deficierKy in the sup])ly of energy. In most cases 
where a ily- wheel is iisiui it is usual to neglect the kinetic energy of all 
the nio\iiig jiarts otlier than the fly-wlic(^l, sf) that over any interval the 
difl'orence botwc<ni tin', eiK'rgy supplied and the euA’gy required is equal 
tt) the change in the kinetic energy oLthe^fly wheel. 

If R is the radius of gyration of the fly-wh(‘el, in feet ; the velocity, 
in feet ]»cr second, of a poUit at a distance R from the axis ; the 
angular velocity in radians per second ; N the speed in revolutions per 
minute ; W the w^eiglit of the wheel in lbs. ; and K, its kinetic energy 
ir ft. -lbs., then 


K = --= ]\f , ?;'■* = 




where M 2 , and M are constants for a given wheel. The kinetic 

X 
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energy of a given wheel is therefore equal to the square of the speed, in 
whatever way that speed may be stated, multiplied by a constant, and 
for certa.in problems this simple rule is useful. 

If I Is the moment of inertia of the wheel, in lb. and foot units, then 
I = WR®, and from this and the foregoing formulse the following forniulffi 

T«2 Tii> 2 2ir2TN2 ^ 

are readily deduced, namely, K= = — . 

If during a period or cycle of the working of a machine the minimum 
and maximum speeds of the fly-wheel are and Ng revolutions per 

minute respectively, then the fluctuation of energy is 

The difference bet ween thejpa^iiRum and Tiiinimura speeds is called 


ine ainorencc bet ween thejpa^iiRum ana minimum speeds is called 
the and the ratio of the fluctuation of ^Veed^ 


jmciuatton oj s^em, anci tnc ratio oi tne nuctuation ot lo tne 

mean speed is called the coeffi.nent of flvetuation of nT^TTS^TIlio 

mean speed in revolutions per minute, and o is the coefficient of fluctua- 


N — K 

tion of speed, then c— 


It is usual to assume that the mean 


speed is the arithmetical mean of the maximum and minimum speeds, so 
. .that 2N - TsT, + Hence - N “ - (No + N^) (Ng - K^) - 2rN2. 

If U denotes the work done per period or cycle in ft -lbs., and Ic 
* denotes the coefficient’ of fluctuation of energy, then the fluctuation of 

• Jtj 17TT 47r‘^W]%N-‘ 47rnrN2 



If H is the horse-power of an engine, then the wwk per revolution 
is where N is the si)eed in revolutions per minute. 

The following are some values of f’, the coefficient of fluctuation of 
speed, found in jiractice ; — 

Thumps, and .shearing and punching niachinos .... O’Oo to 0-03 

^ inour-mills 0‘04 to 0'03 

Looms, paper-making machines, and ordinary machine tools . 0’08 0*025 

Spinning inacliinery 0*02 lo 0*01 

Dynamos . . ' , . . . c . . . . 0‘007 


Exercises XIX. 

1 . The piston of a steam-engine is 30 inches in diameter, and the stroke is 
40 inches. Instead of a piston-rod there is a irunk 12 inches in diameter which 
works through the front end of 
the ey^liyier. IHie indicator dia- 70 
grams !0r this engine are given in 
Fig. 501. Tiie full lino diagram 
is from the back end, and the 
dotted line diagram from the 
front end of the cylinder. The 

pressures marked an* in lbs. per 
square inch. Keproduce these 

diagrams, making the length 5 
inches, and the pr(‘ssure scale 20 

1 inch to 20 lbs. per square inch. 

Reconstruct the diagrams on a I® 

straight base to show effective, pres- 
sure on the piston, in lbs, per s<fnare FJG. 501. 

inch of the larger face of the piston, 

What is the effective pressure in lbs. per square inch m the larger face of the 
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piston at the middle of the forward stroke ? Compute the horse-power of this 
engine when the speed is BO revolations per minute. 

a. Indicator dia^ms from the cylinders of a horizontal tandem compound 
steam-engine are given in Fig. 502. Diameter of H.P- cylinder, ?4 inches. 
Diameter of L.P 4 cylinder, 46 inches. Stroke of pistonsy 6 feet. Dmmeter of 



Fig. 502. 


piston-rod AB, 5J inches. Diameter of piston-rod CD, 4| inches. Construct 
on a straight base 4 inches long fclie combined piston effort diagrams for the 
forward and ret-urn strokes, showing the combined effort on the two pistons pdV 
square inch of the back of the low-pressure? piston. ' Effort scale, 1 inch to 
80 lbs. Compute the horse-power of this engine when the speed is 50 revolu- 
tions per minute. \ 

3. The piston of an engine, and all the parts rigidly connecteevto itjp Weigh 
400 lbs., and the stroke is 20 inches. The crank shaft makes 150 revolutions 
per. minute. Assuming an inffnile connooUng-rocl, determine the difference 
between the total eft'ocl.ive pressure on the piston and the thrust on the cross- 
Jiead pin, (a) at the beginning of the stroke, (&) at 5 inches from the beginning' 
of the stroke. 

4 . In a steam-engine the piston at the beginning of its stroke is exposed to 

a total pressure of 2000 lbs , but the inertia is such that the thrust of the piston- 
rod at the cross-lu‘ad is (uily 1600 lb«. The speed of the engine is now raised 
until it becomes half as great again as before, while the pressure is uncliangcd i||, 
what is the thrust of the piston-rod ? [Inst.C.E.] 

6. In tlie engine referred to in Exercise 2, the total wx‘ight of the recipro- 
cating parts is 6700 lbs. The length of the connecting-rod is 15 feet, and the 
.si>eed of the crank shaft 50 revolutions per minute. C'onstnict on a stroke base 
4 inches long the .diagrmn of accelerating force per square inch of the back of 
the low-pressure piston, tlie force scale to be 1 inch to 80 lbs. 

” 6. In a direct-act ing steam-engine the stroke is 2 feet, the connecting-rod 

4 feet long, the piston i4 inches diameter, the weight of the reciprocating parts 
300 lbs., and the revolutions ISO per minute. At the commencement of the 
down stroki* the diff’ereuce of pressure per square inch on tlie two the 

piston is 40 lbs. (acting downwards) ; at the* end of the down stroke thc^^nerence 
is 10 lbs. (acting upwanis). Find the effective pressure transmii.ted to the crank 
pin in these positions. If t he steam pressure remained unaltered, at what speed 
would the engine have, to run in order to make the effective pressure at the end 
of the stroke zero, and what would then be the effective pressure at the commence- 
ment of the stroke ? . ^ . 

7. Con.struct the polar and rectangular diagrams of crank effort for a direct- 
acting steam-engine in 'which the effective pressure on the piston is 50 Ihs. per 
square inch throughout each stroke, and determine the coefficient of fluctuation 
of energy, (nn) assuming an infinite connecting-rod, (b) taking the length of the 
connecting-rod 5 times the length of the crank. 

8. To the left of Fig. .503 are shown the pistoTi effort diagrams for a direct- 
acting steam-engine, the pressures being in lbs. per square inch. Construct the 
polar and rectangular diagrams of crank effort, and find the coemoient of 
fluctuation of energy /also the ratio of the maximum torque to the mean torque 
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on the crank shaft, {a) with infinite connecting rod, (6) with connecting-rod 
45 inches long, 

$. Referring to Fig, 503, cal- 
culate T, the effort on the crank 
pin per square inch of piston 
when ^--75^ when 6/ =135*, and 
when a: = 5 inches, assuming an 
infinite connecting-rod. 

10 . Same as preceding exer- 
cise for both forward and return 
strokes, but taking the connect- 
ing-rod 45 inches long. 

11 . The cylinder of a vertical 
steam-engine is 45 inches dia- 
meter, and the stroke is 4 feet. 

The connecting - rod is 8 feet 
long, and the effective weight of 
the reciprocating parts is 10,000 lbs. The speed is 100 revolutions per minute. 
When the crank is 30 degret^s from the top dead point the steam pressure on the 
top of the piston is 100 lbs. per square inch, and on the bottom 85 lbs. per square 
inch. Find the effective force tiansrnitted along the piston-rod and the turning 
moment on the crank shaft wh(‘n the crank is in the above position. [IMj.] 

12. Construct the reciangiilar diagram of combined crank effort for a two- 
cylinder engine, the cylinders being of e(jual size, and the cranks at right angles 
to one another. The piston effort diagrams are given in Fig 503, and the con- 
necting-rods arc 45 inches long Find the coefficient of llucl nation of energy 
for this engine under tlie.se conditions. 

13. Same as Exercise 13, except that the inertia of the reciprocating |;>arts is to 
be taken into account, th(^ weight of these parts being 
3 lbs. per square inch of , ‘piston. The engine is a 
horizontal orifj, running at 1,50 revolutions per minute. 

Stroke of piston, 20 inches. 

14. Considering PMg 503 to rtffer to a vertical engine 
in which the weigiit of tlic rce.iprecating parts is 3 lbs. 
per square inch of ])ist.on. C'onsiruct the rectangular 
diagram of crank effort, taking into account ilie wcdgiit 
and inertia of the recijiroc’at ing part.s, and find the co- 
effici(mt of til I el, nation of enoF-oy. Length of connect - 
ing-rod, 45 incl-es. Sji(‘ed, 130 lovoliilions pen* minute. 

16 . Show, (a) that, with constant pressure F on the 
piston and infinite conned iug- rod the yjolar crank 
effort diagrams for one rev(»ln(ion are two circles of 

radii r - as shown in Fig. 501 ; (5) that with two cylinders of the sjime size 
constant pressure F on each 
piston, infiiiito cunne< 'ting-rods, 
and two cranks at right angles, 
the polar diagram of coiubiiK'd 
crank effort, for tlie t wo cranks 
for one revolution is bounded 
by four arcs of circles of radii 
B,=r ^2, t he centres of the 
circles of radii R being sitnaterl 
at the corners of a square of 
side"-2r, as shown in Fig. fitU. 

16. The following par- 
ticulars * relate to a ^'crtic<'il 
triple expansion steam-engine: 

Diameters of cylinders, 18, 27, 
and 44 inches. Diameter of 
piston-rod.s, 4*7.5 inches. Strokes 
of pistons, IG inches. Length 




* Kindly supplied by the makers of the engine, Messrs, W. H. Allen, Son, and 
Co., Bedford. 



Intermediate Pressure. 
Fig. 506. 
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of connecting-rods, 48 inches. Weight of reciprocating parts (including piston, 
piston-rod, and cro8s-head), high pressure, 1082 lbs. ; intermediate pressure, 
Um lbs. ; low pressure, 1523 lbs. Weight of each connecting-rod, 953 lbs. Angles 
between cranks, 120°. Sequence 
of cranks, (1) high pressure, (2) 
intermedmte pressure, (3) low 
pressure. Speed, 275 revolutions 
per jninute. 

Indicator diagrams takem from 
the engine at J load arc given in 
Figs. 505, 506, and 507. The 
pressures are in lbs. per square 
incdi above or below the pressure 
tif the atmosphere. The doited 
line diagrams are for the under 
hides of the pistons. 

(tt) Carefully enlarge the indicator diagrams, making the length of each 4 
inches, and take for pressure scales, 1 inch to 30 lbs. per squaie inch for tb5 high 
pressure, 1 inch to 10 lbs. per 
square inch foV the intermediate 
pressure, and 1 inch to 5 lbs. per 
square inch for the low^ pressure 
diagrams. 

(/>) Kocomstruct all the dia- 
grams except that for the top of 
llie high pressure pi.ston to sliow 
pressures ixt square inch of the 
top of the higli pressure piston, 
to a scale of 1 inch to 30 lbs. per 
square inch. [ Ftjr example, the 
area of the bottom of the inter- 
mediate pressure piston is 2*18 
times the area of the top of the 
liigh pressure piston, therefore 
the heights of the diagram for the bottom of intermediate pressure piston 
must b() enlarged 2‘lS times to eoriect for art;a of piston, and they must be reduced 
in the ratio of 30 to 10 to corretd. for x>ressure scale. The height of the resulting 
diagram will therefore be 218 3, or 0-73 of the heights of the corf espon? ling 
diagram in {a)-J 

(f.) Rt!conslruct the diagrams in (h) on a straight base to show effective 
prenaures on t he respective justons. 

(t/) (.h)rrect. tlie diagrams in {c) for*thc weight and inertia of the reciprocating 
])art.s, n'duced to ptT square inch of the top of the liigh piessnre piston, includ- 
ing in the weiglit of the reci{irucating jiarts halt the weight, of connect inif -rod. 

(r) Draw the jiolar and rectangular diagr.ims of crank eflort for each crank. 

(/) Draw the polar and rectangular diagrams of combined crank effort. 

{(j) Determine the miiaii combined crank effort in lbs. x»er square inch of the 
top of the high pressure piston. 

(//) Determine the positions of the high pressure crank, measured in degrees 
in direction of motion from the toxi dead centre, for minimum and maximum 
sjieeds. 

(i) Determine tlie coeftuuent of fluctuation of energ}'^ for this engine under 
the given conditions. 

17. The following particular.s * refer to a 4(K) horse-power Crossley gas-engine. 
There are two cylinders, with their open ends facing one another and their 
connecting-rods working on a crank common to both. Diameter of cylinders, 
26 inches. Stroke of fustons, 3 feet. Length of connecting-rods, 0*707 feet. 
Speed of crank shaft, 150 revolutions per miuiite. 

Total weiglit of flv-whecl and accessories, two crank slabs, two balance 
weights, crank pin, equivalent rotating ])art for two coniiooting-rods, and engine 

* The particulars for this exeniise are taken from the Froceedmys of the 
Jruttitution of MechwniccU EyigineerSf 1901- 
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sliaftand armature of dynamoi 87,63$ lbs. Moment of inertia of all rol^ating 
parts (units in lbs. and feet), 62,654. 

Weight of reciprocating parts, including one piston, cross-^head pin, and 
equivalent part for one connecting-rod, 2080 lbs. 

Indicator diagrams are given in Fig. 608. 

(1) Be-draw and enlarge the indicator diagrams, making the length of each, 
say, 4 inches, and take for the pressure scale, say, 1 inch to $0 lbs. per square 
inch. 

(2) Keconstruct the enlarged indicator diagram of the “ A ” cylinder on a 
four-stroke base, and add the inertia force curves, as shown at (a), Fig. 609, 

(3) From (2) construct t.he indicator diagram corrected for inertia forces, as 
shown at (6), Fig. 509. 

(4) Do the same as in (2) and (3) for the indicator diagram of the “B” 
cylinder, but observe that the diagram of the “ cylinder must be moved one 
Btjpke forward in advance of that of the “ A ” cylinder, since the explosion 
in the “B” cylinder takes place one stroke in advance of that in the “A” 
cylinder. 

(5) ^ Construct, on a base of equal angles of crank motion, the combined 
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i wisting moment diagram, as in Fig. 610, in pound-feet per sqtiare indh of piston 

ii rea. 

(()) Determine the coefficient of fluctuation of energy and the coefficient of 
tiuctuation of speed. 


^ One revolution. m One revolution. 



18. A fly-wheel, whose radius of gyration is 5 feet, weighs 4 tons. How 
many ft.-lbs. of energy will this wheel take up in changing its speed from 99 to 
101 revolutions per minute ? 

19. A oertain fly-wheel gives out 6500 ft.-lbs. of kinetic energy in changing 
its speed from 170 to 1(38 revolutions per minute. What is the kinetic energy of 
this wheel when it s speed is 372 revolutions per minute ? 

20. What must be the weight, in lbs., of a fly-wheel, 15 feet in diameter, 
whose mean s])eed is 120 revolutions per minute, if the total fluctuation of 
speed is 7 per cent, of the mean speed, and the energy taken up between the 
minimum and niaximum speeds is 12 foot-tons ? 

21. A steam-engine indicates 10 horse-power. The fluctuation of speed is 

of the mean speed, and the moan speed is 100 revolutions per minute. The 

fluctuation of energy is of the work per revolution. What must be the 
weight of the Uy-wheel for this engine, assuming that all the weight is concen- 
trated at a distance of 2 feet 3 indies from the axis of the wiieel ? 

22. Calculate the moment of inertia of a fly-wlieel (in ton and foot units) 
whidi will give up 20,000 ft.-lbs. of energy as its speed changes from 130 to 128 
revolutions per minute. 

23. The mean speed of a fly-wheel is 85 revolutions per minute, and the 
coefficient of fluctuation of speed is What are the minimum and maximum 
speeds ? If the coefficient of fluctuation of energy is 0'07 and the indicated 
horse-power of the engine is 1600, what must be the moment of inertia of the 
fly-wheel (in ton and foot units)? 

24. A cast-iron fly-wheel is in the form of a disc 6 inches thick and 4 feet 

(3 inches in diameter. Taking the weight of a cubic foot of cast-iron as 450 lbs., 
what is the kinetic energy of this wheel in foot-tons when it is running* at 200 
revolutions per minute? . £ 

26. A fly-wheel weighing (30 tons has a radius Of gyration of 16 .fOet, The 
indicated hprse-power of the engine is 3000, the mean .speed is 75 revolutions 
per minute, and the coefficient of fluctuation of energy is 0'06. What is the 
coefficient of fluctuation of speed ? ^ . • i V 

26. A 1000 horse-power engine, running at 240 revolutions per IniniHe, has a 

wire-wound fly-wheel whose mass *pf 70 ions may be considered as eoncen- 
tratod at a radius of 10 feet. Express t^e energy stored in, this fly-wheel in 
terms ot the work done per revolution. 8team being shut off, find the moment 
of resistance which will reduce the speed from 240 to 120 revolutions in 
two minutes. CU.L.] 

27. An engine developing 80 horse-power has a fly-wheel IQ mean 
diameter, weighing 4000 lbs., and making 120 revolutions pci minute. TJm 

on the engine is reduced to 60 horse-power. Assuming that the goveraoT^; 
to act, that the speed increases at a uniform rate, that the horse-power devel9|>w 
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in the cylinder i# proportionaf to the speed, and that all the surplus energy ig 
stored in the fly-wheel, horse-power developed and the speed at the 

end of one minute. LU.L,] 

26 . A punching’-machine needs 4 horse-power ; a fly-wheel upon the machine 
fluctiubtes in speed between 100 and 310 revolutions per minute ; a hole is 
punched every three seconds, and this requires live-sixths of the total energy 
given to the machine during the three seconds. Find the M and the I of tliis 
fly-wheel. “ M ” is the kinetic energy of the wheel at one revolution per 
minute. ^ [B.E.j 

29 . In a gas-engine using the Otto cycle the indicated horae-ix)wci; is 8 and 

the speed is 204 i evolutions y:ier tninute. ^J’reating each fourth single stroke as 
effective and the resistance as uniform, find how many foot-pouncls of energy must 
be stored in the fly-wheel, at mean speed, in order that the speed shall not vary 
by more than onc-fortieth of its mean value. [Inst.G.E.J 

30 . A gas-engine is provided with two fly-wlicels, each weighing JIJ' cwts., 

and the radius of gyration of each is 1*87 feet. There is one working stroke in 
each four strokes. The diameter of the cylinder being 7^ inches, the stroke 9 
inches, and the mean revolutions per minute 250. The mean presKSure during 
the firing stroke is 88*7 lbs. per square inch, during the compression stroke 15T 
lbs., during the exhaust stroke 4 4 lb.s., and during the suction stroke atmos- 
pheric, If the resistance overcorue is constant, find the percentage variation of 
speed of the engine. [U-Ij.] 

31 . A gas-engine drives a number of macbhics in a workshop. The work 

done on the piston during tlie working stroke is times the work done during 
the four strokes which make a complete cycle. 'J'he engine works for some 
time at fiO horse-power, and at a mean speed of 200 revolutions per minute. 
Immediately after an explosion in the working strfike has taken place, machines, 
which absorb 20 horse-power, arc* cut off, the speed at the instant being equal 
to the mean speed. Find the mom(*nt of inertia of the fly-whc'cl so that the 
change in velocity during the working stroke is not more than 4 per e.eni., 
and then find the number of revolutions per minute at the end of the fourth 
stroke. fU.L.] 



CHAVTER XX 

GOVERNORS 


281. Punction of a Governor. — The function of a governor is to 
regulate the mean speed of a machine or prime mover, or to keep the 
mean speed within certain limits, the limits of variation depending on the 
nature of the work which the machine or piime mover has to do. The 
limits of variation of mean S2)eed wdll also depend on the sensitivcTiess of 
the governor used. 

The function of the governor differs from that of the fly-wheel. The 
fly-wheel limits the variation of si)eed, during a cycle, which may be per- 
formed during a fraction of a revolution or during st'veral revolutions, but 
the function of the fly-wheel is not to regulate the speed when a permanent 
change takes ]>lace in the load, or when the change in the load lasts for 
moi’o tlifin a cycle of operations of the machine or prime mover ; this is the 
functiori (,)f the governor, which sliould regulate the su})})ly of i)owoi' to 
the demand. For examj)lo, in a st(^am-engine the fly-wheel controls the 
variation of sjieed due to tlic difference between the efi’ort on the crank 
l)in and the resistance at the crank ])in due to the load when the work 
done by the eflTort, during a cycle, is equal to the wwk done on the 
resistance. 

A change in the average resistance should be acconiTmiiiod or followed 
as s(K»n as possililc by a corresi ponding change in the average effort which 
is effected by the governor ulb^ring tlie ]»oirit of cut (jff, or altering the 
initial pressure by operating a throttle valve. The governor of a recipro- 
cating steam-engine can only act during the period of admission of steam 
to tin* cylinder, and if a 2 )ermanent change in the load occurs between 
the j)eriods of adniissioi], tlie fly-wheel exerts a controlling influence on the 
s[>eed until the governor can act. 

282. Eevolving Pendulum. — In its simplest form the revolving 
pendulum consists of 

a small body A re- ^ ^ 

volving about a ver- y' 

tical axis ()Y, and / ! / 

suspended from a / / / 

point B by a thread • Ty t/ 

or slender rod. In ^ ‘ a / a /C- 

Fig. nil thc])oint B ^ g. 

i« on the axis OY, W’ I r 'H y 

whilo in Figs. 51U h- - r - -HY j<- - r - -^Y v- . r - -HY 

and 5] 3 B is at some Kio. 511. Fit}. 512. Fm. 515. 

fixed distance from 

OY. When B is outside OY" it rotates al^ut OY" witli the same 
angular velocity as A by being on an arm fixed to a r(»tating sjaiidle, 

321 ? 


Kjo. 511. 
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of whicli OY is tho axis. If AB is a rod, there is a joint at B which per 
mits of the free angular movement of AB about B in the piano AOY* 

As A revolves at a steady speed, AB describes the surface of a cone 
whose ^Vertex is at'O, where AB intersects OY, whose height is A, and 
whose base has a radius r. The forces acting on A in the plane AOY 
are, its weight W, the centrifugal force F, and the tension T in AB, and 
for steady motion these must balance one another. Hence, biking 

Wto-r 

moments about O, FA = Wr, But F= — , where w is the angular 

9 

velocity of A about OY, therefore = Wr, and A= . 

g 0 )^ 

If g is in feet per second per second, and oj is in radians per second, 
then li is in feet. If A makes n revolutions per second, or N revolutions 

per minute, then h = -JL = . 

47r-7r 47r-rs ^ 



Referring to Figs. 512 and where the point of suspension B is 
not on the axis OY, if tho speed of rotation is given, the height h is found 
as above, but there is no simple for- 
mula for calculating nor is there, so 
far as the writer is aware, an}’' direct 
geometrical construction for fixing the 
position of AB. A H must therefore 
be fixed eitlier by trial or by using 
a locus curve. Several locus curves 
may be used, but the one shown in 
Fig. 514 is probably the simplest. 

With centre B and j-adius equal to AB 
draw the arc DE, which must contain 
the point A. Draw QBy, etc., 
several jrositioTis of the axis of the 
arm Al>, meeting the axis YY at 
etc. Make y2, etc., each equal to 
K Draw horizontal lines through 1, 

2, etc., to meet PB, QB, etc., respec- Kir:. 5i«i, 

tively. A fair curve drawn through 

the points thus determined will cut the arc DE at a point which is tho 
position of A corresponding to the height h, 

283. Effect of Mass of Aim in Revolving Pendulum. — In obtaining 
the result h = gJo)- 
in the preceding 
Article, the weight 
and centrifugal 
force of the arm 
were neglected. The 
effect of these wi‘11 
now be considered. 

The arm AB will 
be assumed to bo 
of uniform cross 
, section, and to weigh w lbs, per foot of length. Its length a will be 
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measured from the centre of the ball A to the axis of the joint at B. 
The total weight of the arm is aw = Wj, and the centre of gravity of the 
arm will be taken at the middle of tlie length a. O is the point where 
the axis of the arm AB intersects the vertical axis of revolution OY. 
In Fig. 515, B and O coincide. In Figs. 516 and 517, the joint B is 
on an arm fixed to the vertical spindle, the axis of the joint B being at 
a horizontal distance c from OY. In Fig. 515, c is therefore = 0. 

For simplicity, in what follows attention will be directed in the first 
instance to Fig. 516. 

Consider an indefinitely small length dx of the arm at a distance 
X from B, The centrifugal force df of this small length of arm is 

w dxoi {x sin ^ where 0 is the inclination of AB to OY. The moment 
9 

of this centrifugal force about B is 

xcos OxMx + c^), 

9 ' 9 

and the resultant moment about B of the centrifugal force of the whole 
arm is 


Witi^ cos 


f o ^ (*'* , \ 6 /a? . a^rx 

(^sm e^.v‘dx + cjx^7xj = — sm 

Wi(o%cos^/a . ^ c\ 

<j \3 2/ 

Considering now all the forces acting on A and AB, and taking moments 
about B, 

- c cot ff) + *?in ^ + 0 = w(r - c) + • 


7). 


Inserting cot 0 = - , sin 0 


r - r 

■ y 

a 


and cos 9 


h(;r - r) 


ar 


the ecjuation of 


equilibrium reduces to - f W = W + • To make this 

apply to Fig. 517, it is only necessary to change c to — c. Hence the 
general equation is ^ W + ^ W + • 

If C = 0 (Fig. 515), then {^N + - W ■ 


^ W + ^ 


Since will generally be comqiara lively small, the equations for Fig. 


515 may be taken as applying to Figs. 516 and 517 also. 

It will be seen that the effect of the mass of the arm AB is equivalent 
to increasing the centrifugal force of A by au amount due to an increase 

in its weight of ^1 , and increasing the downward p^ll at A by an amount 
Wi 
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284, The Simple Conical Pendulum Corernor. — One of the earliest 
forms of the simjile conical pendulum governor, as applied to a steam- 
engine, is shown in Fig. 518. A130 and A'B'C' are the arms, jointed 

together and to the vertical spindle HK at BB'. Links CD and C^D^ 
connect the arms to the sleeve E, which, while it rotates with the spijidle 
HK, can slide up or down on it when tlie halls A and A' fall and rise 
with changes of speed. The sleeve E has a groove turned on it to receive 
the forked end of a lever, through which, and through other levers and 
links if necessary, the sliding motion of the sleeve is transmitted and 
converted into the motion of the throttle valve. The vertical spindle HK 
is driven by the engine \s'liich the governor has to control. To reduce thu 
strain on the joint at BB', caused by the inertia of the balls when the 



angular velocity of the spindle changes, the arms AB and A'B' work in 
slots ill the curved arms ]ML and MN, which are fixed to the s[)indle at M, 
A later and more e(»niinon form of the simple go\ernor is that shown 
in Fig. 519, and to this the deserijitiori just given will ap[)ly, except that 
the arms ML and MN are dispensed with, but tlie sleeve E is driven by 
a key on the spimlle IIK, wJiirh, howiiver, does not interfere with the 
vertical sliding of tlu‘ sleeve on the sjnndle. 

A modification of tlie design shown in Fig. 519, whieli makes the 
governor more sensitive, is that in which the ax(‘s of the joints at 1> and 
B' are made to cidneide and intersect the axis of the vertical si>indle, as 
in Fig. 518. A still more sensitive form is that shown in Fig. 520, 
which is known as a rroitse<l arm f/orernor. Tiie tlm^e designs shown in 
Figs. 518, 519, and 520 correspond to tlic threti forms of the simple 
conical iiendulum shown in Figs. 511, 512, and 513, p. 329. ^ 

Neglecting friction and tlie effects of the mass of the arms and sleeve, 
the formula? connecting the s])ee(l with the heiglit 7i for the governors 
described in this Article are the same as for the simple conical iiendulum, 
namely, i _ !/ ^ U _ 

47r%2 " 4^'iN2- 

The following results are useful in connection with (calculations on 
governors ; — 

y = 32-2. ^/,/= 5-6745. 0-8156. 
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285. IiOad6d Gtoveniors. — The simple governor is improved, par* 
ticularly as regards its power of overcoming frictional resistances, by 







Fio. 521. 


adding a central weight, w’hich increases 
the downward pull on the revolving 
balls witliout increasing their centri- 
fugal force. Fig. 521 shows a simple 
form of loach'd governor. The central 
weight or load W is in the form of 
a dis<3 with a central boss, w’hich 
ccrreH]»oiids to the sleeve E in the 
illustrations of the ]nvcediiig Article. 
Th(i masses at tlie lower ends of the 
revfdving arms, or pendnlnin ^veights, 
Jire in this case in the form of rollers, 
112)011 which the disc part of Ihe central 
load r^ts, tliere l)eiiig slots in the disc 
through which the revolving arms* jiass, 
as sliown. 

Let AV efjual tlio total weight of 
the central load, and ir the weight of 
<3aeh of the 2Hmdulum weights. 1'hc 
centrifugal fore(* F of eacli 2>cndulum 

weight is ecjual to — i, and the doAvn- 

r/ 

ward 2 )ull on each of these weights is 
\V 

-- + IV, hence, taking moments about 
the j)oi]it of ,sus 2 »ension of the arms, 


[ - + tvy^Fh-^ - , cl 

v 2 / n 


ind therefore li~ 


Fjg. 522, 


W + (] 


Com 2 »aring this with the corres|>oijdiTig result for tlie siinjilc governor, it 
is seen that for the same S 2 )eed the height of this loaded governor is 
greater than that of the simple governor in the ratio of W + 2^</ : 2w, 
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Mor 0 frequently the central load is suspended from the pendulum 
weights by links, as in Fig. 622, which shows the Porter ffotwrnor, 
so called from the name of its inventor. The particular governor shown 
in Fig. 522 is one made by Messrs, Tangyes of Birmingham. 

To determine the relation between the height and speed in the Porter 
governor, consider the diagram Fig. 523. Let W 
equal the total weight of the central load, and w the 
weight of each revolving ball. The central load will 
cause a tension in each suspension link equal to 
W 

This tensK^n may be resolved at the centre 


2 cos 6 

of each ball into a vertical component 

W 


horizontal component Q equal to - 


W 
2’ 

tan 0, 


and a 


Taking 


monients about B, the point of suspension of the 
pendulum arms, 


tan 0 = F/i -= . 



Let 


and therefore 


Un0 = V}^r, then ('^ + v)r+ 

h h’ \2 / 27i .9 ’ 

-F ■ 


(W 

A = i 2 


(1 +'■/)+! 


If rj = y, then = 1, and /t = — ^ 




w 

When the pendulum arms and the 
suspension links are of equal length, and 
the axes of the joints at 11 and C cither ino. 524. 
intersect the main axis (Fig 524) or are at 
equal distances from that axis (Fig. 525), then ry i , equal to 1. In other 
cases, the value of <j is best found by iiieasuriiig r and r, on a diagram 
to scale. It shoTild be noted that when q is not equal to 1, its value 
alters as the height h dianges. 


286. Effect of Priction on Govemors. — The frictional resistances 
of the various joints of the governor itself, and of the gear which the 
governor has to operate, may Ik; reduced to a single force R acting on the 
sleeve in a direction o]>posito to that of its motion. When the sleeve is 
rising, and the speed of the governor therefore increasing, R will act 
downwards, and in a loaded governor this will bo equivalent to altering 
the central load from W to W 4-R. Again, when the sleeve is descending 
R will act upwards, and this will be equivalent to altering the central 
load from W to W — R. H ence for a loaded governor of the type showm 

in Fig. 521, ^ the plus ( + ) sign being used for 

Jili) (o^ 

increasing speed, and the minus ( — ) sign for decreasing speed. 
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For 


the Porter governor^ 
W±T{’hw g 


and ivhen 


W nfi 

J_ T? I 

U.2 

The fonnulffi just given for the Porter governor will also apply to the 
simple governor when the upj)er joints of the susixsnsion links are at the 
centres of the pendulum weights, but W will 
then be the weight of the sleeve. If the 
suspension links are jointed to the iiendiilum 
arms, as shown in Fig. 526, then W±R must 


be changed to (W ±R)^. 

V 


The reason for the 


foregoing statement will be obvious from the 
following considerations. Draw AC parallel 
to A'Cy. Let T' be the tension in the 
susi)en8ion link w^hen it is at A'C', and let 
T be the tension in that link when it is 
transferred to AC. Then since the moment 
of T' about B has to balanc,c the moments 
of F and ?/; aV>out li, also since the moment of 
T about B has to balance the moments of F and w about }1, it follows 

r/T' 

that Ya must be equal to T7, or T — hence W ± R at C' must become 



I 


(W±R )7 at C. 


If the speed of a governor and the lift of the sleeve, or the lift of the 
pendulum weights, be j>lotted, (1) neglecting friction, and (2) taking the 
friction into account, instructive curves, such 
as are showui in Fig. 527, arc obtained. HK 
IS the lift of the sleeve When the sleeve is 
at y the sj^eed, say in revolutions per minute, 
is y^L wlien friction is neglected^ -when 
friction Is considered and the sleeve is de- 
scending, and YL.j when friction is considered 
and the sleeve is ascending. Preferably tlie 
speeds are measured from a vertical axis some distance to the left of HK 
in order that a larger scale may be used for the speeds, and so cause the 
points L|, L, and to be further aj)art. The abscissae and ordinates of 
the curve ALB re])resent the spi*ed and lift respectively wheii friction is 
neglected. The abscissae and ordinates of the curve A,LjB^ represent 
the speed and lift re.s}>ectively when friction is considered and the sleeve 
is descending. Lastly, the abscissa^ and ordinates of the curve AgL^o 
represent the spec‘d and lift respectively when friction is considered and 
the sleeve is ascending. 

287. Sensitiveness of Governors. — The greater the change iu the 
level of the revolving balls of a governor for a given percentage or 
fractional change in speed the greater is its sensitiveness, and the 
sensitiveness may be defined a.s the change in level of the revolving balls, 
due to a change of speed olS say, 1 ]>cr cent. 

Consider the case where the axis of the top joint intersects the main 
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axis (Figs. 518, 621, 622, 523, and 624), and let the friction be 
neglected. In this case the change in the level of the revolving halls is 
the same as the change in the height h of the governor. If w is the 
speed of the governor in revolutions per second when the height is Ji, 
then for the simple governor and also for the loaded governor and n are 


connected by an equation of the form h ^ , where c is a constant de- 

pending on the type of governor and the various weights. Also, 
when friction is considered, c has one value for increasing si>eeds, and 
another value for decreasing sj)eeds. Let the speed increase from n to 
.rw. (If the increase in speed is 1 per cent., 1*01.) The height A 
will decrease to hy 

where h. = = — . Hence, h - = AA = A - \ 

This shows that the sensitiveness of the governor is directly ])roportiQnal 
to the height A, and it follows from this investigation that the semitive^ 
ness of the loaded govemiai' is the sa7Jie as that of the. simple governor when 
frictum is nerflected. 

Many writers of note state that, friction being neglected, the loaded 
governor ivS more sensitive than the unloa<k»d governor, and it is therefore 
necessary that this point should be considered more fully. Take a 
simj)lo governor in which tli(^ revolving balls each have a w^eight and 
let this governor be converted into a loaded governor, say of the Pru’ter 
typo, by adding a central load of wxdght W, and for siin])li(Mty let 
the factor q (Art. 285) etpial 1 ; then for the uri1oad(‘(l gt)vornor 

A= A, and for the loaded governor 7;— ^ . Now* if these 

governors are run at the same speedy the height of the loaded governor 

will be times the height of the unloaded governor, and under 

V/’ 


these circuin.stanct's 


the loaded governor would be 


AV + fv 

V’ 


times 


as 


sensitive as the unloaded governor; bfit what really ha]»|)(nis in [iraclice 
is that wdicn the simjile governor is replaced by a loaded governor tlie 
height li is about the same for both, and consequently the loaded govern<jr 


is run about 




times as fast as the unloadi'd governor, and the 


one governor is then no more sensitive than the other when friction is 
neglected. 

Consider now the eilect of friction on the sensitiveness of the 
governor. For the Porter governor, in its simplest form, it has been shown 

that -= 


W ± K + (j 


. , - , where R is the force retmired at the sleeve 
Arr-k 

to overcome the friction of the governor and the gear which it has to 
operate. For a given value of h there are evidently two values of 

■ ir 


, /W-Ji+zc- q , /W4-R + V 

namely, n, = ^ , and ^ 


I7_ 

• 4772 /^ 


Refe rring to the diagram Fig. 527, if ny is represented by the point then 
9^2 represented by the point L^. If the sleeve is at the level Y, it must 
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liavo reached that level either by falling from a higher level, or by rising 
f rom a lower level. ^ Suppose that the sleeve reached the level Y by 
falling from a higher level, due to a diminution in speed, then its speed 
must be riy Now suppose that the speed diminishes still further, the 
sleeve will again fall, but the friction 'will not affect the sensitiveness of 
the governor ; the sensitiveness will be simply proportional to A, as has 
already been shown. Next, sup})osc that instead of the si)eed diminish- 
ing to less than it begins to increase after coming down to then 
there can be no change in the level of the sleeve until the speed has 
increased to n ^ . If after the speed has increased to it goes on 
increasing, the sleeve will continue to rise, and the sensitiveness uUl again 
he unaffected by the friction. 

If n is the mean speeds -PTjg), and represented by the point L 

(Fig. 527), then jy coefficient of fluctuation of speed of the 

governor when the. direction of the motion of the sleeve is reversed j and 
the smaller this coefficient is, the more sensitive is the governor. 

Tlie value of the expression for a Porter governor of the 

simplest forn) is found as follows: — 




Wh-II+^c g 
w * 4:r-7/ 


?^1 


V 


'W-R + 7r 

w 


4i;,’ 


n — /\^ ^ (sc‘e footnote), hence 

-\/ • tr Air-h ' 

n. - J\\'^ II -i- /// - ^/W -~ R A . ^ /i 

: V W + /C V 


R 


n 


sj\\ + W 


W + 10 


If 


W bo iiKTcased, the term - decreases, and the term 

'V U' 4- fc 


V I - - increases, thei'(;fore the value of deiToases as VV 

increases. Hence, considering the (ffiiict of friction on a loaded governor, 
the sensitiveness is greater the hcif\^ier the central load, and consequently 
tlie loaded governor is more sensitive than tlie unloaded governor when 
the ])enduluni weights are the same in both. Hiit the unloaded governor 
may be made as sensitive as the loaded governor by increasing the 
pendulum weights. TjOt 'U\ — weight of (*ach ball of a simple or unloaded 
governor, //* -■=- weight of each ball of a loaded gov(;rnor, and W = weight 
of central load. Then for the unloaded governor W = 0, and 


n 

For the loaded governor 



V'- 


W + w ' 


Hence if is the same for both governors, =W -h w. 

n 

Notc.--\'he mean of tbe rising and falling speeds for a given level of sleeve, 
and for a given value of 11, is not quite the same as the R}>eed for the same level 
when 11 -0, but as K is generally small compared with W + w, the error intro- 
duced by taking n as above may be neglected. 

Y 
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28 ESort of Oovernors.— By the of a governor is meant the 
force which it is capable of exerting at the sleeve for a given |)eroentage 
or fractional change of speed. 

Consider first the effort of the Porter governor for which 

. ■? . Let the speed increase from o) to orw, and let a force 

iff h 

Q be applied at the sleeve in a downward direction, Q being just sufficient 
to prevent the sleeve rising. This will evidently be equivalent to increasing 
the central load from W to W 4- Q. 

Let F = centrifugal force for two balls at the speed cu. • 

Fj = centrifugal force for tAvo balls at the speed xm, 

F = = 2(W + tr)Z . Fi = = 2(W + Q + w?),- • 

g ■ h g h 

F,-F = 2*'^V2_i)^2Qr 
0 

Therefore Q = - 1) = (W4-«/0 If the force Q be 

iJ 

, , W 

eradually diminished to zero, the sleeve will rise until h == * , « » 

^ W 

and the average value of tlie effort on the sleeve during the rise will 
be JQ, or J(W + vr)(u^‘^ - 1) - P> and this is the resistance at the sleeve 
which this governor is capable of overcoming with an Increase of speed 
from oj to xoi. For a decrease in speed from a> to xm it follows that P, 
now acting in the oj)pOvsite direction, is equal to A(W4- yc)(J — x^). For 
a change of speed of J per cent. P — 0*01(W + w). 

Converting tlie Porter governor into an unloaded governor by 
removing the central load or making W = 0, it follows from the foregoing 
proof that P= -- 1), or J''c(l — 0*01yc, for a change of speed of 

1 per cent. If in the unloaded governor the sleeve is suspended, as in 
Fig. 526, then P, as just given, must be increased in tli(‘ ratio of Z : a, 
supposing that the susiiension links and the pendulum arms are equally 
inclined to the main axis. • 

It is evident that in order that the unloaded governor may liavc the 

same power as the loaded governor of the Porter type, — - * = W + 

where is the weight of each ball of the unloaded governor. 

For the loaded governor of the type showuj in Fig. 521, 

289. Power of Governors. — By the 2 ^ower of a governor is meant the 
amount of work wdiich it is capable of doing at the sleeve for a given j)er- 
centage or fractional change of speed. The w’ork done at tlie sleeve is 
equal to the mean effort of the governor multiplied by the distance 
through which the sleeve moves for the given change of speed. Thus if 
P==mean effort, /r^lift of sleeve, and U = the power of the governor, 
then U = P^. 

For the Porter governor (Fig. 524), , P == i(W + ic) {xP' - 1), 

&=2A/,.= 2(^^jy, U = PA = (W + «<;)(?^^)V 
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For the direct loaded governor (Fig. 521), P* J(W + 2w) 

M = *. TJ = P/£ = |(W + 2w)(^^yh 

For the simple ^vornor, (Fig. 526), except that B and C' are on the 
floainaxis, P= ^to(x2 — l)i, AA = A = 2AA| = 2^--^^^^, 

g=PA = w^*^“i^®A. 

— 1\2 

For a change in sjiecd of 1 per cent. * j = 0*0004, 

/X^ 1\2 

For a change in speed of 10 per cent. \ - ) =0*u364. 

290. Diagrams of Governor Effort and Power. — The formulfiB 
obtained in the two preceding Articles will perhaps be better under- 
stood by reference to the 
diagrams of effort and 
power now to be de- 
scribed, Taking first the 
siin)>lest form of govf^inor, 
namely, the simple conical 
penflnlum, OA^ (Fig. 528) 
is one ] position of the pen- 
dulum, and OAgis a higher 
position. Lot N, dciuite 
the normal speed the 
governor in revolutions 
per minute for the position 
OAj, and No the normal 
sptiod for the position 
OA . Let A^ = r ^ , an d 
H[.^A.> = ro, and let — 
ivx*ight of one ball. 

Make tJie vertical line 52 y. 

= centrifugal force of 

ball when its speed is N^ and position A^. = c?6’N Vi? where e 

is a constant. 

Make A^Fo — centrifugal force of ball when its s]>eed is and posi- 
tion Ao. A 2 F 2 Let also the ccmtrifugal force for intermediate 

positions be plotted iu the same way, and a fair curve FjF^ drawn 
through the points thus obtained. 

The work done by tlie centrifugal ft tree while the ball moves from 
Aj to A 2 is evidently represented by the area of the figure aF^FgAy. But 
as the speed has been assumed to be normal for each position of the ball, 
Jill the work done by the centrifugal force must have been spent in rais- 
ing the ball against gravity. Draw the horizontal line H,JV| to represent 
w to the siiine scale as was used in representing the centrifugal force. 
Complete the rectangle HiK^KoK,. The area of this rectangle will 
represent the work done in raising the ball through the height 
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Hence the area of the rectangle is equal to the area of the 

figure aF^FoAg. 

Now suppose that when the ball is at A^^ the speed suddenly increases 
to Ng, and suppose that the ball is pi’cveiited from rising by a force S 
acting vertically downwards at Aj . The centrifugal force will now be 
Make then H^L, = + the total downward 

force at A^ . For equilibrium it is obvious that ai\ x OHj = x A^H^, 
Next suppose that the force S is diminished so as to allow the ball to rise 
to Ag, then remembering that the speed during this change is Ng, the 
centrifugal force will directly j)roportional to the radius, and will 
therefore be reprcKseuted by the ordinates of the straight line FaF,^, 
which when ])roduced ])asses through Hg . In order that there may be 
equilibrium in each position of the ball as it rises F7i = fw4-s)r, where s 
is the vertical effort at the centre of the ball when its distance from the 

axis is r, hence -- =~.~^ hut 5- is constant, therefore is constant, 

r h r fi 

and + s will bo represented by the abscissae of the straight line L^K^, 
which wlieii produced passes through O. The work done on the force s 
as the ball rises from A, to Ag is therefore re])resonted by the area of the 
triangle K^L^Kg. In the same time the work done by the centrifugal 
force is represented }>y the area of the figure but the part of 

this, aF^FgAg, represents the work done in raising ?c, therefore the 
external work done is re])reseiited ])y the are^i F;^FgF 3 . 

If straight lines OL,Kj and HgFjF^ bo drawn, it is easy to show 
that the external M ork wlVudi the governor is capalde of doing as the ball 
descends from A.) to A, is represented by either the area of the triangle 


KjLgKg or the ansa F,F,Fj. 

If H,H., is the maxi mum or total lift of tlie balls, then for eacli ball 
the 'inruUmuvi powrr of tlie governor is rejinjsented by tlic area of the 
triangle K-T^.K^ whcai tlu^ ball is ascending, 
and by the area of the Iriangle wlicn 

the ball is descending. But if the as(‘cnt from 
to Hg is made in three ste}KS,(Fig. 529) 
instead of one, the external work done for each 
ball wnll only Ijo that rcpres( 3 nted by the sum of 
the areas of the tri angles shaded with vertical 
lines, and if the descent from Ilg to Hj is made 
in three steps iiistcNid of one, the external work done for each ball 
will only be that repr(3sontod by the sum of the areas of the triangles 
shaded with 1wri::ontal lines. 

The horizontal widtlis of the triangles K^L^Kg and KjLgKg at any 
given level measures the V('rtical effort s for each ball of the governor at 
the centre of the hall at that level, the width of tli(j triangle K|L|Kg 
being the effort dining ascent, and the width of the triangle KjLgK.> 
being the effort duriiig desc^ent. The effort at the deeve is got by multl- 
])lyiug the effort at the balls by the ratio of the vertical motion of the 
balls to that of the sleeve. 

For the direct loaded governor (Fig. 521), the length (Fig. 528) 



is made equal to 


W 
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For the Porter governor, H^Ki (Fig. 621) is made equal to — — + 

where m is the ratio of the motion of the sleeve to the vertical motion of 
the balls. 

The ratio of the vertical motion of the halls to that of the sleeve is 
easily found from a diagram such as that shown in Fig. 530, where- OA 
is the pendulum, and AC the link connecting it to 
the sleeve. Produce OA to meet the horizontal line 
through C at Oj, then Oj is the instantaneous centre 
for the link AC in the given position, and if V, = the 
velocity of A in the direction at right angles to OA, 
and ¥3 = the velocity of C in the vertical direction, 

then . llraw the vertical line AD; then if V, 

is the vertical component of Vj, it is easily proved that 

v; _oj) 

vr'OiC- 



If the link occupies the position A'C' Fid. D 30 . 


whore A'C' is parallel to AC, then x y , where Vo now denotes 

tlio vertical velocity of O'. 


Exercises XX. 

1 . T*lot on squared jiaper the height, in inches, and revolutions per niinate, 
for a simple conical pendulum, from 30 to 120 revolutions per minute. Scales. — 
1 inch to 10 inches, and 1 incli to 20 revolutions per minute. 

2. If the arm of a simple conical i^cudulum is 1/5 J inches long, what will be 
its inclination to the axis when running at .50 revolutions pe*- minute, and what 
will it be at (JO revolutions per minute ? Also, what will its speed be, in revolu- 
tions i>er minute, when its inclination to tiie axis is 30°, and what will it be wiion 
the inclinaliori is 4.5''? 

3. A simph^ conical pendulum is running at (>0 revolutions per minute; 
what IS the decrease in height if the ippeed is increased 5 per cent., and what is 
the increase in height if the speed is decTcased .5 per cent. ? 

4- Add to the diagram drawn in au.swer 1o Exau-cise 1 the curve showing 
the relation of lieight to sj)eed h)r a. conical pendulum when tlu; weight of the 
arm is half t he weight of the ball. Assume weight of arm per incli of length 
to Vie uniform. 

6. Referring to Figs. .511, .512, and .513, p. 329, the length of the arm AB is 
10 inches for Fig. 51 i, 8 imdios for Fig. 512, and 12 inches for Fig. 513. The 
distance of B from tlieaxis OY is ] inch for F'igs. 512 and 513, •Starting in each 
case from tVie position in whicVi the arm is inclined at 30“ to the axi'!, calculate 
the percentage increase in speed for a rise of I inch in level of the balls. Draw 
the figures Vialf full size for c:ich po.sit.ion. 

6. Find tVie answers to the preceding exercise when the weight of the arm is 
taken into account. The weight of llie ball in each case is 0 Ihs., and tVie W'eight 
of the arm is J -75 lbs. for Fig. 511, 1*5 hir Fig. 512, and 2 lbs. for Fig. 513. 

7. Draw the speed curves, as in Fig. 527, p. 335, for the pendulums of 
Exercise 5, (1) neglecting friction, (2) t/iking friction into account, the amount 
of the friction being equivalent to a vertical force of 1 It), at the centre of each 
ball. The weight of each ball is 0 lbs. 

8. In a direct loaded governor (Fig. 521, p. 333) the arms are 10 inches long. 
Each ball w^eighs 4 lV>s., and the load is 75 1V)S. The sleeve is in itS' lowest 
position when the arms are inclined at 27“ to the axis. The lift of the sleeve is 
1 inch. What is the force of friction at the sleeve if the speed at the beginning 
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of the asceni from tbe lowest positioD is equal to the speed at the begimdog of 
the descent from the highest position ? Also, what is the range of speed for this 
governor under these conditions ? 

9. Referring to the preceding exercise, if the friction is 4 lbs, at the sleeve, 
what must be the lift if the maximum descending speed is equal to the minimum 
ascending speed 7 

10. In a Porter governor tbe arms and links are each 10 inches long, and 
the axes of the top and bottom joints intersect the main axis. Each ball weighs 
5 lbs., and the central load is 50 lbs. R, the force of friction at the sleeve, is 6 lbs. 
The inclination of the arms to the vertical is 30° and 45° in the lowest and 
highest positions respectively. Calculate the following : (1) The travel of the 
sleeve, in inches, (2) The speeds at the bottom, middle, and top of the travel of 
the sleeve, neglecting friction. (3) I'he speeds at tiie bottom, middle, and top 
of the upward travel of the sleeve, allowing for friction. (4) TJie speeds at the 
top. middle, and bottom of the downw^ard travel of the sleeve, allowing for 
friction. 


Speeds to be in revolutions per minute. Plot the results as in Fig. 527, p. 335, 

11. The arms and links of a Porter governor are all 9 inohoa long, and the 
axes of tbe top and bottom joints are at a distance of 1 inch from the main axis. 
The balls weigh 5 lbs. each, and the central load is 55 lbs. 'J'he friction is 
equivalent to a force of 4 lbs. at the sleeve. The sleeve is in its lowest position 
when the arms are inclined at 80° to the vertical. Find the lift of the sleeve, in 
inches, when the speed at the hoginiiiiig of the ascent from the lowest position is 
equal to the speed at the beumuiug of the descent from the highest position. 

12. Referring to the governor of the preceding exercisse, if r is the radius of 
the circle described by the centres of tlie balls as they revolve, what are tlie 
extreme speeds in revidutions per minute cturespcmding to r = 5 inches, and what 
is the range of spo(3d between r = 5 inches and r--6 inebeh ? 

13. The balls of a. Porter governor weigh 4 lbs. each, the load on the governor 
is 40 lbs., and the arms intersect cm the axis. Whal height will this governor 
run at if it revolves at the rate of 240 revolutions per minute ? 

If the speed of the balls sudchmly increases 2^ per cent., what 
pull will be exerted on the gearing attached to the governor? 

If the friction of the regulating apparatus is equal to a dead 
load on the governor of 5 lbs., by how much will the ^peed 
increase before the Vjalls rise ? [IJ.L.l 

14. A spring- controlled governor is as shown in the sketch 

(Fig. 581), the fixed fulcrum of the arm being at F. and the 
weight of each oall being 5 lbs. There is Jio tension in the 
spring when the balls arc at a radius of 8 inches. Neglecting 
the controlling effect of the balls and arms, draw the curve 
of controlling force. Find the speed at ^f]^icll the governor ITkj. 5^11. 

runs when l.he bails are at 5 inches radius, and find also the 

force on the sleeve if when the balls are in that position iho spef*d is 10 per cent, 
higher. The spring ext ends 1 inch for 80 lbs. 8how on your cnirve, roughly, the 
controlling effect exeic.ised bv the balls. [U.L.] 

15. A spring-loaded governor is )>laced horizontally, as shown in Fig. 582» 

Let W be the weight of each of the balls in ibs. ; r the radius of the path of the 



balls; I the length of c.ach of the four arms; 
w the angular velocity in radians per second 
When the radius is zero, the tension in the spring 
is T lbs., and the force required to elongate the 
spring unit length is Q Ihs. Show that 



If the rate of change of w with respect to r is to be 80 when w is 26 radians 
per second, r is 0*25 foot, and / is 1 foot, and the weight of each ball is 3 lbs . 
find the values of T and Q. [U.L.] 

16. A Wilson-Hartnell spring loaded governor is shown in Fig. 533. The 
maximum and minimum distances of the centres of the balls from tbe axis of 
the governor are 7 and 3*5 inches respectively. and 7 * 2 , the lengths of the arms 
of the bell crank levers, arc 4*5 and 3*5 inches respectively. Each ball weighs 



WVERNORS 


843 


6 IbB. The maximum load on the sprine is 258 lbs. Neglecting the mommit of 
the weight of each ball, and assnming that the ball and roller ends of the levers 



rnovfi in horizontal and vertical lines roapcctively, find (a) the maximum speed of 
the ^ovomor in revolutions per minute, aitd (6) the load on the spring at minimum 
speed, which ifi> 270 revolutions per minute. 


CHAPTER XXI 

BRAKES AND DYNAMOMETERS 


291. Brakes. — A bmke is an instrument for introducing an artificial 
resistance to the motion of a machine or moving body. The object oi 
introducing the artificial resistance is either to stop tlie machine or retard 
it, or prevent its speed increasing. In acting, the brake converts work 
into heat by moans of friction. Tlie friction may be between solids, or 
between solids and a finid, or it may be partly between solids and a 
fluid, and partly between tlie particles of the fluid. 

292. Band Brakes. — In a band brake, a band, generally of metal, 
embraces a portion of 

Fig, 534. One end 
of the band is jointed 
to one arm of a l(?ver, 
and the other end is 
either jointexi to an- 
other arm of the same 
lever, or it is jointed 
to a pin fixed on the 
frame of the machine. 

The required re- 
pistance is ])roduced 
hy the friction bct\v(;en the band and Hhe rim of the wbeel, and wdien 
the brake is in action tlii^re are tensions T, and T., in the straigljt parts 
BE and CF of the band resjK'ctively, of which 1^, is tluj givatc‘T-, and the 
turning a(‘tion of these Ibrces on the lever is balanced by a force V a])]>]ied 
to the lever at D. 


the circumference of a 
wheel, as shown at ((?), 



By Art, 243, j). 277, 

The resisting tonpie due to the action of the band on tlie wheel is 
(T,— T. 2 )R, where li is the effective radius of the wheel, tliat is, thi^ 
radius measured to the middle of the thickness of the band. 

Referring to (a), Fig. 534, and assumi?ig that tlio arms AB and At.' 
of the lever are por{)eridiciilar to BE and OF res]>6^ctively, then, taking 
moments about A, the fulcnuTi of the lever, P x AT) = T., AC - Tj x AJk 
AC . T 

If ^ is made equal to—' , then P =- 0, which means tliat once the brake 

-A, I > J. ii 

is in action it wull remain in action without the application of any further 

AC T 

effort on the lever. Again, if -- is nearly equal to ) , only a small 

A B Trt 
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effort will be required on the lever at D to keep the brake in full 
action. 

It is obvious that if AC is greater than AB, a downward motion of 
the end D of the lover will loosen the band from the wheel. 

If tliro ratio is made less than ^ t ^ then, when the brake is in 
A-t> 

action, the force Pmust act do^vnwards, as shown at (4), Fig. 534 ; but if 
this force be increased beyond what is sufficient to balance the turning 
action of and Tg on the lever, the end D will drop, and the band will 
be disengaged from the wheel. 

At (r)^ Fig. 534, the tight end of the band is shown anchored at A, 
the fulcrum of the lever. Here P AD = T.^ x AC. At (d) the slack end 
of the band is shown anchored at A. Hm*e P x AD = x AK. Com- 
jiaring the arrangoments at (^•) and (d), it is obvious that, for the same 
effort P, the latter aiTangeineiit will require a larger leverage for P to 
produce the same resistance' at the circumference of the wheel. 

293. Band and Block Br^es. — By lining the band of the brake 
discussed in the preceding Article with wood blocks, as shown in Fig. 535, 
a higher cooflicient of fric- , 

T. 

(^> Vh 20 


tion is introduced, and the 
Avear is confinetl to the wood 
blocks, which may easily be 
renewed from time to time. 
The rati(» of the tensions 


and T„, at the ends of 
tlic band is obtained as fol- 
lows. Let tbere bo n blocks, 
cacli subtending an angle 2d 
at the contn? of the wheel. 
Tlje first blot'k at the tightest 
end is shown separately at 
(a). The forces acting on 
this block aix 



Fid, 5.35 


To and 


the 


tensions in the band where it leaves the 
l>lock, and II, the reaction of the Avheel on the block; the latter force is 
inclined to tlie normal at an angle </>, as shown, when slipping is taking 
}>Iacc, </» ]>eing the friction angle. Tht^ triangle of forces for the block 
under <H>nsideration is shown at (4). 

From the triangle of forces it follows that 

T. „ 1(90^0 + +Uticl, reduce, t<, ^ . 

T, sin{(9() - - c/.} Tj 1 - /A tan d 

where = tan is the coefficient (rf fricttioii between the block and the wheel. 

,1.. 1- 1 1 1 1 1 1 4- /Vr tail ^ To IP 

I n like manner for the second block ^ = = , and for 

i\, 1 -- //r tan U ijL 


all the blocks = 

±1 i 2 


T. 


T„_ i_ 1 + tan d 
T„ 1 - /X tan 6 ’ 




294. Block Brakes. — In a block brake a block is jjrossed against the 
rim of a revolving wheel. This is the type of brake which is nearly 
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always usacl on railway trains^ tram-cara^ and vehicles on common foada. 
The bJoefc is made of a softer material than the rim or tyre of the wheel 
against which it is pressed, so that the wear is confined mainly to the 
block, which is easily renewed. When the block is made of wood, a hard 
and strong wood, such as elm, oak, or beech, should be used. heavy 

and rapid running vehicles, cast-iron brake blocks are the most common. 

If P is the normal force i)ressing the brake block on the wheel whose 
radius is R, then the resisting torque set up by the brake on the wheel 
is juPR when the wheel is rotating. , 

When a brake block is ap]>lied to a rolling wheel an additional load 
is thrown on the bearing or journal of the wheel or ajfle, but if two 
blocks are applied at opposite ends of a diamfeter of the wheel, there is no 
such additional load. The braking action is also doubled by the use' of 
two blocks, and the two blocks may bo operated by practically the same 
force which will operate one. 

Fig- 536 shows the IVliliios-Daiinler differential block brake as used 
on motor omnibuses.* A is the brake drum fixed to the final driving 
shaft, BB are the brake blocks, O is a bracket fixed to the frame of the 
chassis, D is the operating lever, E is the pull-off spring, and F is the 
brake adjusting screw. 



Fig. 530. Fia. 537. 


Fig. 537 shows the James and Browne block brake, as used on motor 
cars.t A is the sprfKiket wheel and brake drum, BB are the braktj blocks 
wdiich act on the inside of the rim of the brake drum, C is an ann jointed to 
the frame of the chassis, D is the operating lever, and K is tlie j Mill-offspring. 

295. Action of Railway Brakes.— The block brakt‘H ust^ on the 
wheels of railway vehicles are Jound if» be im^st effective when the foi'ces 
pressing the brake blocks on the whe('ls just prevent the wliecls from 
skidding on the rails. The ex]>lanation of this is that the coetlicient of 
sliding' friction between the wheels a^id the vails is less than that 1 between 
the brake blocks and the wheels, and also that the coefficient of friction 
betw^een the wheels and tlni rails just before skidding begins is greater 
than the coefficient of friction of skidding. 

For example, at a si)ecd of 50 miles jxjr hour the coefficient of sliding 

* Procefidhif^s of the Jnstitution of Mechanical Engineers^ 1907, p 432. 
t Ihid.y 1902, p. 730. 
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friction J)etwoen a wheel and the rail may be, say, 0*05, while the oo- 
cfflcient of friction between the brake block and the wheel when the wheel 
is not skidding may be, say, 0*08. Let the weight on the wheel be 
10,000 lbs., and let the braking force on the block be 9000 lbs. If the 
wheel u^kidding the resisting force is 10,000x0*05 = 600 lbs., and 
the woi^ absorbed per foot of travel of train is 500 ft. -lbs. for this 
wheel. If, however, the wheel is not skidding the resisting force is 
9000 X 0*08 “720 lbs., and the work absorbed per foot of travel of^ 
train is 720 ft. -lbs. for this wheel. But in order that the resistance of 
720 lbs. due to the sliding of the rim of the wheel on the brake block 
may not lock the wheel and make it skid, there must be a resistance to 
sliding of the wheel on the rail of not less than 720 lbs., and this force 
is greater than the 500 lbs. which is the resistance to sliding when the 
wheel skids. Now, when the wheel is rolling, the part of the wheel in 
contact with the rail is for the instant at rest on the rail, and the co 
efficient of friction between the wheel and the rail before skidding 
commences may be, say, 0*15, and therefore the resistance before skidding 
commences must be 10,000x0*15 = 1500 lbs., which gives an ample 
margin. 

The coefficients of sliding friction between the w^heols and rails w^hen 
the wheels skid, and between the wheels and the brake blocks when the 
wffieels roll, are found to vary with the speed, V>eing least at high speeds, 
and they increase as the speed decreas()s, as shown ai>proximate]y in the 
following table : — 


fcjpced of sliding in miles \ 
per hour J 

GO 

50 

40 

.SO 

20 

10 

0 

IX betw^een wheels and rails 

1 

004 

0*05 

OOG 

007 

! 

000 

1 

0*11 

0*16 

fx between wheels and brake \ 
blocks / 

O-OG 

i 

0*08 ; 

1 

0-10 

1 

013 

0*17 

j ^ 

0-21 j 

1 i 

0*25 


296. Dynamometers. — A dynamom(‘ter is an instrument for measuring 
the effort or torque exerted by or on a machino. The w^ork done in a 
given time by the effort or torque is found by multiplying the effort by 
the distance moved in the given time by the point at which the effort 
acts, or by multiplying the torque by the circular measure of the angle 
described in tlie given time by the piece on which it acts. 

Dynamometers may l>e divided into two ])rincipal classes, namely, 
ahsorption dynaniomefers and dynamowefers. In an ab- 

•sorption dynamometer the work done l»y tl)e effort or torque is wasted by 
being converted into heat by means of friction. In a transmission dyna- 
mometer the work done by the effort- or torque is transmitted through 
the dynamometer with only a small waste necessary to opei'ate the 
instrument. 

297. Block Brake Dynamometer.— What is generally known as the 
Prony hraks is a simple- form of absorption dynamometer. In its simplest 
form the Prony brake consists of two blocks of w^ood clamped together 
with a pulley between them, the pulley being fixed to a revolving shaft ; 
one of the bl<)jkB has a lever attached to it, which carries a weight at its 
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outer end, the tnagnitude of the weight being acljnsied so thatite moment 
balances the moment of the friction between the Idocks and the pulley. 
Fig, dJS shows a form of Prony brake designed by the author for 
testing small high-speed motors. A and B arc A\'Ood blocks clamj>ed 
together and embracing the small cast-iron pulley C, which is ^Leyed to 
the shaft T>. The blocks are Iclainj^ed by means of two boltgr with nuts. 



The nuts may of the ordinary form, to he turned with a s]»aTiner, or 
they may bo small hand-wheels, as showti. K(‘two(‘n the nuts and tlie 
block A, and pai-tly recessed in the blo(;k, are stiif helical sjnings, \vhi<‘h 
serve to keep the ]n'essure betwwn th(* }>lo{^ks and the ])U I ley constant. 
The lower block l> is extondcHl to right and left to form a two armed 
lever. A rod E, suspended from the right-hand end of the lover, carries 
the load W. A rod l\ susjjcnded from the other end of llie lever, carries 
a weight, which balances the brake when unloaded. Tlie rod E may also 
be extended and ('arry a ]ast(ui to work in a rlasli-pot, to be presently 
described. H and K are stojjs to limit the motion of th(> Itoer. 

If K is the horizontal distance of tln^ axis of the rod E from tlie axis 
of the shaft in feet, W the load in lbs., and N tla^ speed of the sliaft in 
revolutions ])cr minute, then the horse- powcT absorbed by the dynamo 


meter is 


^ttRWN 
33000 ‘ 


It should bo obserxed that it is not necessary to 


know the diameter of tlie jmlley or the coefliciont of friction between the 
brake ]>locks and the ])ulle> in order to compute the horse -])ow^er absorbed. 

The great defect of this type of Virake is that it is liable to violent 
oscillations when the driving tonjuo on the shaft i.s not uniform, and even 
when the driving torque is uniform, as in a steam turbine, variations in 
the coefficient of friction betw-een the blocks and the jmlley often cause 
groat unsteadiness in the lever. 

To keep the coefficient of friction constant, the brake should be kept 
well lubricated with a stream of soaj>y water. The stream of water also 
serves to carry away the heat and keep the jiulley and brake blocks cool. 
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In the brake shown in Fig. 638, the labricating and cooling water enters 
at the top from the pipe P, and is distributed over the surface of the 
pulley by grooves formed in the rubbing surfaces of the blocks, and 
leaves by the pij)e Q at the bottom. Wooden shroudNS L and M on the 
sides of tlie blocks prevent the water coming out at the sides. 

Oscillations of the brake may be dartiped by means of a dash*pot, 
such as that shown in Fig. 639. This dash-pot is a cylinder containing 
oil or water, and a piston, which is attached to 
a rod suspended from and jointed freely to the 
lever of the brake. The piston may he about 
146th inch smaller in diameter than the bore 
of the cylinder, and it should be thin at its 
edge;. The oscillations of the lever are com- 
municated to the piston, but the motion of the 
]nston is retarded by the li([uid in the cylinder, 
a portion of which must move from one side 
of the j>iston to the other through the narrow 
passage round the edge of the })iston as the 
latter moves. In this way the amplitude of the (jscillations of the brake 
is cou.siderably I'cdueed. 

The brake should })e balanced, when unloaded, with the piston im- 
mersed m the liquid in the dash-])Ot. 

Instead of hanging the brake load on the end of the lever, the brake 
may be turned ‘‘end for end,'* and the load end of the ]i;vor be made to 
rest on a [)t*destal placed on the ])latforTn of a w(;ighing-machino. In 
many cases this is a very convenient arrangeinc^nt. 

298. Use of Compensating Lever on Dynamometer. — When a hand- 
hlock brake is used as a dynamometer, a vompevmiimj lever is often 
added. This lever provides a im^aiis of auioiiiatii*al]y adjusting the 
tension in tlie hand to suit, variations in the coetiicient of friction 
between the brake blocks and the wheel. 



Jieferriiig to Fig. 540, ABC is the compen.sal ing lever jointed to the 
ends of the band at A and B, and^D is the point of suspension of the brake 
load W. The band is 
tightened by the screw 
at E, so^ that when the 
brake is in action the 
compensating h;ver is 
horizontal and in line 
with D. 

The action of the 
compensating lever is as 
follow\s. Sup})Ose that 
the coefficient of friction 
between the brake blocks Fig. 540. 

and the wht'el should 

increase, this will cause tlie wheel to carry the brnkc aTid its levers round 
with it until the lever ABC strikes the sto]) It. The points A and B 
will continue to move round with tlie wheel, but A will move faster than 
B, because the outer end of the lever is resting on the stop II ; the effect 
of this is obviously to slacken the brake strap and diminish the resist- 
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ance of friction, and so coin^nsate for the increase in the coefficient of 
friction. A diminution in^ the coefficient of friction will produce the 
opposite action, the compensating lever will strike the upper stop K, and 
the band will be tightened. 

When the compensating lever is floating between the stops, a load w, 
in addition to the weight of the lever ABC, may be required to balance 
the vertical components of the tensions in the band at A and B. The 
horizontal components of these tensions balance one another. 

If W is the load at D over and above that required to j)roduce static 
balance when w is removed, and the whole brake is free to move about 
its axis, which is the axis of the wheel, then wdien the brake is in action, 
with the compensating lever floating and the loads W and w* on, the 
driving torque is WR — wr. If, however, the compensating lever is not 
floating, but rests against one of the stops, the driving torque is 
WR - w?' ±p(r + a), where p is the reaction of the stop on the com- 
pensating lever. The + sign is to be taken when the lever is against 
the lower stop, and tlie — sign when the lever is against the upper stop. 

If N is the speed of the wheel in revolutions i>er minute, and if the 
forces are measured in lbs. and distances in feet, then the horse-powder 

absorbed is . If the brake is carefully adjusted 

tlib force p should be small, and may then be neglected. 

299. Pullen’s Friction Brake Dynamometer. — A form of dyna- 



mometer suitable for testing small high-speed motors, such as petrol 




BEAKES AND DYNAMOMETEBS $m 

entries, is shown in Fig. 541. This is a des^ by; Prof, W. W. F* Pulleiu* 
P is an ordinary cast-iron pulley, 6 inch^ in diameter, mounted on 
the shaft of the motor to be tested. Small solid-drawn copper tubes C 
are bent to the shape shown. Small plates of brass M having holes 
drilled in them are threaded over the copper tubes, and brazed on to them 
in the positions shown. The copper tubes are placed in 2 >osition on the 
pulley, and are then embedded in while metal, plaster of Paris being 
used for moulds. The white metal is ’shown black in the sections. Two 
timber levers T are fitted over the white metal, and are held together by 
two bolts, one of which hiis a hand-wheel K for a nut, and between this 
hand-wheel and the upper lever there is a helical spring, which enables a 
practically constant pressure to be maintained between the white metal 
and the pulley when the dynamometer is in use. The rubbing surface 
of the pulley is lubricated with oil from the sight-feed lubricator F. 
Water is circulated through the coj^per tubes, entering at ,T and leaving 
at L. The brake is retained in position on the jjulloy by small wooden 
ear- 2 )ieces E. The spring balance S is UvSefnl for measuring small 
variations of torque, but most of the load is juit on by dead weights W, 
A dash- 2 )ot and any weight required to balance the jmrts may be con- 
nected at B. This brake easily absorbed 8 horse-power at 1000 revolu- 
tions per minute without undue heating. 

300, Bope Brake Dynamometer.- The simplest and most reliable 
form of absorption dynamometer is j)robably the rope brake, shown in 
Fig. 512. One, tw'o, or more lengths of rope are passed once round the 
rim of the fly-wheel or the rim of 
a pulley fixed on the shaft. The 
different lengths of roj>o are kept 
in ])osition by blocks of wood, as 
shown, the blocks being laced to 
tlie rope. The upper ends of tluj 
several lengths of ro}>o are united 
and attached to aspring balance B, 
w hile thes other ends are united and 
attached to the wx*ight W. Let 
W — hanging weight, in lbs., in- 
cluding portion of rope, 
hook,etc.,hangingfromA. 

8 = tension regi.stcred by sf)riiig 
balance, less the weight 
of the ro 2 )e, etc., between 
A and the balance, in lbs. 

R = effective radius of wdieel 
= nominal radius of wheel 
H- radius of rope, in feet. 

N = number of revolutions of 
wheel per minute. 

The effective resistance at ra.<lius it is W — S, and the brake horse- 
. , , 27rEN(W-S) 

power IS therefore = ‘ 3300 O 



Tfunsdcttons of the OivU a/nd Mechanical EngineeTs Society (London)^ 1907. 




362 APPLIED MECHANICS 


The whole of the work converted into heat at the rubbing aurfaccM 
between the rope and the^j^ecl. For small powers or for shoi*t trials 
the air in contact with the devolving wheel will carry away enough heat 
to keep the wheel sufficiently cool. For larger powers an(i long trials, 
however, it is nenessary to cool the wheel rim with water. For water 
cooling it is best to make the rim of the w''heel of channel section, as shown 



in Fig. 543. The 
water is held in by 
centrifrugal force 
so long as the speed 
of rotation is not 
less than a certain 
critical speed. The 

centrifrugal force of a small mass of w^ater weighing w lbs. at a radius 

/27rRN\2 

R feet and revolving at N revolutions per minute is h (>0 / ’ 

When this mass of water is in its highest position the resmtant force 
holding it to the rim of the wheel is F — tc, and the minimum speed at 
which the water will remain in contact with the wheel in its highest 


position is found by putting F= w, then — 

During a long trial it is necessary to renew^ the cooling wabn*. This 
may bo done by usin,^ two pipes, as shown in Fig. 543. One pipe D 
supplies cold water to the (Jiannel in the rim, and the other E scoops 
water out and discharges it. Just before stopjnng a trial the whaler 
supply is cut off, and the pipe E is turned over slightly so as to nearly 
touch the b(3ttoni of the channel and collect and discharge sufficient 
water to prevent an overflow from the channel when tlie wheel stops. 
The collecting end of the pipe E is flattened out so as to i^'cscnt a 
narrow slit to the water. 



301. Fan Brake Dynamometer. — One of the simplest and most con 
venient of dynamometers for testing the output of small high-s]»eed motors 
is a simple form of fan. This w^as first used by M. Rcnard, whose design 
for small powers consisted of a rectangular bar cd ash, to which were 



bolted two rectangular aluminium plates, the wooden bar being mounted 
on the shaft of the motor at right angles to its axis. Fig. 544 shows the 




BRAKES AND DYNAMOMETEBS 353 

brako as niade by Mr. W. G. Walker^, and ^ribiish the writer has used suc- 
cessfully siuce the beginning of 1905 for i|Hbg petrol motors. 

With the exception of the plates E anlF, which are made of alu- 
minium, all the parts are made of steel. The arms AB and CD, of 
rectangular cros*s section, are clamped to the shaft of the motor by two 
I>olts, iiiS shown. The plates E and F are bolted to brackets H and K 
respectively, which are carried by the arms, l^he plates are equally dis- 
tant from the axis of the shaft, but the distance may be varied according 
to the speed and power of the motor. Different sizes of plates may also 
be used. In the brake used by the author there arc three sets of plates, 
the smallest being 6 inches x 6 inches, the intermediate size inches x 8 J 
inches, and the largest 17 inches x 8 1- inches. With the sniallest plates 
the distance of the outer edges from the axis of the shaft may be varied 
from 8 inches to 15 inches; with the intermediate size plates this distance 
is from 10 J inches to 17.J inches; and for the largest size, 19 inches to 
26 inches. 

Tlie resistance is, of course, the pressure of the air on the plates and 
exposed parts of the arms, and this produces a pure torque, and there is 
no bending action on the shaft, except that due to the weight of the 
instrunnmt, which is only about lbs. with the smallest plates, and 
14 J lbs. with the largest. The parts are also perfectly balanced. 

Once the instrument is calibrated it is only necessary to know the 
speed to determine the horse- powder, since the po^er to drive the is 
proportional to the cube oi the speed. For example, when the inter- 
mediate size plates are used, and the bracket pins are in the sixth holes 
from the inside, the brake horse-power is given by the formula, 

B.TI.P. -0*000,000, 0Q38N»=- 38 x lO ^N^, 
where N is the speed in revolutions ])er minntc. 

The resistance to the motion of tlic plat(*s is proportional to the density 
and viscosity of the air, Now' the density is ])roportional to the pressure, 
and inversely proportional to the absolute temperature, wdiile the viscosity, 
according to some aiithorities, is proportional to the absolute temperature. 
Hence the resistance! varies Avith the pressure only, and if the coefficient 
r ill the etpiation Tl.H.P. = rN^ is obtained oxi^Timen tally w^hen the height 
of the barometer is 7i, then if, w'hen a test is made, the height of the 
barometer is h\ the coefficient r vshoiild be multiplied by h! jh. 

This dynamometer may be run for any length (ff time, as there is no 
heating' effect on the instrumeni, the heat being carried away by the 
circulating air. 

The dynamometer having the dimensions given above may be used 
for powers up to 20 horse-power. 

302. Eddy Current Brake Dynamometer. — In the eddy current 
lyrdke dynamometer the resisting torijue is obtained without actual con- 
tact between the revolving and the floating elements. A system of field 
magnets, with alternate poles, is mounted on the floating iiortion of the 
brake, while the motor under test drives one or two copper discs past the 
poll! faces, whose magne4ic flux iinhices very large circulating currents, 
which, by their magnetic action, tend to retard the motor and absorb its 
energy in heating the discs. 

Brakes on this principle wert5 constructed by Pasqualini in 1892, by 
Grau in 1900, by Siemens and Halske in 1901, and by others. These 

z 
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brakes^ though conTenient ii|_,laboratory use, did not become extensively 
employed owing to the skill jfequired in fixing to the motor, and also to 
the small horse-power absorbed for a given size, and cost of apparatus. 
The great accurac^y arid convenience of the electrical control of the resist- 
ing torque, and also the cleanliness arising from the use of air instead of 
water to get rid of the heat, w'as, however, early recognised. 

Morris & Lister, in 1905,* gave the theory of this apparatus, and 
showed how the design might be greatly improved and simplified. They 
showed also that there was a certain thickness of copper which ought to 
be used on the discs, and that it was just as bad to use too much as too 
little copper. 

Fig. 545 shows the Morris & Lister eddy current bmke.*}* The brake 
may be mounted on its own shaft in a frame, independent of the motor 
to be tested. In some cases, however, especially with electric motors, it 
is simpler to mount the brake direct on the shaft of the motor in place of 
the driving pulley, or, in the case of a petrol motor, in place of the fly- 
wheel. A is a central cast-iron bush, to be secured to the shaft of the 
motor to be tested. On this bush are fitted two ball-bearings B, and 
two strong aluminium sjjiders C, carrying stout iron discs D, faced witli 
sheet copper on the inner sides, and provided with cooling vanes E on the 
outer sides- On the ball-bearings and between the discs floats a strong 
aluminium casting F, formed for carrying conveniently a number of flat 
iron pole pieces H, arranged in pairs opposite one another. Between each 
pair of poles is a stout iron core K, on which a coil L is slipj)ed. These 
coils are so connected that the poles present alternately magnetised faces 
to each disc. The central casting P hcas also two strong bosses M and N 
at the ends of its horizontal diameter. Into the boss M is inserted the 
main graduated lever P, on which slides the carrier for the weights W. 
Into the boss N is inserted the short counterj)oise lever Q. The long lever 
is sometimes replaced by a short one provided with a hook for a spring 
balance. Further projections S from the central casting F at the top and 
bottom support the outside guards Tand the insidated tenninalsl^ by which 
current is led into the windings from a source of continuous eurrcjnt supply. 

When the magnets are excited, the magnetic flux from each pole is 
compelled to cross the revolving copj)er disc in order to reach tlie iron 
disc behind it, and to return by the adjacent magnetic ]>oles, Tlie flux 
has then to cut the other copper disc twice in a similar manner before the 
magnetic circuit is eoiujdetod. In this way large eddy or Foucault 
currents are generated in the copper discs, which then exert a resisting 
torque, the power cc^rresponding to which is converted into heat in the 
discs. This heat is got rid of by means of the vanes E, which are set so 
as to induce a strong current of air. 

The discs have to be so sujqiorted on the si>ider as to prevent the 
j)assage of heat to the arms, and so to the framework of the* bnike or 
motor, and at the same time to allow them to ex})and while still keeping 
true. This is done by mica wasliers and slotted holes in the discs. The 
spiders also must be able to resist the attractive force on the discs, which 
is large, although it diminishes as the speed increases. 


* Jourmul of the Institution of ElectHeal Ervginfers^ vol. xxxv. p, 445, 
t Made by Messrs. Morris & Lister, Ltd., Coventry. 




Sedim at OX. 14 HORSE- POWER EDPY CURRENT BRAKE . 

Fig. 646, 
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By means of a special regulator, or other suitable regulating appliance, 
the exciting current can be increased until the lever floats, the weights 
having been previously ])laced to corrcsi>ond witli tht', required torque. The 
amount of elo(‘tric power required for exciting the magnets is quite small. 
Thus a tor(j[ue of 73 ft.-lh,, wliich gives 14 horse-power at 1000 revolutions 
per minute, requires less than \ kilowatt in the coils. The exciting 
current need not be measured. 

The power is computed by means of the formula used for the Prony 

brake, namely, B.H.P, = • » 

' 33000 


A good feature of the eddy current brake is that the resisting torque 
is practically constant over a considcirable range of speed (10 per cent, 
above or below normal). Hence when testing j>etrol or other motors in 
which the effort fluctuates, the lever does not ostullatc^ but floats steadily, 
regardless of periodic fluctuations of sj^eed. Tliis constancy of torque 
at or near its rated s])ced occurs in a similar way to the maximum 
torque in an induction motor, and constitutes not the least of the 
advantages of this convenient and accurate ty]>e of absorption brake 
dynamometer. 

A small amount of power is used in overcoming the air resistance 
at the vanes E ; a portion of this resistance is communicated to the 
guards T on the floating element, but there remains a certain amount 
which is not communicated to the floating element, and is tlierefore nob 
measured, but, if jieces.^ary, this may bo allow(‘d for by using a constant 
determirK'd by experiment. The nnmoasui’ed resistance is, however 
only a fraction of 1 per cent, of tlic total resistance, 

303. Epicyclic-Train Dynamometer. — One form of transniisaion 
dynamometer is shown in Fig. 546. AB is a lever, wliich may turn round 
the fixed axle CD. Mounted on the lever, and turning fr(‘ely on it, aio 
two e(iual bevel wheels E and F, which gear with two equal bevel wheels 
FT and K, mounted on the axle, 
and turning freely on it. A 
wheel or j ml U‘y is secured to 
the boss L of the whec‘1 TT, 
and another whetjl or jmlley is 
secured to tlie boss ^1 of tlie 
wheel K. The trirquo to be 
measured is transmitted from 
L to M, or from M to L through 
the wheels E and F. 

Let P be the c*ffort exerted 
by the teeth of the wlu^el H (»n 
the teeth of the wheel E at a 
radius r from the axis ()f CD, 
and suijpose P to act down- 
wards. There will bo an e(j[ual 
effort P at radius r from the axis 
of CD acting upwards on F from H. The torque on II is therefore 2Pr. 
The wheel E in driving K will cause the latter to exert a downward 
force P at radius r from the axis of CD, and the wheel F in driving K 
will cause the latter to exert an upward force P at radius r from the axis 



Pig. 516. 
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of CD, These four forces acting on the wheels E and F will produce a 
torque on the lever AB equal to 4Pr. Hence if the weight W on the 
lever is at a radius R from the axis of CD, WR = 4Pr, and the torque 
transmitted from L to M is ^WR. 

If the wheels II and K run at a speed of N revolutions per minute, 
then the horse-power transmitted is 

2 ^ 33000 33000 

Wlien unloaded, the lever is balanced by the weight w. 

Stops SS limit the motion of the lever. 

304. Belt Dynamometers. — When a belt is transmitting power from 
one pulley to another the tangential effort on the driven pulley is equal 
to the difference between the tensions on the tight and slack sides of the 
l)olt. If and are these tensions in jiounds, and V is the speed of 
the belt in feet per minute, then the horse-power transmitted is 

(T, -_T,)V 
' . 33000 * 

Several forms of dynamometer have been introduced for measuring 
” Ty directly while the belt is running ; one form is sliown in Fig. 561, 
p. 362, another is shown in Fig. 547. The latter illustration and the 



following description are taken from a pa])er by Mr. S. P. Watt in the 
Transaefions of thn American Society of Mechanical Engineer 1891. 

The dynamometer (Fig. 547) consists ol a set of ])ulleys mounted on 
a suitable frame and disposed as follows. Ilie pulleys A and C are fixed 
to the shaft ft, and B and D arc fixed to the shaft Ik The pulleys E and 
F revolve freely as independent loose jnilleys on the shaft (/, The shaft 
y has a second shaft f fixed to it midway between the pulleys E and F. 
Shaft /’constitutes a pivoting axis, ]»aral ltd to the shafts a and ?->, for the shaft 
it’s together with the frame K and the wtdght lever L, all rigidly connected. 
Only enough motion of Ij is allowed to determine tlie direction of action. 
Instead of the weight of the levt^r L, the eiid of the lever could be con- 
nected to a small platform scale, and its tendency to rotate weighed. It 
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zniglit be useful to make the frame between the pulleys adjustable at d 
and e in order to vary the tension of the dynamometer belt, or better still, 
it Aaight be so constructed that the absolute tension could be noted at any 
time, whether working or at rest. The working of the apparatus is as 
follows, A driving belt from the source of power is put on the pulley A. 
The machine to be driven is belted from the pulley B. The dynamometer 
belt passes from the lower side of the pulley C to the pulley F, around F 
to D, around D to E, around E back to O. It will be seen that C is a 
driving pulley, and D a driven pulley. When the system is at rest, the 
four strands of the dynamometer belt have the same tension. If now C 
revolve and drive D, the tension T^ of the belt from C around the loose 
pulley F to D will correspond to the tension of the taut side in a simple 
system of two pulleys, and the tension To of the belt from the lower side 
of D around F back to the lower side of C will correspond to the slack 
side. 

The difference of tension is the driving force P, and taking what 
actually occurs, 

2T, -2To_rp T 

- ig-r. 

Now P in poundvS multiplied by the speed of the belt is fcK>t-i>ouiids deve- 
loped or consumed, ignoring friction. Let r be the radius of the position 
of pulleys E and F from the pivot /. L*et I be the distance of the weight 
W from /, to balance the tendency of the frame K to rotate al>out / when 
working, then 

m = r(21\ - 2T,), or ^ = T, - T, = R 

It is evident that should a Prony brake be put in place of the pulley B, 
the power developed by the motor to A could l^c doteniiined. If a machine 
be driven from the pulley B, the power consumed could also bo noted in 
the speed of belt and the position of the weight from the same formula. 
In the use of different belts as dyuamdmeter belts the relative efficiency 
of such belts can readily bo determined by the use of the brake attach- 
ment. It will also bo seen that only one side of the btdt comes in contact 
with the ijulleys. 

305, Torsion Meters. — The introduction of the steam turbine, par- 
ticularly for the propulsion of ships, has created a demand for a means 
of measuring the power transmitted by the shaft, since tlicre is no direct 
means of measuring the work dorie in the turbine. The power to be 
measured is generally very large, and the ordinary forms of dynamometers 
are not suitable or convenient. In the case of the reciprocating engine 
the power developed in the cylinders is readily determined frojn the 
indicator diagrams, and if these be taken at any given load and also at no 
load, the actual power transmitted by tlie shaft at the given load can be 
determined with sufficient accuracy for most practical purposes. 

A number of instruments have been designed to measure the angle 
of twist of a given length of shaft transmitting power, and from this 
observation and the speed of the shaft, and certain particulars of the 
shaft itself, the power transmitted is readily computed. 
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From formulaes proved in Art. 96, p. 80, and Art. 96, p. 81, ^ 

.. _ 


angular deflection of a shaft in degrees is, « * a solid diaft, 


and n = l^oUow shaft, where T is the twisting moment, 

( the length of shaft considered, C the modulus of rigidity, d the diameter 
of the solid shaft, D and d the external and internal diameters re* 

8I»ectively of the hollow shaft. Evidently for a particular shaft T = 

V 

where /p is a constant to be determined experimentally for the particular 
shaft. In the absence of direct ex}>erin)ent on the shaft itself, k may be 
computed by assuming a value for C based on experiments on shafts 

for a solid shaft, and 


or rods of similar material, then 

180 X 32 


k = ^ for a hollow shaft. 

180 X a->2 

Tf force is in lbs. and linear dimensions in inches, then the horse- 
j)()wcr tranvsniitted at N revolutions per minute is, 

TJ_ 27rTN __ 27rknN _k^7iN , , _ 27rk 

1 2 X 3300U ” 1 2 X 33000/ ~ “F ’ *’ “ iT^'SSOOO 


is a constant for the particular shaft. 

Two types of torsion meters will now be illustrated and described, 
the particulars Indiig taken from a paper by Mr. J. Hamilton Gibson, 
read before the North-East Coast Institution of Engineers and Ship- 
ImildtiTs in January 1908. 

The main features of Fofihujer^s torsum Dieter, which is a purely 
mechanical contrivance, aie shown in Fig. 548. .A is a disc secured 



Fig. 548. 



directly to the shaft. B is anotlier disc secured to the shaft at a distant 
section through a stilf tube coaxial with but clear of the shaft. The 
motion of these two discs will be the same as that of the points on the 
sliaft at which the connections are made, and which are at a distance I 
apart, and the relative angular motion of these disevs will be the angle 
of twist of the length I of the shaft. 

The relative angular movement of the discs is magnified and recorded 
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hy a pencil P, actuated by the system of levers shown, on paper placed 
round the fixed cylinder DE, which is coaxia/1 with the shaft. When 
there is no torque on the shaft the pencil traces a line parallel to the 
ends of the cylinder carrying the pai)er, and this is the zero line of the 
diagram. When the shaft is transmitting power the pencil moves to 
the right or left of the zero line, depending on the direction of rotation 
of the shaft, and at the same is carried round with the shaft, describing 
a more or less wavy line whose ordinates represent tlie angular deflection 
of the shaft as it revolves. The ordinates of the line traced hy the 
pencil are evidently arcs of circles, whose centres lie on the zero line, 
and whose radii are equal to the length of the j)encil lever. Tlic cylinder 
carrying the paper can be moved to the left clear of the jKuicil, and 
the diagram can then be taken off and the mean torque detei- mined.. It 
is of course the mean torque wliich must 1x3 used in computing th(^ horse- 
power. In the case of a turbine-driven shaft the torque is practically 
uniform. 

The Bevis-Qibson ton^ion meter depends on the facts that 

the velocity of light is practically infinite, and that light travels in 
straight lines through air of uniform density. Two blank discs A and 
B are fixed on the shaft at a convenient distance apart, as shown in the 
oblique elevation at (a), Fig. 5*19. Each disc has near its i)eriphcry a 



Fig. 549. 


small radial slot, and these two slots are in tiiC same radial j^la-ne when 
no power is being transmitted and there is no torque on the shaft. 
(&), (c), and (d), Fig. 519, arc sectional ])lans, the planes of section going 
through the slots in the discs when in or near tlieir higliest positions. 
Behind the disc A is fixed, on, say, one of the bearings of the shaft, a 
bright electric lamp C, masked, but having a slot cut in tlu^ mask directly 
opposite the slot in the disc A when the latter slot is in its liighcjst 
]>osition. At every revolution of the shaft a flash of liglit is projected 
through the slot in the disc A towards the disc B in a direction parallel 
to the shaft. Behind the disc B, on, say, another shaft bearing, is fitted 
the torque finder D, an instrument fitted w'ith an eye-piece, and capable 
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of alight circumferential adjustment The end of the eye-piece next the 
disc B is masked, except for a slot similar and opposite to the slot in 
the disc. When the four slots are set in line, as shown at (6), Fig. 549, 
a flash of light is seen at the eye-piece every revolution, and if the shaft 
revolves quickly enough the light will appear to be continuous. This 
effect is apparent at any speed over 100 revolutions per minute. ^ At 
lower speeds the flash is seen to be intermittent, but this in nowise 
affects the accuracy and reliability of the result. 

Suppose now that the sliaft is transmitting power. One disc lags 
behind the other, and although the slots in C, A, and D are still in line, 
the light is cut off by the displacement of the slot in B, due to the lag 
just mentioned. This cutting off of the light is clearly shown at (c). 
Now if the torque finder D V)e moved round by an amount equal to the 
lag of the disc B the slot in D will then be opposite to the slot in B 
when the slot in A is opposite to the slot in (J, and the flash will now be 
received by D, as shown at (d). The torque finder is moved by operating 
a micrometer spindle, and by means of a scale and vernier the angular 
movement can be measured to the of a degree. 

The Bevis-Gibson torsion meter as just described will evidently give 
the twdst of the shaft at one definite point of each revolution, and in the 
case of turbine shafts, where the torque is practically uniform, this is 
all that is required. For recij)rocating engines, 
where the torque varies considerably during each 
revolution, a simple modification enables the 
operator to take several readings, usually tw^elve, 
at definite points of a revolution. The discs are 
j)erf orated with slots arranged in the form of a 
spiral, as shown in Fig. 550. The lamp and 
torque finder must be moved radially so as to bring 
them into line with each corresponding pair of 
slots in the discs. Plotting the readings on squared 
paj)er, the actual twisting moment diagram can be drawn, and from this 
the mean torque is readily found. 

Exercises XXL 

1 . The drum of a band brake is 18 inches in diameter. The band is inch 
thick, and it embraces three-quarters of the circumference of the drum. The 
hand lover is arranged as shown at (c), Fig. 534, j). 344. AC — 3 inches, and 
AD =18 inches. If the force P at the end of the lever is 40 lbs., and the co- 
efficient of friction between the band and the drum is 0*2, w^hat is the resisting 
torque, in ft.-]bs., exerted on the brake drum? 

2. In a band and block Vjrake (Fig. 535, p. 345) the wheel is 24 inches in 

diameter, and the band is inch thick. There are twelve wood blocks, each 
2 inches thick, and each subtending an angle of 18 degrees at the centre of the 
wheel. The coefficient of friction between the blocks and the wheel is 0*35. 
The brake is operated bv means of a lever, arranged as shown at (rf), Fig. 534, 
p. 344. AB--4 inches, and AD = 24 inches. What force must be applied to the 

end I) of the lever when a weight of 300 lbs. is being lowered at a uniform 
velocity, the weight being hung by a rope wffiich is coiled round a barrel on the 
axle of the brake wheel, the effective diameter of the barrel being 20 inches ? 

3. A wheel 12 feet in diameter, rotating at the rate of one revolution iq 

2 seconds, is acted on by a brake which applies normal pressures of 1 cwt. each 
at opposite ends of a diameter. If the coefficient of friction be O'G, find (in 
horse-power) the rate at which work is being absorbed ? J 
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4* A bicycle and rider, weighing together 180 lbs., are travelling at the rate 
of 10 miles per hour on the level. Supposing a brake is applied to the top of the 
front wheels which is 30 inches in diameter, and this is the only resistanoe acting, 
how far will the bicycle travel before stopping if the pressure of the brake Ts 
20 lbs., and the ocoiflcient of friction is^*5 ? llnst.C.B.J 

6. Continuous brakes are now capable of redHj&ing the speed of a train 

3^ miles an hour every second, and take 2 seconds to be applied ; show in a 
tabular form the lengtli of an emergency stop at speeds of 3f, 7i, 15, 30, 46, 60 
miles per hour. Compare the retardation with gravity, and express the resisting 
force in lbs. per ton. [U.L,] 

0 . If the force available on the block of the brake on a wheel of a railway 
vehicle is 90 per cent, of the weight on the wheel, and if the coefficients of sliding 
friction between the block and tho wheel and between the wheel and the rail are, 
at 60 miles per hour, 0 06 and 0*04 respectively, what is the maximum resistance to 
the motion of the wheel, in lbs. per ton, when the brake is applied, (a) when the 
wheel does not skid, (h) when the wheel skids, at the above speed 1 

7. To determine the brake horse-power of a small de Laval steam turbine a 
Prony brake was used. 'Vhe brake was placed on a pulley on the second -motion 
shaft, whose speed was 2993 revolutions per minute. The brake load at 18 inches 
from the axis was 5 lbs. Calculate the brake horse-power. 

8. The internal diameter of a fly-wheel rim, which is of channel section, is 
5 feet. Find the minimum speed, in revolutions per minute, at which the wheel 
will hold, without spilling, a layer of water 1 inch deep. 

9. The brake horse-power of a gas-engine is to be measured with a rope brake 
on the fly-wheel. The diameter of the wheel is 5 feet, and the diameter of the 
rope is ^ inch. At a speed of 183 revolutions per minute the hanging weight 
is 67i lbs., and tho spring balance indicates 4^2 Ihs. What is the brake horse- 
power ? 

10. In an epicyclic -train dynamometer of the form shown in Fig. 540, 
p. 356,. the wheels oji the axle CD run at 100 revolutions i)er minute. The wcught 
W on the lever is 60 lbs., and its distance from the axis of the axle is 24 inches. 
Calculate the horse-power transmitted through the dynamometer. 

11. Fig. ^rd shows a Froude and Thornycroft dynamometer for measuring 
the difference between the tensions on the tight and slack sides of a belt which 
is transmitting power from 
a pulley A to a pulley B. 

The T shaped lover has its 
fulcrum at I>, and carries 
pulleys E and F. The 
diameters of tlio pulleys 
are such that the straight 
parts of the beltp may be 
taken as horizontal. Ne- 
glecting the work lost in 



friction in the instrument, 
show that the horse- power 


transmitted is given by the formula, H?=: , where d is the diameter 

33000 X 2c 

of the pulley A, and N its speed in revolutions per minute, dimensions beinc in 
feet, and W in lbs. 

18. The horse-power of a marine steam turbine was found by observing that 
the angle of twist of a 2()-fect length of the propeller shaft at 480 rcvolutitms per 
minute was 1’75 degrees. The shaft, which was solid, had a diameter of 7 inches, 
and it was known that the modulus of rigidity of the material of the shaft was 
12,000,000 lbs. per square inch. Neglecting the effect of the end thrust, calculate 
the horse-power. 
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306. Velocity Batio in Belt Qeaxing. — If motion bo tranBmittod 
from one pulley to another by means of a thin inextensible belt, and if 
there is no slipping between tlie belt and the rims of the pulleys, every 
part of the belt will have the same velocity, and the outer surfaces , 

will have the same velocity as the belt. 


pulleys 

be 


of the rims of the 
Hence if and 
the diameters of the 
<lriver and follower re- 
spectively, and if the 
driver makes re- 

volutions in a given 
time, while the follower 
makes revolutions in 

This formula is 



Fig. 552. 


Fig. 653. 




N, (L 


the same time, then == Trri^Njj , and 

true, whether the belt is “open,” as in Fig. 

552, or “crossed,’^ as in Fig. 553 ; but the direction of the rotation ‘will 
not be the same in these two cases. With an open belt .Jthe imlleys 
rotate in the same direction, v^ile with a crossed belt t,^^ 
o p[>'osi te^directiQPs. 

”^^7. Effect of Thickness of Belt bn Velocity Batio. — When a thick 
belt is bent over a pulley its inner surface is compressed and its outer 
surface is stretched, but the surface midw'ay between iLese two remains 
of the same length. It follows, therefore, that the velocity of the inner 
surface of the belt in contact with the. pulley must be less than the 
velocity of the middle surface of the belt, and it is only the middle sur- 
face of the belt wdiich has the same velocity at every point. The effec- 
tive radius of a pulley is therefore its nominal radius plus half the 
thickness of the belt, and using the notation of the preceding Article, 

where t is the thickness of the belt. 

Nj d,^ + r 

308. Length of Belt connecting Two Pulleys. — Referring to Figs. 



554 and 555, the length of belt in contact with the larger pulley is 
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The length of bolt in contact with the smaller 


pulley is -^(tt ± 2 </>) ± where the* + sign applies to the crossed 

belt (Fig. 554), and the - sign to the open belt (Fig. 555). The in- 
clination of the straight jiortions of the belt to the line of centres is 
and the length of each straight portion is c cos </>. Hence if I is the 
total length of the belt, 


I = H- </) j + ± + 2c cos 0 


= ^(D + d) + ± d) + 2r cos ^ 


• i H ^ d J 7 4> * 9 ^ 

sin </> “ “ , cos c/> = I - 2 sin- 

If <fi is a small angle, then, approximately, </> = sin<^, and 
1 ain <t> = sin f-. 


Hence api>roxiinately 

i - '(D + </) + Bin +(D ± <f) + ‘2cA - 2 ain« f 
♦ 2 2r 4c 


= ^(D + ^^) + + 2 c, whore the + sign applies to 

the crossed belt, and the - sign to the oi)cn belt. 

Referring to the crossed belt (Fig. 554), it is evident that if D + </ 
is constant, and c is fixed, </> will remain the same, and therefore I is 
constant, 

309. Stepped Pulleys. — Two or more pulleys of different diameter.s 
placed side by side form a stepped pidley. A stepped pulley is, however, 
generally cast in one piece. - • 

A pair of stepped pulleys and one belt form a common arrangement 
for driving a shaft or spindle at different speeds from a shaft rotating at 
a fixed speed. Pig. 55G shows a pair of stepped pulleys mounted on sliafts 
A and B, whose axes are 2 >aralle] and at a distance c a 2 »art. Let the speed 
of A be N revolutions 
per minute, and let it 
be required to make 1 > 
rotate at Nj, N^, or 
Ng revolutions jier 
minute as may be ne- 
cessary. Each jmlley 

will require three steps. Fun 556. 

Let the diameters of 



the ])ulloy on A be D, , 1 and D 3 , and let the diameters of the jmlley on 
B he </,, d.yy and The following equations can be stated at once, viz. 


, ,/,^N 

D, N/D, N; Da K 


A value may now be selected for one 
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* ND 

of the diameters, say D^, then Having fixed Dj and no 

other diameters can be selected arbitrarily. The other diameters must 

not only satisfy the equations and == ^ umst be 

such that the same belt will be equally tight when placed on corre.si»ond- 
iiig pairs of steps. This gives rise to two cases, (1) belt crossed, (2) bolt 
open. 

For g. crossed belt it was sliowm in the preceding Article that if 
the sum of the diameters of the pulleys is not altered, the length of the 
belt will be the same. Therefore, for a crossed belt, having fixed and 
d^, + is known, and also + must be equal to + 

The sum of a pair of diameters l>cing known, and also the ratio of the 
one to the other, the diameters can be easily found. 

Coming now to the case where the belt is an open one, and d^ are 
determined as before, then the length of the belt is 




Then for H.g and d^, 


^ J t), + d.^ + + 2«, 


■N’T) 

but dn— therefore 
^ No 


a cjuadratic equation from ^^'hich 

- (1 VG*' * ■ - ’y’) - + ”4' 


where ^ . 

No 

If No = N, then Do = 


7^ 2c 


The solution of the quadratic equation may be avoided, and a result 
sufficiently accurate in most cases obtained, by first finding values for Do and 
d., on the assumption that the belt is crossed, that i.s, Do + = D^ 4- . 

Let the difference between the values (»f D^^ and do thus found be equal 

2 

to a, then approximately ^C^L + do)4-- +2c = I, a simple equation from 
wdiich Dg + do can easily be found. T^*so this more exact value of Do + d ^ , 
together with » fi^^d a more accurate value of Do — d^^n which 

2 /y^ \2 

is to be substituted in the equation ^(D.j + do)4- - h-2c — /. The 

value of Do + do found from this simple equation is then used, together 
with the equation — ^ , to find Do and do. 

310. Forma of Rimn of Pulleys. — The rim of a pulley for a flat belt 
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either straight or conim on the outside of its cross section. At first 
ifc would seem as if the belt would remain on the str^lfht riin more 
readily than on the convex one, and that it would be still more secure 
from falling off if the section of the rim were concave on the outside, 
but experiment shows that a flat belt tends to run on the largest diameter 
of the pulley. Consider a belt on a conical pulley (Fig. 557). Each 
part of the belt as it apj)roaches the pulley l eceives a set towards the 
base or larger end of the cone, so that each part of the belt as it passes 



Fig. 667. Fto. 558. Fio. 559. Fig. 560. 


on to the pulley is a little nearer the base than the part in front of' it ; 
but once in contact with the pulley, it remains in contact witlumt slij)- 
ping until it leaves on the other side. The result is, therefore, that the 
belt ultimately reaches the highest part, and to. prevent it falling off a 
similar pulley is placed, as shown by the dotted lines. From this the 
form shown in Fig. 558 is obtained. 

The straight rim is used when it is necessary to move the belt from 
one part of the rim to anotlier, as in the case where a pulley drives a 
pair of fast and loose pulleys. 

It must be borne in mind, however, that the convex section of rim 
only helps to keep the belt on the pulley when the belt and pulley rotate 
together. If the belt should slip through the resistance being too groat, 
it will fall off the pulley more readily if the rim is convex than if it is 
straight. 

For hemp or cotton rojies the pulley rim has V shaped grooves, as 
shown in Fig. 559, the angle of the V being generally about 45''. The 
rope does not rest on the bottom of the groove, but on its sides only, 
so that it is w^^dged in, causing the resistance to slii)jung to be much 
greater. 

For wire ropes the design is altered so that the ro]>o rests on the 
bottom of the groove, as shown in Fig. 560. The resistance to slipping 
is increased, and the wear of the roi>e reduced by lining the bottom of 
the groove with some material softer than metal, such as leather, wood, or 
tarred oakum. 

311. Fast and Loose Pulleys. — The motion of a shaft driven from 
another by belt gearing may be stopped or revt^rsed 
without affecting tlie Tnr)tion of the driving shaft by 
jibing a combination of fast and loose pulleys. A “ fast ” 
pulley is one which is fixed to the shaft, while a “loose 
pulley is one which can turn f rifely on the shaft. Fig. 561 
shows a pair of such pulleys, F being the fast ])ulley 
secured to the shaft by a* key K, and L is a loose pulley. 

When the belt is on F the shaft A revolves, and when 
the belt is shifted to L the motion of A is stopped. 

The belt is shifted from one pulley to the other by pressing on one edge 
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of that part of the belt which ia advancing towards the pulley by means 
of a fork, which should be as close to the fast and loose pulleys as 
possible. 

Examples of the use of fast and loose pulleys are shown in Figs. 662 
and 663. These arrangements of belt gearing are very frequently found 
in connection with machine tools. 

AB is a driving shaft, and CD 
a counter-shaft. E is a broad 
pulley fixed on AB. L, and Lg 
are loose pulleys, and F is a fast 
pulley. The machine is driven 
by a belt from the stepped pul- 
ley G. An open belt H and a 
crossed belt K pass from the 
pulley E to the pulleys on CD, 
as shown. MN is a rod carrying 
forks, by means of which 'the. 
l>oltKS H and K may be shifted 
simultaneously. When the bi»,lts are in the position shown, CD is at rest. 
If MN be moved to the right K will remain on L.^, H wall embrace F, and 
CD will rotate in the same direction as AB. By shifting the belts to the 
left of the position shown, CD is made to rotate in the opi^osite direction 
to AB. A niodilicatioii of the arrangement just described, to give a quick 
return motion, is shown in Fig. 563. The latter arrangement ma^ be 
used to get fast or slowr motion as desired, in the ’same direction, by having 
both belts open or both crossed. 

In the arrangements of fast and loose pulleys sliow’n in Figs. 562 and 
663, the loose })iil]ey.s have a 'width* not less than twice the width of 
the belt. By using a suitable form of belt-shifting gear the loose pulleys 
may bqi of the ordinary widtli, and then not only is S[»ace saved on the 
shaft, but only one belt has to he shifted at a time. Fig. 664 sh^-w^s 
such an arrangement. and L,^ are loose pulleys, while F| and F^ are 



fast j)ul]eys. The belt forks are attached 
to levers A,R,, and AgBg mounted on fixed 
pins at C, and C^. Tho.se levers are provided 
with projecting pins at B, and B.,, which enter 
into .slots ill a disc DE, keyed to a .spindh? F. 

The lower jiarts of the slots in DE are con- 
centric wnth F, and the uj>per parts are more 
or Jess radial. In the i)ositioii shown, both 
belts are on the loose jnilleys. If the disc 
DE be turned in the direction of the arrow' H 
the lever A^B^ remains at rest, because the 
pin at Bj remains in that part of the slot 
which is concentric with F, but the pin at B.j 
will be pushed to the right by the ui)per part 
of the right-hand slot, and the belt which wras 
on Lg wall be shifted to F*^. By moving DE 
from the position shown in the direction of 
the arrow K the. lever A^Bn wiU remain at rest, and the lever will 
be moved so as to shift the Belt which was on Lj to 
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312. Se!t Gearing for Non-Fftrallel Shafts. — Motion may be tians- 

mitted directly from one shaft to another when the axes are not in the 
same plane by means of a belt and two 
pulleys, one pulley on each shaft, provided 
that the pulleys are so aiTanged that the 
middle point of the width of the belt where 
it Icjaves one pulley is in the central plane 
of the other pulley. In other words, the 
centre line of -each of the straight iwtioris 
of the belt must be in the central plane of 
the pulley towards which it is travelling. 

An example is shown in Fig. 565, where the 
axes of the two shafts arc at right angles to 
one another, but not in the same plane. The arrangement of the two pulleys 
mentioned above is only pos- ^ 

sible when the motion is in one 
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direction ; if the direction of 
the motion, be reversed, the 
belt comes off the pulleys. 

When it is not possible 
or convenient to arrange the 
pulleys on non-parallel shafts, 
so as to permit of the one 
driving the other directly, 
one or more guide pulleys 
may be intro(lu(;ed. The 
guide pulleys must he placed 
so that all the straight jioi^ 
tions of the Indt comply 
with the cundition already 
stated. Fig. 566 shows two 
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pulleys A and \\ wJiose central planes intersect in the line CD. Any 
convenient i)oints E and F are taken in 


CD, and tangents EH, EK, FL, and FM 
are <lrawn to A and B. Guide pulleys N 
and (_), touching these tangents as shown, 
and having for their central planes the 
planes HEK and LF.M respectively, will 
serve to guide the belt between the pulleys 
A and B. As arranged in Fig. 566, the 
belt may run in either direction- 

Another example of the use of guide 
pulleys is sliown in Fig. 567. 



Fig. 567. 


313. Straining or Jockey Pulleys. — A ]>elt passing round two pulleys 
may be tightened without shortening it by placing 
a thi]‘(l pulley on the slack part of the belt, that 
is, the part which runs from the driving pulley to \ 

the following pulley, as vshown in Fig. 568. This q 
third pulley, which is called a straining, tighten- / 

ing, or jockey pulley, runs in bearings which J 

are loaded with a weight to press the pulley on 568. 
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tho belt, or the desired pressure may be obtained bymeans of an 

adjuHtirig screw. 

Xhe use of a jockey piJley also pemiits of two pulleys, differing con- 
siderably in diameter, being placed much closer together by increasing 
the arc of contact of the belt on the smaller pulley. 

314. Power Transmitted by Belts.— When a belt is transmitting 
power from one pulley AB (Fig. 569) to another CD, the motion being 
in the direction of the arrows, the tension in tlie por- 
tion BD is greater than the tension in the jxirtion 
AC. BD is called the tight side, and AC the slack 
side of thci belt. Let T , = the tension on the tight 
side, and tension on the slack side, then 

Tj -1\>==P is the driving force at the rim of the 
pulley CD. Tf V is the velocity of the belt in feet 
per minute, v the velcK^ity in feet 2 >er second, and H the horse-T>ower trans- 
I>V Vv 

mittcd, then H = where P is in lbs. 

33000 550 

The ratio of to To wdxen the belt is on the jioint of slij) 2 urig was 
fliscussed in Art. 243, p. 277. For most jmictical cases Tj^ maybe taken 
ot 2 ual to 2T.^. 

If b is the breadth of the belt, and t its tliickiiess, both in inches, and 
f the w’orking stress in lbs. 2 >er scjuare inch, then T, = bff, and if Tg^ wT\, 

where n is a fra<‘tioTi, P ~ (I — — (1 *-* n)/jt,r\ Hence H — 

For leather belts, /is generally from 200 to 850. 

. 315. Effect of Centrifugal Tension on Power Transmitted by 
Belts. — In Art. 92, 2>- 76, it was shoVn that a tliin hoo]) revolving has 
a tensile strtjss in it flue to centrifugal force, and the demonstration there 
given is applicable to a belt ruTining on a 2>filley. If /j is the stress on a 
in lbs. 2 Kn‘ square inch, due to centrifugal for(‘e, u\ the weight of 
a cubic inch of the belt in lbs., n its velocity in feet 2 >er second, then 

f -= ^ ^ w^here w is the w’^eight in lbs. of a portion of the belt 

i/ ... 

12 inches long and 1 s(juare inch in section. For leather, w may be 
taken at 0*4 lb. 

The total tcmsioii on the tight .side of the belt is Jiow' T, '+ 
and The total tension on the slack side is T.^ + and 

r = T, - T, = (1 - - ’>'){/ "A) = - »') (/- /) • 


imr 

(J 


FT ir 1 '' 

Hence H= 'ifi 

5i>0 550 \ 

, ht(\-n)f , hf(l~7iyfr 

where ^ , and c=- • 

5o0 550^/ 

rHT 

To fijid when H is a maximum, 


this is of the form H -= 


■- a - and II w ill be 


maximum when 4" =^0, that is, when or v= ^ * putting in 


dv 

the values of a and c. H is a maximum when 


-v^£' 


Zw 


2 A 
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Ixiaerting the value v = 


V i~ in the formula for the horae-power, 
3w 


Hmax 


550 ^ 3w _ 

H will be zero when fv = that is, when — 0 or v — • 

g ^ w 

316. Power Transmitted by Wire Eopes. — The principles involved 
in the determination of the power transmitted by a wire roi)e are the same 
as for a leather belt, but in the case of th(‘ wire ri'ipe it is necessary to allow 
for the stress due to the bending of the wircis to the circle of the pulley. 
Let d = diameter of each wire of tlic rope in inches. 

D = diameter of pulley in inches. 

q) = velocity of rope in feet per second. ^ ^ 

/== maximum working stress in wire in lbs. per square inch. 

portions of rope rospetitively in lbs. 
per square inch, neglecting the stresses due to centrifugal 
force and bending. 

f^ = nf^^ where ~ = P* 277). 

7 ^; = weight of 1 linear foot of rope per square inch net section 
in lbs. 

E== modulus of elasticity of wire in lbs. per square inch. 

H — horse-] lower transmitted per stpiare inch of net section of rope. 

Stress due to centrifugal force — 

E.! 


Stress due to bending =^ -j^ (Art. 109, ]). 103), 

- - E(? wr- c j- 

D*T' /*"•'- fi - g ■ 

Driving force per square inch net section of rope 

-A -A =/i(i - «) = (/- - -’' )(! 7 ^0- 


Hence 


„ /. Ef ? m'\{\ 11)0 


The maximum \wking stress should not exceed 25,000 lbs. per 
square inch, w may be taken equal to 4*16, which makes the weight of 
the rope per foot of length equal to 3*27</^rji, where is the number of 
wires in the royie. 

The maximum horse- power and the speed at which the horse-power is 
a maximum may be detenninod in the same way as for a leather belt 
(Art. 315). 

Tt will generally be found that the speed at win (9i the horse-power is 
a inaximuni is greater than the safe rim speed for the yiulleys. 

The tensions in the rcqie are regulated by the amount of .sag given to 
the tight and slack portions of the rope between the pulleys. 

sSt. Ohain Ctoaring. — Motion may be transmitted from one shaft to 
another, the axes of the shafts being parallel, by means of a chain with 
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links of suitable form which embrace toothed wheels, called Bprockm 
wheelsy carried by the shafts. Fig. 570 shows a simple form of and 
the form of sprocket wheel to gefir with it 

The first point to notice about chain 
gearing is that the pitch line of the sprocket 
wheel is a polygon, whose sides are equal to 
thej pitch of the links of the chain. Generally 
tlie links are all of the same pitch, but in 
some forms of chain the links are alternately 
of long and short pitch, and the pitcdi poly- 
gon of the sprocket wheel lias then an equal 
number of long and short sides alternating. 

It follows that the velocity ratio in chain 
gearing is not constant, and if R, and Rg 
are the radii of the circumscribed circles of 
the pitch polygons of two sprocket wheels 
connected by a chain, an'd if and 7'^ jc r n 

are the radii of the inscrilied circles of 

the same polygons, then the velocity ratio may range from Rj/rg 
to 

An inspection of Fig. 570 will show that if the outlines of the teeth 
of the sprocket wheel are arcs of circles described from the angular 
])oints of the pitch polygon with radii equal Uy the pitch of the chain less 
the radius of the pin, the pins will just touch the faces of the teetfi as 
they conic into or go out of gear, and if the outlines be arcs of circles of 
a slightly smaller radius, as shown at a, the pins will clear the teeth as 
theytoome into or go out of gear. 

A second point to notice about chain gearing is that there is practically 
no tension on the slack portion of the chain, and therefore the work trans- 
mitted is equal to the tension on the tight or driving portion multiplied 
by the distance through wdiich it travels. 

A third point about chain gearing is that in general the full tension 
on the driving* portion of the chain is supported by only one tooth at a 
time on each wheel. Although the chain may have exactly the same 
pitch as the teeth wdien now, the pitch of the chain soon increases 
b( ‘cause of the wear of the jnns and their bearings in the links of the 
chain, and to a small exieiit by the permanent stretch of the links. To 
ptirinit of the lengthening of the pitch of the chain the ^pace between the 
tecith must be wider tlian the diameter of the 
}>ins, as shown in Fig. 571, which also shows 
that the load is carried by one tooth when the 
pitch of the chain is only slightly greater than 
the pitch of the teeth. 

A consequence of the load being carried 
by one tooth at a time on each wheel is that 
there is considerable friction and ])robable 
jarring as cacli tooth in turn takes up the 
load. The friction may however be reduced 
by providing the pins with rollers. 

The objection to ordinary chain gear- 
ing just mentioned is overcome in the RenoldPs chain^ shown in 



Fig. 571. 
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Fig. 672. The teeth of the wheels in this design are wedge“Sha|>ed, and 
the links have wedge-shdped projections which gear with the teeth, as 
shown. When the chain 
Is now one edge of a wedge 
on one link and the op- 
posite edge of the adjacent 
wedge on tlie next link 
bear on the front of one 
tooth and on the back 
of the next respectively, 
but when the pitch of 
the chain has inci-eased 
through wear, the contact 
is as shown in Fig. 572. 

With this chain there is 
no rubbing of the links 
on the faces of the h^etli 
as they come into or go 
out of gear. 



■mm 


1 ITM 


Fig. 572. 


Exercises XXII. 

1. A belt rV hich thick drives a pulley 15 inches diameter, which makes 800 
revolutions per minute. Find the speed of the belt* in feet per minute, («) 
negleoLing the thickness of the belt, (5) taking the thickness of the belt into 
account. Express the dilTerence between the two results as a percentage of 
the second. 

2. Two pulleys arc connected by a belt The sum of the diameters of the 
pulleys is incUt's and wdiile the one makes 50 nwolutions the other makes 

200 revolutions. Find the diameters of the pulleys. 

3. A tram of pulleys is shown in F'ig. 573, B and C ar(‘ fixed on one shaft, 
and D and E are fixed on ajiother 
shaft. The diameters of the pul 
leys, in inehes, are,*A~ 30, B = lo, 

0 = 50, D = 16, and F=^12. 

A run.s at 80 revolutions per 
miraute. Find the sjjeod of F, 

(а) neglecting thickness of belts, FiG. .57.3. 

(б) taking tlnckne.ss of belts as 

incli. Express the difference between the answers j and (6) as a percentage 
of answer pd- 

4. A shaft running at 200 reivolutions per minute carries a i)u]Jey 50 inches 
diamei.er. winch drives a dynamr) at 1200 revolutions per niinuto by means of a 
belt J inch thick. Allowing for the thickness of the belt and a slip of 4 pei' 
cent , determine the diamet er of the pulley on the dynamo. 

6. A pulley 3(> inches diameter is connected to a pulley 18 inches diameter 
hy a crossed belt. Tlie distance between the axes of the pulleys is 48 inches. 
Calculate the length of the belt in inches, (a) by the exact formula, (&) by the 
apjiroximate formula (Art. 308). 

6. Same as preceding exorcise, except that the belt is an open one. 

7. A pulley 50 inches diameter is connected to a pulley 10 inches diameter 
by an open bolt. The distance between the axes of the pulleys is 45 inches. 
Calculate the length of the belt in inches, (a) by the exact formula, (/v) by the 
approximate formula (Art. .308). Express the difference between the two resuli.s 
as a percentage of the first. What will the results be for a crossed belt ? 

8. Referring to the stepped pulleys shown in Fig. 55(5, p. 364, ~36 inches, 

inches, 0.2 = rig, c /3 = 4Dti, c^48 inches. The belt is an open one. Find 
Dg, D;i, and c4, and also the length of the belt I, all in inches. 

9. Referring to Fig. 556, p. 364. The shaft A runs at a constant speed of 
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200 revolutions per minute. The stepped pulleys are to be designed so that the 
siiaft B may be driven at 000, 300, or 100 revolutions per minute as required 
T)i = d0 inches, c==60 inches. Find the other diameters and I, the length of the 
belt, which is an open one. , 

10- ind the answers to the preceding exercise when a crossed belt is used, 

11. A cone pulley AE (Fig. 574) drives the cone pulley ae by means of an 
open belt. Diameter at A = diameter at 
inches. Diameter at a =;= diameter at E = 8 inches. 

The slant side of AE is straight. Find the 
diameters at c, and so that the belt may 
be equally tight in each position. Draw the 
pulley m to scale, half size for diameters, and 
Jth size for widths. 

12. Taking the dimensions given in Fig. 574, 
and in the preceding exercise, except that the 
slant side of AE is no longer straight, determine 
the diameters at B, h, C, c, D, and d for an open 
belt, so that the speed ratios when the belt is 
at Aa, BA, Ce, T)d^ and in turn may be in 
geometrical progression. Draw the pulley a( 1o scale, half size for diameters, 
and Jlh size for widths. 

13. A belt drives a pulley 4 feet in diameter at 100 revolutions i»er minute, 
and transmits horse-power. Assuming that the tension on the tight side is 
twice that on the slack side, find these tensions. 

14. Oiven H — 5, V--_3000, and T, = l*8'rj>. find 'I'j and To. 

16-20. In the exer- 
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cises given in the an- 
nexed table H = horse- 
power transmitted by a 
bolt. V-:si)ced of belt 
in feet j)er minute. 

Tj = tension on tiglfi. 
side. To "= tc*nsion on 
slack side, h - breadtli of 
belt in inches. < = thick- 
ness of belt in inches 
/—working stress in Ihs. 
per square inc.h. w the 
weight of 12 cubic inches of Ixdt is to bo taken at 0-4 lb. Find the unknown 
quantities in each case, (1) neglecting centrifugal tension, (2) taking centrifugal 
tension into account. , 

21. Taking t.he data of Exercise IG, with the exception of V, determine the 
maximum horse-power which may be transmitted, taking into account the 
centrifugal tension. 

22. Given 'i\=2To, /—350, and w=0'i, calculate tlie hors(*-power H, per 
square inch of belt section, taking into account the c'-ntrifugal tension, at 
intervals of 10 feet per second, hetw'een the values of if which make H — 0. Plot 
the results on squared pa,])er. Scales. — 1 inch = 5 horse-power, and 1 inch - 20 
f(‘et per second. Determine II and v for the highest point of the., curve. 

23. Show that when a belt is transmitting the maximum power, the centri- 
fugal stress is one- third of the great(*.st stros.s. 

24. A countershaft, wliich runs at .300 revolutions per minute, is required to 
transmit 10 horse-]iower from a main line shaft to a machine. The driving 
liulley of the machine shaft is 12 inches in diameter. Th^i main shaft runs at 
100 revolutions per minute, and the machine shaft at 900 revolutions per miimte* 
The diameter of the main shaft pulley is .3 feet. Assuming the coefficient of 
friction between f he b(*lt and its pull«?y to ho 0*3 in each case, and Ihe belt inch 
thick, determine the width of each* belt, taking account of the centrifugal 
U^nsions. Tfie weight of a cubic inch of belt mtiy be taken as 0-035 lb., and the 
tension per square inch as 350 lbs. Prove the formulas you use. 

26. Find the maximum horse-power w^bicb can be transmitted by a ™inp 
rope 1 inch in diameter at a speed of 70 feet jier second if the rope is broken 
with a pull of 5700 lbs., and it is desired to have a factor of safety of 30. The 
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diiigld of the groove in which the rope runs is 60®, and the coefficient of friction 
may be taken as 0 25, and the rope is in contact with the pulley for half the 
circumference. Find also the centrifugal tension in the rope if the wheel is 
10 feet in diameter, and the reduction in the horse-power transmitted due to this 
tension. Weight of rope for I foot of lengths 0*28 lb. [B.K .3 

26. Calculate the horse-power transmitted by a wire rope under the following 
conditions. The driving pulley is 12 feet in diameter, and it runs at 150 revolu- 
tions per minute. The rope consists of six strands, each strand Imving seven 
wires, and each wire having a diameter of 0*064 inch. The rope embraces half 
the circumference of the pulley, and the coefficient of friction between the rope 
and the pulley is 0*25. The weight of the rope is 0*66 lb. per foot of length. The 
working stress is 21.000 lbs. per square inch of wire section, and the modulus of 
elasticity E is 29,000,000 lbs. per square inch. 

27 . If the bending stress is not to exceed 12,000 lbs. per square inch, find the 
minimum diameter of the driving pulley for a wire rope made up of wires 
No. 16 I.S.W.G. (0*072 inch diameter), the modulus of elasticity of the wire being 
29,000,000 lbs. per square inch. 

28 . Adhering to the conditions given in Exercise 26, except as regards the 
speed of the pulley, determine the velocity of the rope, in feet per second, when 
the horse-power transmitted is a maximum, and find the maximum horse-power. 

29 . A wire rope made up of 72 wires each 0*048 inch diameter is used to 
transmit power. Taking the maximum wf>rking stress in the wires at 26,000 lbs. 
per square inch, the bending stress at 13,000 ll)S. per square inch. w=4*16, and 
n = 0*4, plot the horse-power transmitted, atid v the velocity of the rope in feet 
per second, between the limits v = and r = 200. State the maximum horse- 
power and the corresponding value of v. Scales. — Horse- power, 1 inch to 40 
horse-power ; velocity, 1 inch to 40 feet per second. 

30. A chain of uniform ])itch transmits motion from a .sprocket wheel having 
16 teeth to another having 10 teeth. What is the mean velocity ratio? Express 
the difference between the possible maximum and the possible minimum velocity 
ratio as a percentage of the mean. 
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TOOTHED GEARING 


318. Definitions Relating to Toothed Wheels.— The pitcJi surfaces 
of two toothed wheels which gear with one another are the surfaces of 
two imaginary friction wheels which have the same axes, and which 
•v^ould have the same relative angular velocities as the toothed w^heels if 
one was to drive the other by rolling contact. 

A section of a pitch surface by a plane at right angles to its axis is 
called a pitch line^ or o. pitch -circle^ if the section should be a circle, which 
it is ill most cases. 

The pitch of the teeth is the distance from a point on one tooth to the 
corresponding point on the next, measured along the pitch line. In the 



case of a circular wheel whose jiitch circle has a diameter and which 
has n teeth of ])itch jrv, it is obvious that np = Trd, The pitch just defined 
is th(‘. ri rnoriprerdial or rivnilar jjitidi, and is equal to the circumference 
of the pitch circle divided l)y the number of teeth. If the diameter of 
tlie pitch circle be divided by the number of teeth, the result is called the 
dia'inetml pilch. If p' denote the diametral pitch, then np'^d> and 
p = Trp\ In the designing of machine-cut toothed wheels it is usual to 

arrange that is a simple, fraction of the form where m is a whole 

number, then m is the number of teeth in the wheel per melt of diametmp 
and the number m is frequentfy called the diametral pitch. 

When the term pitch is used vdthout qualification, circular pitch is to 
be understood. 

The part of a tooth beyond the pitch surface is called the point or 
addendum^ aud the part within the pitch surface is %lled the rooU The 
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acting surface of the addendum is callel the /«<•«, and the acting surface 
of the root is called the jiank\ Circles con- 
centric with the pitch circles, and passing 
through the tops and bottoms of the teeth, 
are called the addeMdum circle and root circle 
respectively. In the case of an internal wlicel 
the addendum is inside and the root is outside 
the pitch surface. 

In a mortice wheel (Fig. 576) the teeth are 
made of wood, and have tenons formed on them 
which fit into mortices in the rim of the wheel. The teeth in this case 
are called cogs. The wood used is generally hornbeam or beecli. 

319. Ordinary Proportions of Teeth. — The following proportions 
repx’esent average 2>ractice for cast-iron teeth. Pitch — y; — arc AP»C (Fig. 
575). Thickness -AB==()-47;7. Width of space = B(J - 0-53/^. Total 
height = e™0*7p. Height beyond ]>itch line — n = 0'3/>. Depth within 
pitch line — c = 0*4p. Width to 3/?. For heiivy mill- gearing the 
width is sometimes as great as 5;?. 

The cogs of mortice wheels have a thickness — 0‘6/>, and the iron teeth 
which gear with them have a thickness = so that there is no side 
clearance when the teeth are new. 

320. Frequency of Contact of a Pair of Teeth.— If N, and i>e 

the numbers of teeth o!i two wheels A atid B which gear with one 
another, then the ratio of th(*ir angular velocities is as N., is to N^. Let 

and be the (luotieuts got by dividing and N., rosj»ectivcly by their 
greatest common divisor, then if a paiiicular tooth on A goiirs with a 
jiarticular tooth on 11, tlie same j>air will agsiin come in contact after tz., 
revolutions of A and rovedutions of B. Also one tooth on A wil| in 
turn gear with 7i.y teeth on B, and one tooth on H will in turn gear with w, 
teeth on A. Foi- example, if A has 60 tectli and B has 20, the same* ]»air of 
teeth will come in contact after every revolution of A or after every three 
revolutions of B. Alsc» a })articular tooth on A will come in contact "with 
only one jiarticular tootli on B, and a i>articular tooth on B will come in 
contact in turn with three }»articular teeth on A. If the nunil>er of U^etli 
on A bo increased to 61, the velocity ratio Avill be altered to a .small 
extent only, but the same i)air of teeth will now only come in contact 
after 20 revolutions of A or G1 revolutions of H. Also eacdi tooth on 
one wheel will now come in contact in turn with eveuy tootli of the other 
wheel. The extra tooth added in this case is called a hunfimj foolh or 
hunti^ig cog. The effect of the hunting cog is to cause the teetli to wear 
more uniformly. 

Condition to be Fulfilled by the Curves of the Teeth of Wheels 
m order that they may Work correctly.- Two toothed wheels, in gear 
wdtli one another, are said to work correctly wlien the ratio of their 
angular velocities is exactly the same at every vnMatii as that of their 
•pitch surfaces working in rolling contact without s]i]iping. 

Fn Fig. 577, Oj and are the centres of tw^o toothed wheels who.se 
pitch line.s PQ and PR are in contact at P. The shaded curves reju’esent 
portions of two teeth, one on each wheel, which aro in contai^t at the 
point ah, a being the point on the tooth of the one wheel which is in 
contact with the point h on the tooth of the other. In geometry it i,s 
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shown that when two curves touch one another they have a common 
normal. Let MjM2 be the common normal of the curves of the teeth at 
ab^ and let O^Mj and OgMjj be the perpendiculars from the centres of the 
wheels on to this common normal. The point a moves in a circle a A 



whose centre is O], and the point h moves in a circle whose centre is 
(X,. At the instant that the points a and h are in contact the point a is 
moving in the direction ac, the tangent to the circle aA at a, and dhe 
point h is moving in tlie direction ad, the tangent to the circle /^B at b. 
Let and t’o be the linear velocities of a and b respectively in the 
directions in which they are moving at the instant when they are in 
.contact. Make ar=^ 'r^ and ad — Now, although the points a and b are 
moving in difierent lines with different velocities, the components of 
those velocities in the direction must the same, otherwise the 

j>oints a and h would move relatively to each other along the line 
but for a small movement of the wheels so long as the teidli remain in 
contact the only possible relative motion of a and b is in a direction 
per])endicular to Therefore if re be drawn at right angles to 

MpM.j it will ]>ass through d, and ar ^ v will be the comi>ouent velocity 
of a and also of b in the direction Hence the ratio of the angular 

velocities of the two wheels must be 


je . V 

OiMi'oTM. OjS’ 

where S is the point of intersection of tlie liiu'S G]Oo and But 

with rolling contact between the pitch lines PQ and 1*11 the ratio of the 

o.,p 


angular velocities of the two wheels would be equal to 


o,p- 


Therefore if 


OS OP 

the point S must coin<*idc with the point P. 

‘-"jo \_/jj 

The condition to be fulfilled by the curves of the teeth is therefore as 
follows. The common 7ion7iaf to the curves^ of the teeth in rontart munt 
yass through the pitch point, llie pitch }»oirit being tlie jioiut of contact of 
the pitch lines. 

Another way of joroving that the common normal to the curves of the 
teeth should pass through the pitch point is as follows. The relative 
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motion of two teeth in gear will not be altered if one of the pitch circles 
is considered to be at rest and the other pitch circle is supposed to roll 
on the first. Let the pitch circle PQ (Fig. 677) be at rest, and let the 
pitch circle PR roll on PQ. The direction of the motion of the point h is 
perpendicular to P^;, because, in the position considered, h is rotating 
about P, and in order that the pure rolling of PR on PQ may not be 
interfered with, and in order that the two teeth in gear may remain in 
contact, the direction of the motion of h must be tangential to the curves 
of the teeth at a or h. Therefore the common normal to the curves of 
the teeth passes through P. 

322. Cycloidal Teeth. — Let APB and CPD (Fig. 578) be the pitch 
circles of two w’heels. Lot tlie outline of the flank of a tooth on APB bq 
a {K)rtion of the hyjiocycloid aQ/^ described by 
the rolling of the circle PQR on the inside of 
the pitch circle APB. Let the outline of the 
face of a tooth on QPD be a portion of the 
epicycloid cQri, describt'd by the ndling of the 
circle PQR on the outside of the jntcli circle 
CPD. Next let tlu; face cQ be brought round 
BO as to touch the flank r/Q; and lot Q be the 
point of contact. Tlui penut Q must be on 
the rolling circjle PQR when the latter touches 
both pitch circles, 1 because the normal to the 
hypocycloid at Q must, ]aiss through the point of contact of the rolling 
circle and the circle APB when tlie former is describing that }>art of the 
hypocycloid at Q, also the normal to the epicycloid at Q must pass 
through the point of contact of the rolling circle and the circle C^PD when 
the former is describing that part of the epicycloid at Q, therefore, since 
the two normals coinchlc, tin* rolling circh*, whtai it passes through Q must 
touch both pitch circles, * 

Since the common normal to the curves uQ/> and cQc?, at their point of 
contact Q, passes through the pitch point 1^, the wliecls \\ill work cori'cctly 
if the faces ot the teeth on one are (y>icy<;loids and the flanks of the teeth 
on the other are hypo(*ycloids, desrnbed hy the aariw roUimj circle. 

It is evidently not necessary that the flanks of the teeth of two 
wheels which gear tog(*t})er be described by tiic same rolling circle, but 
the rolling circle wliicii describes the flanks of tlie teeth on one wheel 
must be used to describe the faces of the teeth on the other. 

Since the hypocychiid becomes a straight lino ])assing through the 
centre of the i)itch cirede when the diameter of the. rolling circle is equal 
to the ntdius of the pitch circle, it follows that the flanks of wheel teeth 
may be made radial. 

If a number of wdiecls are to be interchangeable, that is, if any one 
of them is to be capablt^ of w'orking correctly with any of the others, 
it is obvious that the fjices and flanks of the teeth on each must b(i 
described by the same rolling circle, 

323. Path of Contact. — In the preceding Article it has been shown 
that the point of contact of tw'o cycloi<lal teeth must be on •one or other 
of the rolling circles when the latter are at the pitch point ; it follows, 
therefore, that the path of contact of two teeth must be made up of arcs 
of these rolling circles. 
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It APB and CPD (Pig- 579) be the pitch circles of two wheels with 
cycloidal teeth in gear with one another^ and if ode be the addendum 
circle of the teeth of the lower wheel, and 

hfg the addendum circle of the teeth of Drtuer. j » 

the upper wheel, then the rolling circles 
being at the pitch point as shown, the 
points a and h where the addendum circles 
cut the rolling circles are the extreme 
points of contact of the teeth, the upper 
wheel being the driver, and having its 
motion in the direction of the arrow. At 
the point a a point on the flank of a 
tooth on the driver will come in contact 
with the extreme point of the face of a tooth on the follower. As 
the motion proceeds, the flank of the tooth on the driver will slide on 
the face of the tooth on the follower until the |)oint of contact, which 
moves along the arc aP, reaches the point P. The face of the tooth on 
the driver will then slide on the flank of the tooth on the follower until 
the point of cfmtact, which moves along the arc Th, reaches the point h. 

The arc aV is called the path of aj)])roach, and the arc P^> the path 
of recess. If the driver move in tin*. o]>}x>site direction, the path of 
contact will evidently be thfj line a'Vb'. 

If ma?i be the flank of a tooth on the upper wheel just coming into 
contact with a tooth on the lower wheel, the point 'f)i on the pitch line 
APH will come into contact when it has travelled to P, and the arc mV is 
the arc of ap 2 ^ rot u'li. Again, if rbs be the flank of a tooth on the lower 
wheel just going out of contact with a t(X)th on the upper wheel, the 
point r on the j)itch line CPD will have travelled over the arc Pr since 
being in contact, and the arc Vr is the arc of recess If the arc Po be 
made ccjual to tlio arc P/??, and the arc Vt be made equal to the arc Pr, 
then either of the arcs oVr or niVf is the arc of contact. 

The arc of contact may also be d(?fined as that j)art of the pitch line 
which passes the pitch point during the time of contact of a pair of 
teeth. 

In order that one pair of teeth may always be in contact, the arc of 
contact must not be. less than the pitch of the teeth. If possible tiio arc 
of contact should Jiot Ije less than t^vice the pitch, so as t<j ensure that at 
least two [)airs of teeth are always in contact. Generally the arc of 
contact is not less than 1 *4 times the pitch. 

324. Obliquity of Action and Effect of Friction.— Boferring to Fig. 
r> 80 , if a pair of teeth are in contact at a, and Iriction is neglected, the 
line of action of the pressure between the teeth is the straight line caV^ 
and the angle a which this line makes with the common tangent to the 
pitch circles is the angle of obliquily of action. 

With cycloidal teeth the ohliyuit}- of action during approach is 
greatest at the beginning of the })ath of contact, and diminishes to 
nothing at the pitch point. During recess the obliquity of action is 
nothing at the pitch point, and increases to a maximum at the end of the 
path of recess. 

The effect of friction during api)roach is to increase the angle of 
obliquity of action by the amount where is the angle whose tangent 
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Driuer. 


Follower 


is equal to the coefficient of sliding friction bc^tweon the teeth. The 
driving force on the tooth of the lower wheel is now along the line doe, 
and the angle of obliquity . 
of action is a + ^ ^ 

If ft is a point of con- 
tact between a pair of ^ 
teeth during recess, fi is 
the angle of obliquity of 
action at b when friction is 
neglected. When friction 
is considered, the angle of 
obliquity of action at h is 
obviously ^ 

The effect of friction is 
to increase the obliquity of 

action during approach, and to diminish it during recess. C/onsequently 
friction is more objectionable during approju'li than during recess. 

The effect of friction in altering the direction of the pressure between 
a pair of teeth in contaid may be better understood by reference to 
Fig. 581. Vi. and 7i arc portions 
of a pair of teeth in contact, 
and the arrows show tJjo direc- 
tioTi of sliding of the one tooth ^ 

on the other. It is the reaction 

of n on w, and T is the rc'aetion ^ ^ 

of 7ri on 71, T is of course equal tl 

and opposite to Tl. The left- ^ 

hand portion of Fig. 581 shows 

the conditions during approach, ^ ^ 

while tlie rightdiaiid ])ortion 

shows the conditions during recess, being on the driver and ?i on 
the follower. 


liefurriiig further to Fig. 580, sineg. the effect of friction is to divert 
the line of pressure betwxien the teeth from tlie ])itc}i point P, it is 
evident that during appioach the length of the })erpendiciilar from the 
centre of tlie driver to the line of pressim; is dirninished, and for a given 
turning moment on <lrivcr at any instant the ]»nissure on the t(*('Th 
is increased by the a<‘.tion of the friction. During recess, how't^nr, the 
length of the }>erpejidieular from the centre of the driver to the line 
of pressure is increased, and for a given turijing moment on the driver 
at any instant the }>ressure on the teeth is diminished by the action 
of the friction. ITenco frictiiui is more injurious during approach than 
during recess. 

Friction does not affect the accuracy of the w^orking of the teeth so 
far as velocity ratio at any instant is concerned. 

325. Involute Teeth.- Although the involute of a circle is a 
particular case of the epicycloid, being the e])icycloid when the. rolling 
circle is of infinite diameter, involute teeth arc not coiisidmed as a 
special case of cycloidal teeth, because the involutes used are not 
involutes of the pitch circles, but are involutes of smaller circles, called 
the base circles. 
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Let APB and CPE (Fig. 682) l)e the pitch circles of two wheels with 
involute teeth in gear with one another. Let aT6 and cTe be the out- 



lines of the surfaces of two teeth in contact at T, these outlines being 
involutes of the base circles and respecti\'cly. Since a line drawn 
from any point on an involute to touch the base circle of that involute 
is a normal to the involute at that point, it follows that the common 
normal to the two involutes in contact at T must be a common tangent 
MN to the two base circles. Hence the point of contact is alw&ys on 
the line MN, and a portion of that line is the path of contact. 

Comparing the similar triangles O^PM and (.)oPN, it is clear that 
if the ratio of the radii of the base circles be the sanu^ as the ratio of the 
radii of the ])itch circles, the commori nonnal to the curves of the teeth in 
contact must pass through the pitch jioint. 

If the centres of the wheels be jiushed clost‘i‘ together or further 
apart, the wheels will still wwlc correctly, Ixrauso this is equivah nt to 
altering the radii of the pitch circles without altering their ratio. This 
is a special property of involute teeth, and is a valuable one in cases 
whore the distance between the* cent r(*s of the two wheels cannot be 
maintained constant, Tljis ju’0]»erty alsri inak(‘s it ])ossible to regulate 
the amount of side clearance or back Insli betAveen thc‘ teeth. Altering 
the distance between the centres of the wheels obviously alters the 
inclination of the j)atli of contact. The angle 0 which the path of 
contact makes with the common tangent to the pitch circles is usually 
from 14 J degrees to 15| degrees. In designing involute teeth the 
direction of the path of contact is first fixed, and the base cii cles are then 
drawn to touch it. 

If on the tangent at P, PH be made equal to the ])itch of the teeth, 
measured on the 2 ')itch circles, and if HK ]>e dmwm j>ei 7 )endicular MN, 
then since PK : PH : : O^M : 0,P, PK must ho the pitch of the teeth 
measured on the base circles. The pitch PK is called the norvial jntcJi, 
It is usual to make the jiarts of the path of contact on op})ositc sides of 
P equal to one another, then if two pairs of teeth are to be in contact, 
and PL be made equal to PK, KL wall be the minimuin length of the 
path of contact, and circles through K and L with centres at and 
respectively will be the minimum addendum circles. There should be a 
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small clearanoe between the root circle of one wheel and the addendum 
circle of the other. 

If the parts of the path of contact on opposite sides of the pitch point 
are equal, and if there are two pairs of teeth always in contact, then PM 
or PN, whichever is least, will be the niaxiiiiuin value of the normal 
pitch of the teeth. Let r = radius of the smaller of the two base circles, 
p = maximum normal pitch, and n = the minimum number of teeth, then 
but jt> = rtaii B, therefore tan 6^ = 27r'r, and w~27r/tan B, 
When B^ 15^, = 24. With only one pair of teeth in contact at a time, 

« = gr/tan or «== 12 when B -=^ 15°. 

When the pitch circle becomes of infinite diameter, as in a rack, the. 
base circle will also become of infinite diameter, and the involute will 
become a straight line. Hence in a rack 
which gears with a wheel having involute 
teeth, the teeth are straight on face and 
flank, as shown in Fig. 583. The faces 
and flanks are perpendicular to the ])ath 
of contact, and therefore make an angle 
of 90° — d° with the })itch line. 

The. ‘essential condition that two w^heeLs, or a wheel and rack, 
having involute teeth, may gear correctly together, is that the teeth shall 
have the same normal Two or more wheels having different 

numbers of involute teeth of the same normal pitch can be arranged to 
rotate about the same axis and gear correctly with o]ie wheel or one 
rack. The Vjase circles of the wheels on the same axis will of course be 
of different diamctcu’s, and the paths of contact will be inclined at 
different angles.*^ 

326. Internal Teeth, — The theory of the forms and the methods of 
drawing the outlines of the teeth for internal or annular wheels in which 
the teeth are on the inside of the rim, as sliowni in Figs. 584 and 585, 
are the same as for external teeth. 

In the case of cycloidal teeth (Fig. 584) the face ah is a hypocycloid 
of the pitch circle ABC described by the rolling circle which describes 


Fia. 586. 

the hypocycloidal flanks of the teeth on the wtieel which is to gear with 
ABC, and the flank he is an epicycloid of the pitch circle ABC described 
by the rolling circle wliich describes the epicycloidal faces of the teeth of 
the other wheel. 

In the case of involute teeth (Fig. 585) tLe curve abc is the involute 
of a base circle which must be concentric wdth the pitch circle ABC, and 
which must touch the straight line, which is the path of contact. 

327. Pin Wheels. — Wien the rolling circle which describes the 
hyi30cycloidal flank of a tooth on a wheel A has a diameter equal to that 

* Except when the single wheel becomes a rack, in which case the paths of 
Contact are inclined at the same angle. 
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of the pitch circle the hypocycloid becomes a point, and no part of the 
tooth lies within the pitch circle. The face of a tooth on a wheel B 
which gears with A will be an epicycloid described by the pitch circle of 
A as rolling circle. If a rolling circle which describes the face of a tooth 
on A be diminished until it becomes a point no part of the tooth on A 
will lie outside the pitch circle, and as this rolling circle which has 
become a point must he used to descril)e the flanks of the teeth on B no 


part of a tooth on B will he inside the pitch circle. The teeth on A 
have thus become mere points, while the teeth on B will have epi- 
cycloidal outlines lying entirely outside the pitch circle. This is shown 
in the left-hand half of Fig. 586. 

It is obvious that practically this 
is an impossible case, but if instead 
of mere points, cylindrical pins of 
sensible size be used, as shown in 
the right-hand half of Fi^. 586, 
where the outlines of the teeth 
which gear with the pins are curves 
l)arallei to the epicycloids and at 
a distance from them equal to the 
radius of the pins, then the w^heels 
will gear correctly, and cither wheel 
will drive the other. 

The path of contact will be 
either the arc Vah or the arc VaL* 



If the pins are on the followin', coiitaclr will take place during recess only, 
and if the pins are on the driver, conjjict wdlJ take place during approach 
only. Since the friction is more serious during approach than during 
recess, it is best to put the }>ins on the follower. 

Figs. 588 and 589 show wheels gearing internally, ojie of them having 



])ins for tectli. Roiisoning as for external contact, it is easy to show that 
the curves of the teeth iu the left-hand half of Fig. 588, where the pins 

* For prcictioal purposes this may be taken as true when tlie pins are small, 
but the exact path of contact is a curve determined as 
shown in Fig. 587, where aPd is the pitch ciicle of the 
pin wheel, and 1’ the pitch point. Take c any point on 
the arc Fed. Join cP. Make co' equal to the radius of 
the pin ; then c' is a point on the real path of contact. 

Repeating this construction a sufficient number of 
times and joining the points so obtained, the real path 
of contact Fc'd* is determined^ 



Fig. 687. 
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are mere points, and the dotted curves on the right must be hypocycloids 
described by the pitch circle of the jnn wheel rolling inside the pitch 
circle of the other. The corresponding curves in h ig. 589 are epicycloids 
described by the pitcli circle of the ])in wheel rolling on the pitch circle 
of the other, the latter being inside the former. 

An interesting case of the internal gearing shown in Fig, 588, is 
where the pitcli circle of the j)in wheel has a diameter equal to the radius 
of the pitch circle of the other. The faces of the teeth on the outside 
wheel now become the sides of parallel slots, the centre lines of which 
are radial lines of the larger pitch circle. Two examples of this case are 
shown ill Figs. 590 and 591. In Fig. 590 the pin wheel has two teeth, 
while in Fig. 591 the pin 
wheel has four teeth. A 
peculiarity of this gearing 
is that the path of contact 
between a pair of teeth is 
the circumference of the 
pitch circle of the pin wheel 
excepting a small arc in the 
neighbourhood of the (centre 
of the larger wheel. When 



a pin is in the neighbour- 
hood of the centres of the 


FlO. 590. 


Fi(3. 591. 


dkrger wheel tlie obli(iuity of action is approaching a right angle and the 
driving effort is ap])roaohing zero, but when there are two or more 
on the pin wheel, only one pin will be in a disadvanbigeous position at a 
time. The jjatU of approach is equal in length to 
the [>ath of recess, and it is therefore imnuitorial 
which of the two wheels is the driver, excejit in the 
case whore tlie pin avIk'oI has only one tooth. When 
the pin ^vlieel hris only one tooth it must be the 
driver, otherwise motion of the follower would 
cease when the pin readied tne centre of the 
larger wheel, unless it wars carried past this dead 
centre by the inertia of the follower or the parts 
moving with it. (Jon tact in the neighbourhood of 
the centre of the larger wheel can l>e insured, and larger bearing surfaces 
secured by making tlie slots wdder and jdacing blocks on the jnns, as 
shown in Fig. 592. 

328. Bevel Wheels. — The pitch surfaces of bevel wheels in gear are 
frusta of cones whose vertices coincide, the axes of the cones Iniing the 
axes of the wheels. P'ig. 593 
shows the pitch surfacjcs of 
two bevel wheels in gear, the 
one cone being exten\al to 
the other. In this case the 
wheels are said to have ex- 




ternal contact. Fig. 594 
shows the pitch surfaces of 


Fig. 693. 


Fig. 594. 


two bevel wheels having internal contact, one cone being inside the other 
A ?uzt7’e ivheel is a bevel wheel whose pitch cone has a base, angle of 45^, 
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To understand the theory of the forms of the teeth of bevel wheels, it 
i.s desirable to refer again to the way in which the forms of the teeth 
of Spur wlieela wore derived. In Fig. 595, 

APB is the pitch circle of a sj^ur wheel! 
aPB is the. nulling circle which is used to 
describe the epicycloid ah^ which is the 
jirofilc of the face of a tooth on the wheel. 

The pitch sui faco of the whecd is a cylinder, 
and if the rolling circle aPIl be taken as the 
end of another cylinder, the two cylinders, 
lifung of the same length, and having their 
axes jiarallol, the face aaj)yh of a tooth on 
the wheel is formed by the straight line aa^ 
on the surface of the rolling cylinder as the 
latter rolls on tlie pitch surface of the wheel. 

For a bevel wheel (Fig. *596), the pitch surface of w^hich is the frustum 
ABB|A, of the cone GAB, the rolling cylinder of Fig. 595 becomes the 
fiustuin of a rolling cone, 
and the curve ah becomes a 
spherical e]n cycloid. The 
face of a tooth on the wheel 
is formed by a straight line 
aa^ on the snrfaeo of the 
rolling frustum as the 
latter r(»lls on the outside 
of the ])itch sui’face of the 
wheid. Tlie flank of a tooth 
is formed in like manner 
l)y a straight line oti a roll- 
ing frustum when the latter 
As tin? cone OaPIl (Fig. 



Fto. ryUG, 


rolls on tlio inside of the pitcli surface. 
595) rolls <)n thcj cone GAB, the point a 
w'liicli describes tlie curve ah is always 
at a distance from G (‘(pud to ^plic 
leiigtli of tlie slant side of the cone 
OaJdl ; the point a theref(.>re moves 
on the surface of a sphere whose 
r.ulius ivS GA, and whose centre is at 
G. Tile surfa(‘(; of the outer t'uds of 
the te‘,(‘th fornual in this w^ay on a 
bevel wdioel is tliert^fore a [fortion of 
tlie surface of a sjdiere, and cannot 
he developed. If, however, a cone 
be taken enveloping tlie spliere and 
having for its circle of (*ontact the 
pit(;h circle AT 5, tliis cone will cut the 
true face of a tooth in a curve which, 
when dcvol(3j)ed, will for all practical 
purposes in ordinary cases be an epi- 
cycloid. Hence the practical method, 
due to Tredgold, of designing the forms 
of bevel wheel teeth,' shown in Fig. 597. 

2 u 



Fio. 597. 


APPLIED MECHANICS 


386 

OO^ is the axis of the wheel. ACDAj is one half of the pitch sttrfeee, 
O Ibeing the vertex of the pitch cone. OAO^ is a right angle. OjAO is 
one half of the cone, already referred to as enveloping the sphere whose 
centre is at O, and whose radius is OA. AE is an arc of a circle struck 
from Oj as centre. This arc is the dcvc]oj)inciit of part of the base of 
the cone OjAC. Then AE is considered as part of the pitch circle of a 
spur wheel of radius O^^A, and the teeth are constructed on this as for a 
spur wheel. A thin templet, made to the shape of the teeth on AE, 
may be used to mark off the shape of the teeth on the edge of the bevel 
wheel blank. 

The theory of involute teeth for bevel wheels may be develo])ed in a 
similar manner to that of cycloidal teeth. In a spur wheel with involute 
teeth a plane is taken touching a base cylinder, and a line in this piano 
parallel to the axis of the cylinder describes the surface of a tooth as tlio 
plane rolls on the cylinder. In a bevel wheel the Imse cylinder of the 
spur wheel becomes a l^avse cone whose vertex is at the vertex of the pitch 
cone of the wheel, and as a plane rolls on the hase cone a line in the 
plane, and passing through tlie vertex of the cone., describes the surface 
of a tooth on the wheel. TredgohFs method is also aj)plicable to involute 
teeth. 

When the diameter of a bevel wheel is mentioned without (]ualifica- 
tion, the larger diameter of the pitch surface is understood. 

" 329. Stepped and Helical Teeth. — The smaller th(‘ pitch of the teeth 

of two wheels in gear the smoother is the motion, but the teeth are 
weaker the smaller the ])itch. To combine the smoothness of the motion 
due to fine ]»itched teeth with the strength 
due to coarse pitched teeth, Dr. Hooke 
invented stepped teeth. These teeth are 
shown in Fig. 598. Imagine a toothed 
wheel having tooth of a pitch j) to he 
divided into n discs of equal thickness 
by planes at right angles to the axis of 
the wheel, and let each disc be placed ^so 
that the teeth on it are 1-nih of the ])itch 
p in advance of the teetli on the disc in front of it. Tliescj disc's would 
now form a wheel with stepped teeth, which would have the stieiigth of 
teeth of pitch p, and which wf)uld work as s/noothly as tcetli of pit<;h pjn. 

If the number of steps on a stepped tooth be made infinite, its surface 
becomes a screw or helical surface, and the teeth formed i 7 i this way are 
called helical teetli. Simple helical teeth on a spur wheel have the 
appearance shown in Fig. 599. The out- 
line of the section of In'lical teeth by a 
plane at right angles to the axis of the 
wheel is designed as fen- ordinary teeth, 
and their outline in the <lirection of the 
width of the wheel is drawn by the rule 
for drawing helices or screw curves. It 
is obvious that two wheels gearing together Fio. 5D0. 

and having helical teeth must have their teeth of ‘‘opposite hand,’* that 
iS; one must be right-handed and the other lef^hande<i It is also evident 
that the inclinations of the helices must be the same. 
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Til© obj€ic5tion to the teeth ehown in Fig. 599 is that when at work 
there is a side pressure which tends to push 
the wheels out of gear. To overcome this 
difficulty, the double lielical teeth shown in 
Fig. 600 were introduced, and are now 
largely used. To ensure the proper bearing 
of the teeth on one another, the shaft of 
one of a pair of wheels having double heli- 
cal teeth should have a slight amount of 
end play. 600. 

Exercises XXIIL 

1. A toothed wheel has 95 teeth, wliose diametral pitch is i inch. Find the 
diameter of the pitch circle and the circular pitcli. 

2. Taking the ordinary proportions for teeth, height above pitch line — 0 Sp, 
and depth below pitch line = ()'4jt?, where p is the circular pitch, express these in 
terms of the diametral pitch //. 

3. A wheel A, having 28 teeth; gears with a wheel B, having 35 teeth. How 
many teetli on A will come in contact with a particular tooth on B? Also, how 
many revolutions will A make before the same pair of teeth are again in contact ? 
Further, what will the answers be (1) when A has 28 teeth and B 36 teeth, (2) 
when A has 29 teeth and B 35 te<‘th ? 

In ike f (Mowing exercises, 4 to 15, tin re arc given in each two wheels or a whed and rack 
? n gear. Draw, full size, a side elevation of a portion of the pair in gear, in the 'neighbour- 
hood of the pitch point, sufficient to show four teeth on each completely. Show clearly in 
each case the path of approach and the path of recess, the arc of approach aivA thnarc cf 
recess, also the maximum ohliguilies of action during approach and during recess, 

4. Two spur wheels in externfil cont act. Diameters of pitch circles, 10 inches 
and IG indies. Numbers of teeth, 15 and 24. ^ycloidal teeth. Rolling circle, 
.5 inches diameter for all curves. 

5. Spur wheel and rack. Diameter of pitch circle of wheel, 15 inches. Number of 
teeth on wheel, 20. Cycloidal teet h. Rolling circle, 5 inches diameter for all curves. 

6 . Two spur wheels in internal contact. DiamettTS of pitch circles, 10 inches 

and 20 inches. Numbers of ti‘eth, 20 and 40. Cycloidal teeth. Rolling circle, 
5 inches diameter for all curve.s. ' 

7. Wame as Exercise 4, but with involute teeth. 

8. Same as Exercise 5, but with involute tooth. 

9. Same as Exercise 6, but with involute teeth. 

10. Two wheels in external contact. Diameters of pitch circles, 10 inches 
and 15 inches. The smalhjr wheel to have 1(5 pins | inch diameter. 

11. Two wheels in internal contact. Diameters of pitch circles, 10 inches and 
30 inches. The smaller wheel to have 16 pins J inch diameter. 

12. Two wheels in internal contact.. Diameters of pilch circles, 10 inches and 
30 inches. 'J’he larger wheel to ha\e 48 pins | inch diameter. 

13. Two wheels in internal contact. Diameters of pitcli circles, 6 inches and 
12 inches. The smaller wheel to have 6 pins i inch diameter. 

14. Wheel and rack. Diameter of pitch circle of wheel, 10 inches. Wheel 
has 20 teeth. liack has pins ^ inch diameter. 

16. Wheel and rack. Diameter of pitch circle of wheel, 10 inches. Wheel 
has 20 pins \ inch diameter. 

16. Design for a spur wheel with cycloidal teeth. Diameter of pitch circle, 
(i feet.. Speed, 70 revolutions per minute. Power transmitted, 350 horse-power. 
For strength of teeth use the rule ¥-200np^, where P is the driving force at pitch 
circle, n the ratio of breadth of teeth to pitch, and p the pitch. Take 7i = 2’76. 
Diameter of shaft, 7J inches, enlarged to inches inside the nave of the wheel. 

17. Design for a bevel wheel with cycloidal teeth. Base angle of pitch Cone, 30°, 
Mean diameter, 5 feet. Speed, 80 revolutions per minute. Power transmitted, 400 
horse-power. For strength of teeth use the rule P -- 200np®, where P — driving force 
at mean pitch circle, ratio of breadth of teeth to pitch at mean pitch circle, aild 
p — pitch at mean pitch circle. Take — 3. Wheel to have four arms of T section. 
Diameter of shafts 7^ inches. Diameter of wheel seat on shaft, RJ inches^ 
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330. Wheel Trains.- -Two or more wheels in gear form a witsel train 
or train of loheeh. In Fig. 601 the wheels A and L are shown geared 



Fig. 601. 


Fig. 602. 


Fig. 603. 




Fjg, 605. 


directly together, and th(3y will evidently rotate in opi^osite directions. 
In Fig. 602 the wheels A arid L are shown connected by an intermediate 
or idle wheel M ; here A and L rotate in the same direction. 

In each of the Figs. 

603, 6(r4, and 605 the 
wheels A and L are 
shown connected by 
a double or conij)ound 
wheel BC, the parts B 
and C being I'igidly 
connected, so that they 
rotate together as one 

wheel In Fig. 603 all , 

.1 11^ Fig. 604. Fjg, 60o. 

the wheels arc s)air 

wdieels wdth external teeth. In Fig. 604 L is an annular or internal 
toothed wheel, and in Fig. 605 all the wheels arc bevel wheels. In each 
of these three cxanii)les there is the same number wheels and the same 
number of axes, but it should be noticed that A\hile in tlu 3 arrangement 
sh»)wn in Fig. 603 A and L rotate in the same direction, in the arrange- 
ments shown in Figs. 604 and 605 A and L rotate in opposite directions. 

Let and d ^ denote the diameters, and and 

denote the numbers of teeth in the wheels A, B, C, and L respectively, 
and let N^, and N 4 <ienote the speeds of the wheels A, B, and L 
respectively in revolutions in a given time, say per minute, then, from 
the fact that when two wlieels gear together the linear velocities of their 
pitch circles must be the same, it follows that 

^2 _ ^ I o « j ^4 _ ^ y % 

Nj d,, nl Nj d,^ v,, 

The velocity ratio or tin* rahie of a train of tcheols is tlie ratio of tlie 
speed of the last wheel to the speed of the first wheel of the train. The 
> 388 
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Fig. 606. 


velocity ratio \Bpo9itii^ or rngtitim^ according as the first and last wheda 
rotate in th^ smie or in opposite directions. 

When the axes of two shafts are parallel ^ 

and near to one another, but not overlapping, 
motion may be transmitted from the one 
shaft to the other by spur wheels, as shown 
in Fig. 606. The broad intennodiato wheel 
M is here called a Marlborough wheel. 

331. Change Speed Gears. — There are many cases in practice where 
it is necessary to drive one sliaft fj*oui another in a positive manner at 
different speeds at different times. In a screw-cutting lathe, for example, 
the leading screw is driven from the lathe spindle by a train of wheels, 
and the value of the train to bo used is the ratio of the pitch of the 
screw to be cut to the intch of the leading screw. Hence to cut screws 
of different pitch different trains of wheels must be used. In the older' 
lathes a set of separate change wheels are used, and different combinations 
of them have to be mounted to suit the work to be done. Modern lathes 
and other machine tools are, however, generally fitted with change gears 
which can be operated by the movement of one or more levers, all the 
wheels being permanently mounted. Not only is this done for the screw 
cutting and feed motions, but the main driving of the machine is now 
large Jy done by what are called “all -gear drives, that is, the use of 
stepped pulleys is dispensed w ith, there being only one driving pulley, 
and all the changes of speed are olitaiiied by putting different toothed 
wheels into gear by the simple niovements of one or more levers. One 
important advantage following this .substitution of one belt pulley for a 
stejjped pulley is that the belt ran be run at the speedy most suitable to 
it, and the power of the machine is not diininislied at slower speeds 
through having to reduce the speed of the belt by shifting it to the 
larger steps of the stejjped pulley. 

The apjilie-ation of a sliding cotter key to a change speed gear is 
sliowm in Fig, G07. The driving .shaft A carries three wheels C, I), and 
fi, which gear with the three wheels F, G, and 11 respectively, wdiich are 
firmly keyed to the driven shaft 
B. The shaft A is hollow for 
part of its length, and contains 
a rod R, into wliidi is fitted 
the cotter key K, w^hich pas.ses 
through the slots L in the hollow' 

})art of A. Each of the wheels 

D, and E has six keyways, 
and each is counter bored as 
shown. In the position shown 
the cotter key is in two of tlie 
keyways in 1), and the shaft B 
is being driven Ihrtmgh the 
wheels 1) and G. If the rod R 
be moved to the riglit a distance 
ecjual to tlu! widtli of the cotter k(^y the latter will be in the space formed 
by the counter bore in E, and the counter bore in tlio right-hand side of D 
and all the w^heels will be at rest. If the rod R be moved a step further to 
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the right the cotter key will en^ge with the wheel E, and the shaft B 
will be driven through the wheels E and H, The rod B* is operated 
by a lever not shown, which can be locked into definite positions corre- 
sponding to the several positions of the cotter key when in gear or out 
of gear. This form of gear is very suitable for light work, such as is 
required in feed motions of machine tools. 

A form of the sliding wheel change speed gear is shown in Fig. 608. 
There are three 
wheels, C, D,and 
E, rigidly con- 
nected together 
and carried by 
the driving shaft 
A. A feather 
key pennits of 
the wheels C, D, 
and E being 
moved longitudi- 
nally on A, while 
at the same time 
they must rotate 
with A. The 

driven shaft B , . ^ -n t i* 

carries three wheels, F, G, and H, which are rigidly fixed to it. By sliding 
ODE into different positions, B may be put out of gear, or it may be driven 
through 0 and F, or through 1) and G, or through E and H. 

Another tyi>e of change speed gear is shown in Fig. 609. A is a 
shaft driven at colistant speed by a belt on the i)ul]ey B. Th(i pinion C 
is keyed to A, and is geared permanently to the wheel E through the 
intermediate wheel F. 

The Wheel E is carried 
by the shaft TT, to which 
it is connected by a pawl 
and ratchet wheel, and if 
R is not driven through 
the other part of the 
gear, to bo ]>resently 
described, H is driven 
through C, F, and E. 

The shaft A also carries 
a pinion K, which it 
drives through a feather 
key. A wheel L carried 
by tlie sliding tumbler 
MN permanently gears with K, and by lifting and sliding MN the wheel 
L may be made to engage with any one of the wheels O, P, Q, li, or S, 
which arc all firmly keyed Uf th() shaft H, or* L may bo placed clear of 
these wheels. When the shaft H is driven through the tumbler gear it 
rotates faster than when driven through C, F, and E, but in the same 
direction, this being possible on account of the ratchet connection of E 
to H. By using a separate ratchet drive for the slowest speed the shock 
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due to throwing the tumbler gear in is diminished. The particular 
example illustrated in Fig. 609 is from a radial drilling machine by the 
Bickford Drill and Tool Co. of Cincinnati. The gear shown is placed on 
the base of the machine, and the shaft H drives a vertical shaft in the 
pillar through bevel wheels. 

332. Epicyclic Wheel Trains. — In an ordinary wheel train the axes 
of the wheels are fixed, while in an epicyclic 
train at least one axis revolves aV)out another axis 
w^ch is fixed. 

The first point about an epicyclic train to 
be thoroughly understood is that if a wheel B 
(Fig. 610) be attached rigidly to an arm EF, and 
the arm is made to rotate once about an axis 
at E, the wheel B will turn once on its own axis 
in the same direction in which the arm n)tates. 

This is made clear by an inspection of Fig. 610, 
where the arm and wheel are shown in four differ- 
ent positions during one revolution. The arrow on the wheel is 
supposed to be fixed to it. 

Examples of epicyclic trains are shown in Fjgs. 611 to 616. In each 
of these examjiles A is the first, and L the last wlu‘el of the train, and 




EF is an arm carrying certain of the v heels and rotating about an axis 
CD. TJie arm may be straight, as in Figs. 611 and 612, or bent, as in 


Fig. G13. 
takes the 


In Fig. 
form of i 


6 If) the arm 
^ sjmr wlieel. 



Ill Figs. 611 and 615 the axes of 
the first and last wheels of the 
train coincide, and these trains are 
called reverted wheel trains. 

The gear shown in Fig. 615 
is the well-known differential gear 
used on the driving axles of 
motor cars to ]jeiinit of tlie 
driving wheels rotating at<3ifferent 
speeds in going round a curve. 

The driving axle CD is divided, the part C carrying one driving wheel 
and I) the other. The wheels A and L are fixed to C and D respectively, 
and the wheel EF is driven by the engine. 
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A simple method which may be adopted in solving ^l*oblems on 
epicyclic 4^rains wiy now bo illustrated on a fairly complex example. 
Fig. 616 shows an epicyclic reverted train known as Humpage^s gear, 
A is a fixed wheel, that is, a wheel which 
is not allowed to rotate. L is fixed to the 
shaft H, and D is fixed to the shaft K. 

B and C are fixed or cast together, but 
turn freely on an arm EF, which can 
rotate about the common axis of tlie 
shafts H and K. The wheels B and G 
and the arm EF are duplicated, as shown, 
for the sake of balance and pure torque. 

Let the numbers of teeth in the dilFerent 
wheels be as follows : A, 48 ; B, 40 ; G, 

25 ; D, 12 ; and L, 40. First suppose the 
whole system to be turned once round in 
the direction S. The wheels A, L, and D 
have therefore made one revolution in the direction S. If now A is turned 
back through one revolution in the direction T, the. arm EF being at rest, 
the various wheels w ill tlieii occupy tlie })ositions which tliey w'ould have 
occupied had A l)een fixe<l while the arm EF turned once itj the direc- 
tion S. In turning A back throtigh one revolution in the direction T 



the wheel L will evidently turn in tfie direction T through 


48 25 

10^40 


3 

4 


of a revolution. But L previously made one revrJution iji tl)(» dirt^ction 

3 1 

S, therefore the actual motion of L is 1 _ of a revolutioTi in the 

4 4 


direction S. Again, in turning A })ack through one rcvoluti<m in the 

direction T, the arm EF being at rest, the -wheel 1) will make 

revolutions in the direction B. But D ]>ro-vuously made (aic^ revolution in 
the direction S, therefore the actual motion of J ) is 4 4- 1 ^ f) revolutions 

in the direction S. Hence the speed oft L is to the si)eed of 1) as ^ : 5, 
> 4 

or as 1 is to 20. 

The working of the above i)roblem may be tabulated as follows ; — 


Arm EF. 

Wlienl A. 

Wheel D. 

Wheel L. 


+ 1 


+ 1 

+ 1 

Kevolutions. 

0 

-1 

- — =+4 

12 ^ 

i 

48 25 


40^4u“ ■ 4 


+ 1 

0 

+ 5 

1 

-f , 

If 




4 


or +4 

0 

+ 20 

-t 1 

ff 


I*i-ob]€mi3 oil ejfi cyclic trains become quite simple when worked by the 
above method. 
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Problem* on epicyclic gears may however be solved by aid of a 
formula constructed as follows : — 

Let a = number of revolutions of the arm EF in a i^ven time. 
w = number of revolutions of the wheel A in the same time, 
number of revohitions of the wheel L in the same time. ‘ 

The speed of A iu«f*6lation to the arm is m — and the speed of L in 
relation to the arni is n — a, hence the value of the train or its velocity 

ratio is using this formula it is most important that the 

proper signs lie given to the values of a, m, n, and e. For example, if 
the arm iiiak^ 20 revolutions in a direction taken as positive, +20, 
tuid if A makes 30 revolutions in the opposite or negative dii’ection, 
then = — 30 and iih — a~ — 30 — 20 — — 50. Again, the value of e is 
positive or negative according as A and L rotate in the same or in opposite 
directions respectively. 

As an examjjle on tlie lise of the formula take the gear 

VI - a 

shown in Fig. 611, and let the wheels A and L be equal. Here e = - 1. 
Jjct L })e ])revented from rotating about its axis, then n = 0, and by 

formula - 1 = ^ or 7a = 2a, that is, the wheel A rotates twice as fast 
vt - a 

as the arm in the same direction. This is the well-known mn and^plaiiet 
motion used by Watt as a substitute for the ordinary crank in the steam- 
engine. A was fixed to the fly-wheel shaft, and L was bolted to the 
con nor ting-rod. 


In using the formula ^ to solve the problem on Hum])age's 

7n - rt 

gear, already w'orked out, two ajq dications have to be made. First 

consider the train made up of A, 1>, C, and L (Fig. 616). Here 
25 3 

the speed of A“0, and n is th(5 speed of L. Hence 


40 40 4 

and n = - 
4S 


4 0 -- a 

Here c — 


Next consider the train made up of A, B, and D. 


12 


- 4, )a the speed f>f A = 0, and n is the S2>eed of I), 


IToneo — 4 — and ?2 5a. Therefore the sijeed of L is to the speed 

0 - a 

of I) as - : 5a, or as 1 : 20, as before. 

4 


Exercises XXIV. 

1. The axes of two spur wheels in gear are^ 37 inches apart. One wheel 
rotates four times as fast as the other. Find the diameters of the pitch circles 
of the wheels. 

. 2 . It is required to connect two sliafts, whose axes are to bo as nearly as 
possible 40 inches apart, by spur wheels so that, the velocity ratio may be 
tixactly 0 ; 2. Find the number of teeth in each of the two wheels and the dis- 
tance between tlie axes of the shafts, to the nearest hundredth of an inch, if the 
pitch of the teeth is 21 inches. 

3. The crank of a direct double-acting steam-engine is 15 inches long. A 
spur wheel 9 feet in diameter on the crank shaft drives a pinipn 2 feet in 
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dHwaetOT. If the piston travels 500 feet in one minute, what is the spe^ of the 
pisiMi in rerolntions per minute 7 If the diameter of the piston is 17 mob^ 
and the mean effective pressure on it is 25 lbs. per square inch, what# is the 
average force on the teeth of the pinion 7 

4. The gearing of the fast headstock of a lathe is shown in Fig. 017. The 
spur wheel B is permanently keyed to 
the spindle A. The stepped pulley C 
may be connected to B by a bolt, not 
shown. When C is not connected to 
B it can rotate freely on A. D is a 
pinion fixed to 0. E is a wheel and F 


a pmion. both fixed to the back spindle 
HJK. Let the spindle HK be moved in 
the direction of the arrow, so tiiat the 
wheel E cqmes into gear with the 
pinion B, and the pinion F with the 
wheel 11, and let O be disooniiectred 
from B. If D and F have each 17 



Fia. 617. 


teeth, and B and E have each 68 

teeth, find the number of revolutions of C for one revolution of A. 

5. The leading screw of a lathe has four threads per inch, and is geared tp 
the lathe spindle as follows. On the lathe spindle there is a wheel of 20 teeth, 
.which gears with one of 100 teeth. Attached to the wheel of 100 teeth there is 
one of 40 teeth, which gears with a wheel of 120 teeth on the leading screw. 
Find the number of threads per inch in the screw to.be cut. 

6. In a planing machine the table is driven by a nick and pinion. For the 
cutting stroke the pulley shaft is connected with tlie rack through the following 
gearing. A pinion A (Fig. 61H) rigidly connected to one of the pulleys has 24 
teeth. This gears with a wheel B, which has 64 teeth. 

On the same axis as B is a pinion C of 18 teeth, which 

* gears with a wheel D of 72 1i(‘eth, and on the axis carrying 
the wheel D is the pinion E, which has lo teeth and 
drives the rack. The pitch of the teeth of the rack is 
IJ inches. On the quick return stroke D is driven direct 
by a pinion F having 18 teeth, and rigidly connected to 
another pulley on the pulley shaft. The stroke of the 
table is 6 feet. Find : (<t) The number of revolutions per 
minute of the pulleys, if the cut'ting speed is not to exceed 
25 feet per minute, (fj) The time taken for one complete 
reciprocation of the talilc. (c) The average force excited FiG. 618. 

by the tool during one cutting stroke, if the horse-power 

passing to the planing machine through •'the belt during the cutting stroke 
is 8, and if tlie efficiency of the mechanism is 37 per cent. [B.E.] 

7. In the lifting-crab, showm in Fig. 619, the crank handle and the pinion A 
are fixed to the shaft HK, The wheel B and pinion C are fixed to the shaft 



LM. The w’heel D an<l j union E are 
fixed together, but arc loose on the shaft 
HK. The wheel F and the barrel G are 
fixed together, but are lo<»se on the shaft 
LM. The diameters of tlie wheels and 
pinions are as folio w^s ; A, 4J inches; 
B, 16 inches; C, 7 imihes ; D, 131 
inches ; E, 4|- inches ; F, 152 inches. 
The radius of the crank is 151 inches, 
and the effective diameter of <hf‘ barrel 
is 10 inches. Neglecting fiiclion, find 
fclie weight Wy in tons, when an effort of 
50 lbs. is applied at the crank Jiandle. 

8. An epicyclic gear consists of three 



wheels, as shown in Fig. 612, p. 391. A y.., nyq 

is a dead wheel having 50 teeth. The * ' * 

arm EF makes -f- 2499 revolutions in a certain time. Find the number of revolu- 


tions made by L in the same time when the number of teeth on L is (1) 50, 
(2) 51, and (3) 49. 
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In the epicyolio train, shown in JFig. 620, the wheel A is fixed. The 
rotating arm a, whiqh rotates about the axis of A, carries a wheel which 
gears with A, and also a second 
wheel C, which gears with B, To 
the wheel 0 is rigidly fixed an arm 

If the speed of the arm a is n 
revolutions per minute clockwise, 
what is the speed of the wheel O 
about its axis? Find for one re- 
volution of the arm a the path of 
a point on the arm 6, whose distance 
from the axis of C is equal to the 
distance between the axes of A and C. Find also the path of a point on the 
arm ft, whose distance from the axis of C is one half that between the axes of 
AandO, * [B.E.] 

10 . A and L (Fig. 621) are two wheels of nearly the same diameter. A has 
49 teeth, and L has 50 teeth. A and L gear with a 
broad wheel M, which turns on a stud or pin attached 
to the arm BF, which turns about the axis of A and L. 

A being a fixed wheel, find tjie number of revolutions 
made by the arm while the wheel L turns once. 

11 . Referring to the reverted epicyolic wheel 
train shown in Fig. 614, p. .S91, the wheels A, 

M, N, and L have 25, 3o, 20, and 40 teeth respec- 
tively, and M and N rotate together. If the 
arm KF makes +14 revolutions per minute about Fig. 621. 

the axis CD, find in revolutions per minute (1) the 

speed of L when A is fixed, and (2) the speed of A when L is fixed. 

12. In a “ (Crypto” front driving gear for a bicycle there is a spur wheel A 
(Fig. 622), having 14 teeth, and fixed to the fork. There is an annular wheel 
L having 38 teeth, and fixed to the hub of the * 
front wheel of the bicycle. In one with the crank axle 
C is a disc carrying four pins, upon wdiich are mounted 
four pinions M, each having 12 teeth*, and each gearing 
with A and L. If the front wheel of the l>icycle is 4() 
inches in diameter, what would be the diameter of a 
driving wheel, driven directly by the cranks, winch would 
carry the bicycle the same distance per revolution of 
crank axle ? In other words, what is the abov e bicycle 
“ geared to ” ? 

13. If a bicycle, having a driving wheel 44 inches in 
diameter, is geared to 64 inches by means of a Crypt o gear, in which the wheel 
A (Fig. 622) has 20 teeth, how many teeth must the whtiel L have ? 

14. An epicyclic train of wheels is constructed as follows. A fixed annular 
wheel A, and a smaller concentric rotatirig wheel B, are connected by a com- 
pound wheel AiBi, the portion Ai gearing with the wheel A, and Bi with B. The 
comfjound wheel revolves on a stud, which is carried round on an arm which 





Fig. 620. 


revolves about the axis of A and B. A has 330 teeth, 
B 20, and 80, the pitch of the teeth of A and 
being twice the pitch of the teeth of B and Bj. How 
many revolutions will B make for one turn of the arm ? 

[liist.C.E,] 

16. A reverted epicyclic train is shown in Fig. 62.3. 
A is a fixed annular wheel. BC is a double inter- 
mediate wheel mounted on an eccentric E, which is 
keyed to the shaft li. B gears with A, and C with 
Tj, another annular wheel, which is loose on the shaft 
H. Find the number of revolutions made by the 
shaft H forH 1 revolution of the whc(*l L when the 
numbers of teeth on the wheels A, B, C, and L arc 60, 



56, 59, and 64 respectively. Show that the friction 
of this gear would be large. 

16. A pulley block for lifting a heavy weight is constructed as follows 
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Fig. 624. 


(see Pig. 624). Secured to the block, so as not to revolve, is an ^hlar A 
of 20 teeth. A second wheel }3, of nearly the same diameter, but hayiug 1 
more lihan A, revolves loosely on a spindle conoentrio with A, and is bolted tb'a 
recessed pulley I?', having a diameter of 7 inches, round which 
is led the chain by which the weight is lifted. A spur wheel 
O, deep enough to engage with A and B, is mounted, so as to 
turn freely aft the extremity of a short arm keyed to the 
spindle. To the spindle is keyed a recessed pulley A', 10 inches 
diameter, round which is led an endless chain for hauling. 

Determine the velocity ratio of haul to lift. fU.L.'l 

' 17. An epicyclic gear consists of a wheel A with 84 internal 

teeth, a pinion B, and a spur wheel C of 40 teeth concentric 
with A, B gearing with C and A. The arm which caiTies the 
axis of B rotates at 20 revolut ions per minute. If A is fixed, find the speed of 0, 
and if C is fixed, find the speed of A. If a fonse of 100 Itw. is applied perpen- 
dicularly to the arm at a distance of 4 feet from th<‘ centre, find the pressure 
between the teeth of B and C, Take the pitch circle of C as 15 inches in 
diameter. fU.L.'j 

18. Referring to the “differential motion ’’ (Fig. 616, p. 891), in which the 
wheels A and L are equal, if the si>eod.s of EF and A are + 50 and + 80 revolutions 
per minute respectively, what is the speed of L in revolutions per minute? 

19, An arrangement of gearing involving an epicyclic train is shown in 
Fig. 625. BC is a shaft rota, ting at the constant speed of H- 120 revolutions per 
minute. Tht^ cone pulley MX and the 
bevel wheel A are keyed to the shaft BC. 

The bevel wheel L and the wheel T arc 
rigidly connected together, but are loose 
on the shaft BO. The wheel EF is loose 
on the shaft BC, and carries the two 
bevel wheels which g«\ar with A and D, 
as in the ordinary dift’erentiul motion 
shown in Fig. 615, p. 80 J, I’he cone 
pulley PQ and the wheel 1{ are keyed to 
the shaft HK. The whe(d K is geared 
to EF through the idle wheel S. The 
shaft HK is driven fruni the shaft BC 
by an open bell> on fihe cone jnilleys, as 
shown. The diauieters of the cone 
pulleys at N and P are three-fifths of 
the rliamecers at M and Q, and their 
diameters at the middle are c(]ual. Tht‘ 
diameter of the wheel R is half that of 
EF. Find the speed of the wheel T, in 
revolutions per minute, when the bell is (1) at the middle of the cone pulleys, 
(2) at MP. and (3) at NQ. 

(/-20. In the epievelio bevel gear, shown in the sketch (Fig. 626), the wheels A 
and B liave eaclj 40 teeth, and the wheel C has 20 toeLli ; 
the shafts D and E are in one solid piece and ,roftaie 
together at tlie rate of 60 revolutions per minute about 
the axis of E ; each wheel is free to rotate on if.s own 
spindle, and the wheel A rotates 30 times per minute in 
a direction opposite to the rotation of the shaft E. Find 
the speed and direction of rotation of the wheel C. 

fB.E.] 

21 . In an example of Hum page’s gear, shown in 
Fig. GIG, p. 302, the nnmb<Ts of the "teeth on the different FlO. 626. 
wheels are as follows: A, 60 ; 11, 4K ;'C, 24 ; D, 16 ; and 

L, 48. If the speed of D is h 266 revolutions xier minute, find, in revolutions per 
minute, (1) the speed of h when A is fixed, and (2) the speed of A when L is 
fixed. 
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333. OamB. — A ^ cam is generally a rotating piece which gives a 
reciprocating or oscillating motion to another piece called the folloioer, 
the contact between the two being line contact. A cam may however 
have a reciprocating or oscillating motion as well as the follower. 

334. Motion of the Cam Follower. — In general the cam follower has 
either rectilinear motion or angular motion about a fixed axis. Figs. 627, 
629, and 631 show cam followers having rectilinear motion, AB being the 



ITio. G27. Fio. 628. Fig. 629. Fig. 680. Fig. 631. Fig. 632. 


length of the travel of the follower. Figs. 628, 630, and 632 .show cam 
followers having angular iiu»tion about a fixed axis O, the amount of the 
movement being the angle AOB. 

The velocity of the cam is generally ujiiform, but the velocity of the 
follower is usually variable, so that equal movements of the cam are not 
accompanied by equal movements of tlie follower, and in designing a cam 
the first steji is to assume equal movements of either the cam or the 
follower, and then, from tlie given conditions, to find the corres]>()nding 
movements of the follower or cam. 


Whether the motion or displaccanent of the cam be n^ctillnear or 
angular, it may be represented by a straight line. Let AC (Fig. 633) 
rei)re,sent the disi>lii cement of the cam during the time that the follow^er 


travels from A to E and 
back again to A. Divide 
AC into any convenient 
number of equal parts, say 
twelve. These ))arts will 
represent equal intervals of 
displacement of the cam, 



and if the cam is moving 
with uniform velocity these 

parts will also represent equal intervals of time. Let it lie given that 
during the 1st and 6tli inU^rvals tlie follower is to remain at rest, 
that during the 2ud, 3rd, 4th, and 5th intervals the f^ipower is to 
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more over equal distances, starting from A at the beginning of the Ssud 
interval and reaqhing B at the end of the 6th interval, and dunhg 
the remaining intervals the follower is to have harmonic motion, return- 
ing from B to A* It is required to find the positions of the follower 
corresponding to the positions of the cam at the end of each of the equal 
intervals of displacement of the cam. Tlio construction is clearly shown 
in the figure. DE is a straight line. FHC is a sine or harmonic curve 
constructed in the usual way, as shown. The ordinates of ADEFHC give 
the positions of the follower corresponding to the abscissae which give the 
displacement of the cam. Considerixig AC as a time base, the diagram 
ADEFHC is a sj>ace-time diagram for the follower. 

Fig, 634 shows in a similar manner the case where the follower is to 
rise half the distance AB with unifonn positive acceleration, and to 


complete its travel to B with 
uniform retardation or uni- 
form negative acceleration. 
The curve AED is made up 
of two parabolas, AE and 
ED. The parabola AE has 
AB for its axis and A for its 



vortex, and the i)arabola ED 
has CD for its axis and D 


Fig. 634. 


Fig. 636. 


for its vortex. The usual and most convenient construction for drawiiig 
the parabolas in this case is shown in the figure. 

In Figs. 633 and 634 the movements of the follower have been found 
for e!||iial movements of the cam, but from the same diagrams the move- 
ments of the cam for equal movements of the follower can be found as 
shown in Fig. 636, which is the case illustrated in Fig. 634, 

When the follower has angular motion, as in Figs, 62ft, 630, and 632, 
the lengtli of tlie straight line AB in Figs. 633, 634, and 635 must l>e 
equal to ilie length of tlie arc AB in Figs. 628, 630, and 632, and the 
subdivisions of the arc AB in Fig.s. 628, 630, and 632 must be 
equal, each to each, to the subdivisions of the straight line AB in Figs. 
633 and 634, that is, the arc AB must ()e divided similarly to tlie line AB 
on the space-time diagram. 

335. Plane Sliding Cams. — The flat plate AC (Fig. 636) has a re- 
ciprocating horizontal motion in its own plane, and its u])per edge works 
in contact with the lower end of the follower AB. The follower is guided 



Fig* 636. 


Fig. 637. 


in a vertical direction, and rises and falls as the cam plate reciprocates. 
The force to lift the follower comes from the cam plate, but in this 
example the force which brings the follower down is independent of the 
cam, and ^C|)|^_be the action of a weight or spring. The cam, however, 
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restrains the downward motion of the follower, reflating the velocity of 
fall. In 636 the acting edge of the cam is made up of straight 
lines, and it is obvious that the follower will move through equal 
distances, in rising and falling, for equal movements of the cam* Also, 
there will be periods qf rest for the follower at the bottom and top of its 
travel. 

Fig. 637 shows how the same kind of cam is designed to give the 
same kind of motion to the follower, except that the motion of the 
follower is angular instead of rectilinear, tliat is to say, in both examples 
the follower moves through oyual distances, in rising and falling, for 
equal movements of the cam, and there are the same periods of rest. 

In Figs. 636 and 637 the outline of the cam is obtained by assuming 
that the cam is fixed and that the follower moves towards the right 
through equal distances A to 1,1 to 2, 2 to 3, etc., and at the same time 
rises through the distances A to 1, 1 to 2, 2 to 3, etc., shown by the 
divisions on AB. 

Ill Figs. 636 and 6‘17 the loww end of the follower is wedge-shaped, 
the edge of the wedge beung in contact with the cam. Greater durability 
is (ibtained by replacing the W'^edge end by a pin, or by a pin and roller, 



the axis of the pin taking the jJace of the edge of the wedge. With the 
pin and roller there is less friction than with the pin alone. In dersigning 
a cam to work against a jiin or roller, the acting surface of the cam is 
first determined as for contact with a wedge ; this acting surface is called 
the pitcJi. surf are of the cam, and the trace of the pitch surface on a 
surface normal to it is called a jyitrli line. The axis of the pin or roller is 
then supposed to travel so as to generate the pitch surface, and the proper 
acting surface of the cam is the envolojie of the mpving pin or roller, as 
shown in elevation in Figs. 638 and 639. In Fig. 639 the complete 
envelope is used, and becomes a slot in the cam jdate.; such a cam will 
move the follower positively in both directions. In Fig. 638 only one 
side of the envelope is msed, and this cam requires that the follower be 
pushed against the cam during the downw^ard stroke. A common defect 
due to the use of a roller is referred to in Art. 339. * 

336. Plane Rotating Cams. — The method to be adopted in designing 
plane rotating cams is similar to that already described for plane sliding 
cams. Figs. 640, 641, and 642 show plane .rotating cams for working on 
W'cdgo-onded followers. The followers for the cams shown in Figs* 640 
and 641 have rectilinear motion, and would have the form shown in Fig. 
627. In Fig. 640, AB, the path of the end of t}»e follower in contact 
with the cam, when produced, passes through C, the axis of rotation of 
the cam, while in Fig. 641, AB ])roduced does not pass O. The 
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follower for the cam shown in Fig/642 has angular motion about the axis 
O, and would have the form shown in Fig. 62d. 

AB, the path of the end of the follower in contact with the cam, is 
first divided into parts, which are the displacenients of the follower for 
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e<|nal angular disiilactjincTits of the cam, Tho parts of AB itro deter- 
ininod, as explained in Art. 334, to suit the ])articnlar kiJid c.f motion 
which the follower is n^quired to have. Tho cam is now sut>])os(id to 
remain at rest, wliile path AB of the follower is revolved about the 
axis C of the cam into as many 
equidistant j)o.sitioius as there 
are points oi division on AB. 

It should bo noted that two 
or more jxiints of division on 
AB may coinei(l(!. The next 
step is to swing round, from 
the centre (T, tiie various points 
of divisiqn on AB to intersect 
the corresjjonding jiositions into 
wliich AB has been jdaeed r<mnd 
the fixed cam, as is clearly shown 
in Figs. 640, 641, and 642. A 
fair curve drawn tlii'ough the 
points determined in this way 
is the pitch line of the cam. 

If the follower is }>rovidefl wjth 
a i)in, or a pin and rollcn-, the 
outline of the cam is determined from tho pitch line exactly as described 
in the latter ])art of tln^ ]jreccdiiig Article. 

Figs. 643 and 644 show how a plane rotating cam is designed to 
work against followers of the form shown in Figs. 63 1 and 632 respec- 
tively. As in the three cases just considered, the cam is supposed to 
remain at rest, while the follower is made to revolve about C, the axis of 
the cam, into as many ecpiidistant positions as there are 2 >oints of 
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division on AB, and in addition the follower has given to it its corre- 
sponding radial (Fig. 643) or angular (Fig. 644) motions. The contour 



of the cam is obtained by <lrawing a fair curve to touch tlie various posi- 
tions of the folloAvcT, as shown. The contour is therefore the envelope 
of the follower, as the latter recij>rocates or swings, and at the same time 
revolves about the axis of the cam, the cam being at rest. 

It may be pointed out here that if the plane rotating cam is made a 
circular eccentric cylinder working against a flat-footed or slotted followei^, 



a crank and intiiiitc', connecting-rod. Also the circular ecctaitric cylinder 
(Fig. 017) working against the end of a bar, with or without a roller, 
which (ian reciprocate in the direction of its leiigtli, is the equivalent of a 
crank CF and connecting-rod All If the slot in the follower (Fig. 616) be 
curved to a radius Al’ (Fig. 64B), the meclianism becomes the equivalent 
of a crank CP and connecting-rod AP. 

337. Cylindrical Cams. — A cylindrical cam may be used to give 
reidprocating motion to a follower in a direction jiarallel to the axis of 
the cam. Tins form of cam may be looked upon as the plane sliding 
cam bent round t(» the form of a cylinder, or the plane sliding cam may 
be considered as the developirunft of the cylindrical cam. 

Fig. 649 shows one lialF of one form of cylindrical cam, and an 
approximate method of designing it. The roller showm is conical, and 
its axis intersects the axis of the cam. To construct a cylindrical cam 
practically, the acting surface should be cut l>y a milled roller or cutter 
liaving the form of the roller cir pin which is to work on it, the axis of 
the milled cutter being made to move over the pitch surface of the cam 
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it cuts out the acting surface. The deveIo])inents of the edges of the 
correct Cam surface will not be exactly the same as the shaded^ line^ on 
the developments to the right and left of Fig. 649, but when the roller 


bi 


0 1 2 3 4 5 6 


^ 3 ^ 

Kjo. 649. 

is small compared with th(i diameter of the cam, the differences may 
generally be neglected. 

The cam may be made to drive the follower j>ositively in both direc- 
tions by having two acting surfaces on opposite sides of the pin or roller. 
These acting surfacOvS will theii form the opposite sides of a groove on the 
cylinder. 

338. Form of Roller for Cylindrical Cam. — It is obvious that a 
cylindrical roller will not work correctly on a cylindrical cam, that is, it 


ip-iij- 


FIG. 650. 


will not roll without slij)ping, since the path uj)on which the roller has to 
travel is longer for the outer than for the inner end of the roller. It is 
also obvious that on that j)art of the cam which is in contact with the 
roller when the follower is at rest a conical roller will work correctly if the 
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vertex of the eone is on the axis of the cam, and the acting surface of 
the cam is also conical with its vertex at the vertex of the roller cone. 
For other cases the true form of the roller is not conical, and only when 
the acting surface of the cam is a screw surface of constant pitch is it 
possible to give the roller a form wliich will work correctly on all parts 
of the cam. 

A cylindrical cam in which the acting surface is a screw surface 
of pitch p is shown in Fig. 650. and R^^ are the external and internal 
radii of the screw surface respectively, and R is any other radius, and 
are the radii of the outer and inner ends of the roller respectively, 
and r is the radius of the roller 
corresponding to the radius R of the 
screw surface. 

Consider the half of the cam on 
one side of a plane containing the 
axis of the cam. 

and ABC are the helices which arc 
the intersections of tlie screw surface 
with the surfaces of cylinders of radii 
Rp Rg, and R respectively, ar.,, and ac, the developments of these 

helices, are shown to a reduced scale in Fig. 651. Let the caari make 
hiilf a revolution, then for pure rolling it is evident that 



T 

CHI 


l = ^ . Butaci= -i-^, acj;= +||-, 

>• ac... ac ^ V 4 ^ V 4 


and ac 


and r = 


:p 


n/ 4 s--Ri +p- 


I Fence = ^- 7 


When 11 — 0, r — 


+jp2 

\/4x2Ri +j? 

r^V 


Ji’r-nii +j? 


and the helix coimndes with tlio%,xis of the cam, hence the axis of the 
roller must be at a distance frewn the axis of the cam equal to 


+// 


Squaring both sides of the equation, r = 


and rearranghig the terms 


/ 47r-R, + ,^,2 _ / , 

\ p->r / VpVj/ 


v/47r2Ri ' 

= 1, and this is 


of tlui form ^ " - •''C = f J whifji is the equation to an hyperbola. 

U" h‘^ 

The outline of the roller from R~0 to 11 — 11^ is EHLPKF, and 
between R = R., and R=- Rj the form is KHKF. The true form of the 
roller is an hyi>erboloid of revolution, but for ordinary cases the i)art 
EHKF is practically conical. LR is the throat of the hyijorboloid. A 
plane section of tho hyperboloid by a piano parallel to its axis and 
touching the surface at the tliroat will be two straight lines, and if tl^ 
piano also contabis the axis of the cam, one of the straight lines will 
be the line of contact between the roller and the screw surface of the 
cam. In the side elevation to tlie right in Fig. 650, P'B^ is the pro- 
jection on tho axis of the csira of the line of con^ct between the roller 
and the screw surface of the cam, and BiP^Bj is the true inoRoation 
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of this line to the axiw of the cam, A Hue OjCCg parallel to BJP' deter- 
mines the section of the sci*e\v surface by a plane containing the axis of 
the cam. 

The roller may be turned in an ordinary lathe if the point of the 
cutting tool is set at a distance below tlie lathe centres equal to OP', 
while the top slide rest is sot at an angle to the axis of tlie lathe equal to 
the angle In practice the distance OP' and the size of the 

roller compared with the outside diameter of the cam will generally be 
much smaller than shown in Fig. 650. 

If the follower is to be driven positively by the cam in both direc- 
tions, a second roller, showm by the dotted circles at Oj, will be 
necessary. 

It should be pointed out that in the roller designed as just described 
there is an end thrust which is taken by a collar on the pin carrying the 
roller, and the friction and wear of the roller on this collar may in ore 
than neutralise the saving of friction and wear due to pure rolling 
between the roller and the cam. 


339. Interference in Cams. — In designing a cam to fultil certain 

conditions, it may ha])pen that the formation of one part may cut away 
a part already formed. For a 

exanqdc, in Fig. 652, let ABO ( 

be a part of the pitch line of ^ 

a cam to work against a rollc'r. 

As the axis of the roll(3i* / \ / \ /[ 1 

moves along AB th(M^nve]o]»o / ) * 

DLE is the coiTcsponding / \ j./j ^ ^ 

part of tlui outline of the hN-CI y 

cam, and as the axis of the 
roller moves along BC- the 

envelope FLIT is th(‘ corres])07iding j>art of tlie outline of the cam. It 
will be seen that the ])arts J)LR an# FLU interfere wdtli one. another, 
and the ptKSsible outline for the cam is DLH, The axis of the roller 
will therefore movti along the path AKC instead of along y\B(J, the 
dotted part at K lieing an ai-e of a circle whose centre is ]j. The amount 
of interference in this case will evidently be greater the more acute 
the angle between AB atid BO at B is, and also the larger the roller is. 
Interference may also oc*c;ur in other cases, as, for iustance, wlien the part 
of the follower which works against the cam is a flat }»late. Fig. 653 
shows such a case, the recpiired outline of cam being the env(;lope of tlie 
lines A, B, Cy, etc. It will be seen that the fair curve W'hich touches 
the lines A, B, D, etc., will not touch the line O. In a case like this all 
that can be done is to make a compromise by drawing a curve to more 
nearly ap])roach 0 and cut the adjacent lines at acute angles, as shown 
by the dotted curve. 

340. Velocity Ratio of Follower and Cam.— In Figs. 654, 655, and 
656 EPF is part of th(i pi tel i line of a cam, RPT is the tangtmt, and 
CPD is the nf)rmal to EPF at P. In the jiosition shown the follow'^er is 
in contact wdtii the cam at P. The point P on the cam has a velocity 
't\ — PA in the direction PA, and the point P on the follower has a velocity 


/’> = PB in the direction PP>. If the velocities and Vo be resolved along 
and perpendicular to the normal CPD, the components along the normal 
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must each be equal to v = PC. a and fi are the inclinations of HPT to 
PA and PB respectively. 

For a sliding cam (Fig. 664), in which the direction of the motion of 



FI(J. (J54. Fig. 6C5. Fig. 056. 


the cam is perpendicular to the direction of the motion of the follower, 

- = tan a ~ cot p. 

For a cylindrical cam, of which Fig. (554 is th (3 dcvelojmient, if is 
the radius of the cylinder* and o> its angular velocity, then 

7 * 

=r and ^ — Bi tan a = cot /?, 

For a plane cam rotating about O, and a follower having rectilinear 
motion (Fig. 655), “ Qp • the angular velocity of the 

cam, then ()j>’ therefore wliere OI) is perpendicular 

to tlie liiKi of stroke of the followel^ 

For a plane cam rotating about Oj and a follo\Y(*r swinging about (1^ 
(Fig. (551)), if ( 0 | is the angular velocity of tin* (uini -ind is the angular 
vekxnty of the follower, tlioii iu tite position shown, 


“O.N ’ 

vhere 0,M and OoN are perpendicular to CPD. Join 0.>0,, and j>roducc 
^ oKy 7'> 'V 0|M O^D 

t if ncce.sHary to moot CPI) at D, then - = ^ . 


341. Hookers Joint or Universal Coupling.— - By means of a JIooWa 
joint a motion of continuous rotation may bo transmitted from one shaft 
to another wIjoji the axes of the shafts intersect, but arc not in the saine^ 


line. I'his joint is frequently used, when the axes of the shafts are 
nominally in the same line, hut through a lack of rigidity in tlie frame, 
carrying the bearings of the shafts the. axes may get slightly out oi line 
several times during a revolution. The ]-^ooke^s joiiit forms a flexible* 
and yet ])ositive coupling for the shafts. The theory of this coupling 
will now be considered. 


PiefeiTing to the lower part of Fig. 057, r and rj are two shafts whose 
axes arc assumed to bo horizontal and to intersect at o, the acute angle 
between them being 0, The ends of the shafts are forked, aiid the forks 
carry between tJiein a cross the arras of which arc at right angles 

to one another, and the axes of these arms intersect at o. The arms of 
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tlie cros0 are jointed to' the forks, so that they may turn freely about their 
axes. As the shafts rotate the axis of aa^ describes a circle whose plane 
is perpendicular to the axis of 
the shaft c, and th^ axis of 
describes a circle whose jjlane 
is perpendicular to the axis of 
the shaft (i, and as the axes of 
the shafts are assumed to be 
horizontal, the planes of these i 
'Circles are vertical. Referring 
now to the upper x>art of Fig. 

657, the circles described by 
the axes of the cross are shown 
projected on a piano pcri)eiidi“ 
cular to the axis of the shaft r. 

The circle described by the axis 
of aa^ projects into an equal 

circle AXAjY, and the circle 1 ’ 

described by the axis of ^ _ _ 4 ^/f, 

projects into an ellipse jm 

the semi-mi Jior axis of wluch j— t/J 

is equal to rcos0, where r HcH 

is the radius of the circles \©5 d 

described by the ax(js of the 
cross. 

If OA be the projection of the axis of the arm oa carried by the shaft 
c, then OB, the projection of the axis of the arm oh carried by the shaft 
must bo j>erj)cndicular to OA, since these axes arc j)erpendieular to one 
another, and they are projected on a ])lane containing on('> of them. Also, 
when OA has turiu^d from the horizontal position OX through an angle 
a, QStodll have turned through an equal angle a from the vertical position 
the actual angle through w^hicli the arm oh has turned is not 
the angle BOY but the angle B'OY, the point B' being on the circle 
AXA;^Y and in a line B'BN per])endicuiar to OY. 

The connection between a and J3 has now^ to be found. 

BN B'N 

BN ~ B'N cos hence cos i?, therefore tan a — tan cos 

The angular velocity of oh at any instant is evidently not neces- 
sarily the same as tlie angular velocilv of oa at the same instant, and 
the ratio of those two angular velocities will bo the ratio of the indefinitely 
small increase of /? to the correspouding increase in a. Differentiating 

the equatiou tan a = ton fi cos 6, the result is ~ o =" 

' ’ da cos 0 SCC'^ fS a>a 


Eliminating /?, this rediK'es tc 

- ^ has a maximum value 
a =0° or 180°, 


f, cos 0 

1 — sin- 0 cos- a ’ 

y w’hen cos<z=^l or-1, that is, when 


has a minimum value = cos 0 when cos a == 0, that is, when 


a = 90° or 270°. 
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HeBce the ratio of the fluctuation of speed to the mean speed is 
- cos 0 = sin 0 tan assmuing to be constant. 

Wft “ when COS0 1 - 6 cos^ a, that is, when cos a = + 

If be assumed constant, and be represented graphically by the 
radius of the circle AXAjY, and if o),, be calculated for various values of 
a and the results be measured off from O on the projections, such as QAi ' 
of the axis of the arm oa, the polar curve shown dotted is obtained, whi^^ 
exhibits graphically Uie variations in the angular velocity of oh for all 
tions of the arm oa. It will be seen that the angular velocities of oa and 
oh are equal four times in each revolution. In Fig. 657, 0 is 46°. 



Fia. 658. 


Fto. 659. 


The actual form of Hooke^s joint varies greatly in practice. One 
design is shown in Fig. 658, and a more compact form, ‘known as 
BocorselskFs universal joint, is shown in Fig. 659. 

JJy using a double Hooke’s joint, as shown in Fig. 660, the shafts A and 
C will have the same angular velocity at every instant, provided that their 
axes are in the same plane 
and make eipial angles with 
the axis of the intermediate 
shaft i>. This follow\s at 
once from the formula al- 
ready proved. Thus if th(^ 
shafts A, B, and C turn 
through angles a, /3, and y respectively from the position shown in the 
same time, then tan (/. - bin cos 6 tan y, therefore a = y. It is however 
very imi>r)rtant to o}).scu-ve that fdr the above to be true the axes of the joints 
in the forks on the intermediate i^haft B 7tmM he in tlte same plane as shown 
in Fig!^ 660. Judging from the number of examples to be met with in 
]>racticc on motor oars and machine tools, in which the forks on the 
intermediate shaft are arranged wi’migly, it would seem that the theory of 
Hooke/s joint is not properly und(‘rstoo4 by many ^ho have to coristruct 
it. Assuming that the angular velocity of the shaft A, is constant, it 
is easy to show that if* the axes of the joints in the forks on the inter- 
mediate shalt H arcj arranged at right angles to one another, aw is 
conunonly but erroneously done, the fluctuation of speeil of the shaft (J is 

from - to cos- 0, whereas if C were coupled direct to A with a 
cos-^? 

single Hooke’s joint the fluctuation of speed would only be from — to 

OOS v 

cos (9. 
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342. Oldham’s OouiiUnff. — When the axes of two shafts are parallel, 
and the distance between them is small and variable, the shafts may be 
coupled, so that one will ____ _ 

rfTlP 


' ' II 



Fjg. cr>]. 


drive the other at the same 
speed by means of Oldham^s 
couplingy which is shown in 
Fig. 661. KL and MN are 
the axes of the shafts. A 
and B are flanges secured or 
forged to the shafts E and F 
respectively. C is an inter- 
inediato jiicce. In one with 
C on its opposite faces are jirismatic jncces a and h at right angles to one 
another. Those pieces fit into grooves formed in A and as shown. It 
is evident that whatever angle A turns through O must turn through the 
same angle, and whatever atigle G turns throiigli B must turn through 
the same angle ; hence A, 0, and B must, at eveny instant, have the same 
angular velocity. 

343. Ratchets. — The ] principal }>arts of a ratc^het mechanism are, a 
wheel or sector or rack having teeth, and a Titirlwt^ cHcJc^ or pairl^ which 
engages with the teeth. lu general the ratchet mechanism is used either 
to give intermittent motion in one direction, or to i)eriiiit of motion in one 
direction and ])revoTit it in the o}»posite direction. 

In Fig. 662 A is a ratchet wheel, ami B a ])a\vl carried on a ])iii 
attached to a Itsvcr G. The lever has an oscillMting motion, in this case 



Fjg. Gf)2. 


Fju. 608. 


FjO. (561. 


about the axis of A. Wlien the lover is nnning in the direction of tlit‘ 
arrow, the paAvl B engages with a tooth on tln^ wheel, and the lever and 
wheel move ius one ]>iecc, Wlicn “the motion of tlio lever is reversed the 
paw6 B rides over the U^eth of the wheel, which remains fit rest, either 
because of some resistance, such as friction, or because; of the fiction of the 
pawl or catch or detent 1), which is mounted on a fixed pin. 

In tile arrangement shown in Fig. 663 fin filinost continuous rotation 
of the wheel A in the direction of the arrow is obtained by the u.se of two 
}>awls Bj and B.^ mounted on pins attached to arms on tlie lever C, 
which oscillates on a fixed pin E. In PTgs. 662 and 663 the teeth of the 
wheel exert a thrust on the pawls when the latter are in action, but the 
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pawls may be arranged to be in tension when in action, as shown in 
Fig. 664. 

If friction is neglected, the reaction of a tooth on the j)awl acting on 
it will be i)erpendicular to the face of the tooth, and in order that the 
pawl may not slip out of gear the line of action of the reaction must 
evidently pass between the axis of the wheel and the axis of the pin 
which carries the j>awl when the jmwl acts \^'ith a thrust, as in 
Figs. 662 and (>63 ; but when the pawl acts with a pull, as in Fig. 664, 
then the above-mentioned line of reaction must lie beyond tlie axis of the 
jmwl pin away from the axis of the wheel. 

The limiting position of the line of the reaction of the tooth on the 
pawl, when friction is considered, is shown in Fig. 665 for a pushing 



ratchet, and in Fig. 666 for a jail ling ratchet, LN is the nor nail to the 
face of the tooth. When slipjung is about to take jOace bel^wecui the 
tooth and the ])awl, the line of action of the reaction of the tooth on 
the pawl, will make with LN an angle NLJl. ecpial to </>, the fiiction angle, 
and when this forcic is just about to rotate the i>awl on its j)in, LK will 
touch the friction (archie F, as slu^vvn. 

In order that there may be no lost motion of the lever C in Figs. 662 
and 664, tlio angh^ through vliicli it sw’ings must be an exact multij^le of 
the angle 0 subtended by one tooth of the wheel at its centre and the 
amount of j)ossible lost motion or back lash will be slightly less than 6 
when the angle of swing of tlit* lever is 
not an exact multiple of 0. The f^o.ssible 
ba(*<k lash is therefore smaller the smaller 
the j)it('li of the teeth of the whc'el. 

Kedncing the j>itch of th(i tec^lli rediic(\s 
their strength, and in order to reduce the 
possible back lash without reducing the 
])iteh of the teeth, tw'o or more j>awls are 
geiKually used in the nuinncr shown in 
Fig. 667, Avhich rej)resents the ratchet 
mechanism of the Williams universal 
ratchet, drill. Tu this exainjde the ratchet 
wheel has twelve teeth, and there are five 
]>awds, but only one y)awl at a time can 
gear with the wdieel. The maximum 
j)ossible back lash is in this case just under one-sixtieth of a revolution, 
or just under 6®. 

Reversible ndchpts are used when it is desired to drive the ratchet 
wheel in either direction. Fig. 668 shows a form of reversible ratchet 
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used on a screw-jack, A common example of the reversible ratchet is tp 
be ^fonnd^ m t^^ feed 

illustrated, the ratchet is 
kept in contact with the 
wheel either by the weight U H \ 

of the ratchet or by the u 7 1 ^ 

action of a spring, and 

when the pawl is moving / / 

backwards over the teeth * 

it drops from one tooth 

on to the next wath a cU(;king noise. To avoid this cJickiiig several forms 
of silent ratchet have been designed. In the form shown in Fig. 669, 


the pawl B has attached 1o 
it an arm G, at the loAvcr 
end of which there is a 
recess containing a l>lug D 
pressed outwards l)y a spring 
against a facing E on the 
ratchet wheel A. When tho 
relative motion between tho 
w^heol and tho }>awl would 
cause the latter to rise and 
fall on tlie b^eth of tho 
wheel, tlfo friction between 



E and 1) causes the ann and ])aw] B to swung round until B comes in 
contact -with the stop S, and the ])awl remains (dear of the teeth on A. 
When the relative motion between the wheel and 
the pawl is in the opj:)osite direc^tmu, the friction 
between E and D causes G and B to swing back 
until B erigag('s wdth a tooth on A**. Another 
method of operating the arm G is shown in Fig 
670. An extension of the rim of the ratchet wheel 
has a groove (!ut in it iJito which is sprung a ring 
H, between the ends of which th(^re is a gap to receive the lower end of the 
arm C. When C is ])i’essing against one (uid of tho ring II, tlu^ pawl is 
pressed against the stop, audisoucof gear, and wlien G is in contac.t with 



(> 70 . 


the other end of H, the 
pawl is in gear with a 
tooth on the wheel. The 
friction between the ring 
H and the bottom of the 
groove into which it fits is 
sufficient to operate G w non 
there is relative motion be- 
tweem l\ie wheel and the 
pawl. 



Fia. 671, 
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freo-wheel bicycles being well known. In Fig, 671, A is a ratchet 
wheel of special form connected to the hub of the driving wheel of the 
bicycle. 0 is a ring encircling A and forming part of the sprocket wheel. 
Recesses formed on A contain hard steel rollers B, which act as ratchets. 
The recesses containing the rollers are of variable depth, and the rollers 
are pressed lightly forward towards the shallower ends of the recesses 
by light springs behind them. When C is driven forwards in the direc- 
tion of the arrow, the rollers are rolled up the 
slight inclines on A, and A, B, and C are locked 
together ; but if C should stop, A w ill continue 
to move forward, or if A should tend to overrun 
Cy it may do so because the rollers are then 
rolled back on the inclines and. A is free from C. 

A slight modification of this gear is shown in 
Fig. 672, where the springs are spiral and arc partly concealed within 
guide blocks behind the rollers. 

A form of friction "ratchet, known as the autoloc^ has been applied in 
a number of ways. One application of this mechanism is shown in 
Fig, 673. A is a fixed case 
or cup which is mounted 
on a pin or stud, which 
also carries the separate 
levers B and E. Between 
the case A and the boss 
H ou 1^ there is an an- 
nular space which contains 
two lugs FF formed on 
the lever E. The lever B 
lies in the right - hand 
space betw’cc'ii the lugs FF. 

In the left-liaiid space 
between the lugs FF there 
are two balls CX/ separated by a spiral vspring D. The balls CC have 
bearings in a sha]h)W' groove in A and also on the boss H of B, but the 
surface of H in contact with the l)alls is not concentric with A, but is 
sha])ed so that the annular space containing the spring I> and the balls 
CC gets shallow^cr in both dirt‘ctions from the centre line XX. The 
object of the contrivance is to move the lever B through any angle, and 
then Jock it in the new position automatically. In the position shown, 
the lever B is locked by the balls CC, wliieh are wedged betw'ct'ii A and 
H by the a(‘.tioii of the spring D. If the lever E be moved, say upw'ards, 
the lower lug on E unlocks the lower ball, and the upper lug moves the 
lever B downwards, and as soon as the force actuating E is removed, the 
sj^ring again wedges the balls between A and H, so that no force apjdied 
to B will move it. 



Fig. fi73. 
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Exercises XXV. 

1. A plane reciprocating cam has uniform motion and a stroke of 5 inches. 
The follower reciprocates at right angles to the line of stroke of the cam and in 
the plane of the cam. For the first J inch of the forward stroke of the cam the 
follower is at rest at the bottom of its stroke. For the next 2 inches of the 
cam stroke the follower rises IJ inches with uniform acceleration. For the 
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next 2 inches of the cam stroke the follower rises 1 } inches with uniform re- 
tardation, and then remains at rest until the cam has completed its forward 
stroke. The follower is provided with a roller IJ inches in diameter, which 
works on the cam. Draw the outline of the cam. 

2. Same as Exercise 1, except that the cam has simple harmonic motion, 
instead of uniform motion. 

3. A straight lever oscillates in the piano of a sliding cam, about an axis at 
one end, though angles of 20'* on opposite sides of a line parallel to the line of 
stroke of the cam. The lever has simple harmonic motion, and one complete 
oscillation of the lever is pcrformetl during two strokes of the cam. The stroke 
of the cam is 6 inches. The cam works against a roller 1 inch in diameter, 
whose axis is at the free end of the lever and G inches from the axis about 
which the lever swings. Assuming that the cam has uniform motion, draw its 
contour. 

4. Same as Exorcise 3, except that the cam has simple harmonic motion, 
instead of uniform motion. 

5 . Draw the profile of a cam to do the following work : — It has to lift a bar 

vertically with uniform velocity, the length of the travel of the bar being 6 
inches ; it then has to allow the bar to descetid again with uniform velocity, 
but at one half the speed of the ascH'nt. The two movemei|ts occupy one 
r^^volution of the uniformly rotating cam. The diameter of the roller working 
on the cam is J inch, and the least iliicknoss of metal round the cam centre 
must be 2 inches. The line of stroke of the moving bar passes through the 
earn centre. jjl.E.] 

6. Set out the form of a plane* cam, rotating with uniform velocity, to give a 
bar reciprocating iTK^tiou of <»he following character. During eatdi stroke the 
bar is to have sini])le harmonic motion. 1'hc out stroke is to be performed while 
the cam makes one-lralf of a revolution, and tlie in stroke while tlie cam makes 
ouc-third of a rcvoluf ion. Tiiere are to be equal periods of rfBst at* each end of 
the stroke. iStroke of bar, 3 inches. Lirui of stroke, f inch to one side of axis of 
cam. Diameter of roller which works on cam, 1 inch. Minimum distance be- 
tween axis of cam and axis of roller, 2 inches. If the cam makes 30 riwolutions 
per minute, what is tlu* maximum speed of the bar, in feet per minute, (a) 
during the out stroke, during the in stroke? 

7. O is the axis about which an arm OA swings OA- inches. A is the 
axis of a roller, O-f) iucli in diameter, carried by the arm, and tliis rolhu- works 
against a cam which rotates with uniform velocity, and wliose axis C is 4 inches 
from O. The greatest and least distances of A from G arc 3*5 inches and 1-25 
inches respectively. Design the cam so that the arm sliall have uniform 
angular velocit 3'^ when svv ingjiig. aud periods of rest at each end of the swing 
corresponding t o one-twelllh oi’ a revolution of the cam. 

8. A cam mechanism is shown in Fig. ^674. The cam C rotates uniformly 
about O, and actuates the slider S by 
means of the l>ent lever LL. U he slider 
has an intermittent motion as follows: 

(tt) A period of rest while the cam turns 
through 150'\ (f>) U'ho upward half of 

a simple harmonic motion from A to B 
while the cam turns throiigli th(* next 
120''. (r) 'rhe downward half of another 

simple harmonic motion w hile the cam 
turns through Set out the true 

shape of the cam profile, working to the 
given dimensions and not f.opying the 
diagram. [B.E.] 

9. A vertical bar wdth a flat horizon- 
tal foot (see Fig. f>3j. p. 3o7) is driven 
upwards with simple harmonic motion, 
and lowered with uniform acceleration, 
by a cam mounted on a liorizontal 
shaft, and having uniform angular velocity. The up stroke of the bar is per- 
formed while the cam turns through an angle of 180“, and the down stroke 
while the cam turns through an angle of 90“. The bar is at rest at the bottom 
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?l fi nf’TJw *r.f an angle of 90». In its lowest position 

the sole of the foot of the tor is 3 inches above the axis of the cam, and the stroke 
of the bar is 5 inches. Draw the outline of the cam. 

10. The arm EF (Fig. 675) swings about the axis 0 through an angle of 30“. 

In its lowest position the under surface of " 

BF is inclined at 20** to^ the horizontal. 

The swinging motion of EF is controlled by 
a cam rotating about the axis C, the cam 
being always in contact with the under sur- 
face of EF. The cam has uniform angular 
velocity, and the arm has simple liarmonic 
motion during its upward and' downward 
swings. The time of each swing is one-third 
of a revolution of the cam, and the arm has 
equal periods of rest in its top and bottom 
positions. Design the cam. 

11. Design a cam to give reciprocating 
motion to a frame carrying a bobbin to be 
filled with yarn to the barrel shape shown in 

Fig. G76. The yam is fed on to the bobbin at a fixed level A. There are 
two cases to be considered, namely, (a) the bobbin revolves at constant speed, 
and (b) tlie yarn is delivered at a constant rate. 

I //iWs.— Divide the bobbin into zones 1, 2, 8, etc., 
of equal height. Let rj, rg, rg, etc., he the mean 
external radii* of these zones resx>ectively. The 
angle through which the cam turns while tlie zones 
1, 2, 8, etc., arc passing the lt‘vel A are proportional 
U)(rj-r), (r^-r), (rg-r), etc., respectively in case 
(a), and to (rj-r-*), etc., respec- 

tively in case (i)], 

12. In the case shown in Fig. (148, p. 401, 
where a cam works against a flat-footed follower, 
show tliat, if the displacement of tbt‘ follower is 
proportional to the displacement of the cam, the 
curve of the latter is the involute Of a circle. 

13 . Referring to tlic Hooke’s joint shown in 

Fig. 057, p. 400, and the shaft c ha.s a 

uniform speed of 200 revolutions per minute. 

Oonslruct the angular velocity curve and also the polar angular a. ‘cel oration 
cur\ c ^ for the shaft 

14 . Jn a single licjoke’s joint $ is the aeiite angle between the axes of the 
shafts. One of tlie shafts has a uiiifori:) s[»eed. Express the fluctuation of the 
speed of the othtT sliaft as a ])crcontago of the speed of tlui first for values of d 
from 0“ to 50*^, and jilut the results. 

16 . In a double Hooke’s joint (Fig. fifiO, 
p. 407) the axes of the joints in the forks of 
I4ie intermediate shaft B are wrongly placed, 
being at right angles to one another instead 
of parallel. The shaft A has a uniform speed. 

Express the fluctuation of the speed of the 
shaft C as a percentage of the speed of A for 
a number of values of 6 from O ' to 50'", and 
plot the results. 

16 . Hooke’s joint is frequently made with the ax(*s of the cross not inter- 
< as shown in Fig. 677. Examine this arrangement, and discuss its 




secting, 

defects. 


1 


Angular acceleration = 


f/Wh 

c/t 


r/tof, da __ wf, cos 9 siii“ 0 sin 2a 
da ' dt (i — sm- ^ coh-a)-* 



CHAPTER XXVI 

BALANCING 


344. Centrifligal Force of Bevolving Mass — Equivalent Mass at 
Different Radius. — If a mass A (I'ig. 678) of weight W be attached to 
a straight arm OA at a distance r frOin an axis O about which the arm 

Wa>V 

revolves with an angular velocity w, the centrifugal force of A is — 


(Art. 31, p. 19). If the mass A be 
removed and another mass B of weight 
be attached to the arm at a distance 
from the same axis O about which it 
revolves with the same angular velocity 
01 , then the centrifugal force of B is 

If the ccntj-ifiigal force of B 

. 1 X XT i. r /I xl 678. 

IS equal to that oi A, then 

WoiV W. 

^ ~ i A that IS, W,?:, = Wr, and when this relation holds, the mass 

9 <J 






B at the radius is said to be equivalent to the mass A at the radius v. 

345. Balancing one Revolving Mass by Another. — Referring to 
Fig. 678, the centrifugal force of the mass A revolving about the axis O 
causes a tension in the arm OA, and this force will be transmitted to the 
bearings of the axle carrying the arm. As tlie arm revolves the direction 
of the forces on the iK'arings due to the centrifugal force of A wall be 
continually changing, with the result that serious vibrations may be set 
up in the framing carrying the bearings, and through the framing the 
vibrations will extend to the foundations. If, however, a mass C of 
weight Wjj b(? placed on the arm produced beyond the axis O, and at 
a distance r., frojii O, so that A and C are on opposite sides of O, and if 
W^7'2 = W/’, then the centrifugal force of C will cause a pull at O equal 
and opposite to the pull caused by the centrifugal force of A. The 
revolving masses will then l)alance one another, and thewi will be no 
straining actions on the hearings of the axle or the frame carrying them 
due to the centrifugal forces. 

346. Balancing any Number of Revolving Masses by means of 
one Mass, all the Masses being in the same Plane of Revolution. — 

Let A, B, C, etc. (Fig. 679), be a number of masses of weights Wj, Wg, 
Wg, respectively at distances respectively from an 

axis O about which they revolve in the same plane with angular velocity 
; it is required to balance these by one mass in the plane of the others. 

Let W denote the w^^eight of a mass X at a radius r which will 
balance the given masses. The centrifugal forces of the given masses 
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A, B, C, etc., are Vf^vfirjg, etc., respectively, add lie 

centrifugal force of the mass X is WcoV/^. Since ^[g is coiamon to all 
the forces, it will bo 
sufficient to consider the 
forces as represented in 
magnitude by W^r^,, 

Wgrg, Wgrg, etc., and 
Wr. The problem evi- 
dently reduces to the 
simple one of finding a 
force Wr which will 
balance the forces 
W 2 r 2 , W^rg, etc., all the 
forces acting in the same plane and at the same point. This is easily 
done by drawing the polygon of forces shown to the right in Fig. 679. 
The closing lino x gives the direction and magnitude of the force Wr* 
The radius r may be chosen, and then W = xjr. 



347. Variation in the Pressure on the Boad of an Unbalanced 
Bolling Wheel. — If the want of balance of a wheel carrying a load W 
(including the weight of the wheel) rolling on a road is equivalent to 
a weight w at a distance r from its axis, and if the angular velocity of the 
wheel is cu, there will be at evejry instant a radial force F equal to wioh'/g 
acting from the centre of the wheel, and the vertical component of this 
force will cause a variation in the pressure of the wheel on the road. 
The greatest ]u*e.ssure on the road will bo W + F when the centrifugal 
force is acting vertically downwards, and the least pressure will be W — F 
wh(3n the centrifugal force is aefing vertically upwards. When the line 
of action of the centrifugal force F makes an angle 0 with its position 
when acting vi^rti- 
cally downwards 
(Fig. 680) the ver- 
tical component of 
F is F cos 6^ and the 
pressure on the road 
is then W + F cos 9. 

Fig. 681 shows 
the obvious con- 
striictio7i for draw- 
ing the curve whose 
ordinates represent 
the term F cos 9 on a base CA, representing the distance travelled by 
the centre of the wheel during half a revolution. 

If F is greater than W, then once during each revolution the wheel 
wiU rise off the road and return with a blow. 

If D is the diameter of the wheel in feet, V the speed of the centre 
of the wheel in miles per hour, tliori the number of revolutions made by 

i. 1 - ^ • 5280V 44V , T 

the wheel m one second is = the angular 

ttI) X go X 60 SOtta) 



velocity of the wheel in radians per second, is 

oOttIJ 


88V 

3bD‘ 
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348. Balancing one Bevolving Mass two Others, all the Masses 
being in Separate Planes of Bevolution. — Let A be the one mass, and B 
and C the other two masses (Figs. 682 and 683). Let the weights of 
the masses be W^, Wg, and W3 
respectively, and let the dis- 
tances of their centres of 
gravity from tho axis of 
revolution be rg, and 
respectively. Also let the 
distances of tho planes of 
revolution of A and C from 
the plane of revolution of B 
be a and c respectively. The 
cjentres of gravity of the three 
masses must obviously lie in 
a plane containing the axis of revolution, and in Figs. 682 and (>83 the 
plane of the paper has been taken as this plane. 

The centrifugal forces of the three masses A, B, and C are jn'o- 
portional to and respectively, and the proldein evidently 

reduces to the balancing of three parallel forces in the same jdane. The 
conditions of equilibrium are, (1) for the case shown in Fig. 682, 

and (2) for the case shown in Fig. 683, 

Wjr^+ W ./3 = W 2 r 2 , and 

For each case tliere arc therefore two equations from which two 
unknown quantities may bo determined. 

If the planes of revolution of the masses B and C (Figs. 682 and 683) 
be the central transverse planes of the bearings of a revolving shaft 
carrying tho given mass A, then when the given revolving mass is 
unbalanced by otluir revolving masses the centrifugal forces of the masses 
B and C determined as above will be the forces exerted by the liearings 
on the shaft due to the centrifugal force of the mass A. 

349. Balancing two or more EeVolving Masses by two Others, 
the Masses being in Separate Planes of Revolution. — Let A and B 
(Fig. 685) be two given masses which have to be balanced by masses P 



Fig. 682. Fig. 683. 



and Q in tho planes of revolution 1 and 2 respectively. Figs. 684 and 
686 are face views of the planes 1 and 2 respectively, with the masses A 
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and B, and the arms to which, they are attached projected on to them. 
By the preceding Article the forces Aj and A^ acting in the planes 1 and 
2 which will balance the centrifugal force of the mass A are determined. 
Also by the same Article the forces and Bg acting in the planes 
1 and 2 which will balance the centrifugal force of the mass B are 
determined. By the triangle of forces (Figs. 684 and 686) R^, the 
resultant of and and the resultant of Ag and B^, are determined, 
and Rj and R 2 are the centrifugal forces of the masses P and Q respec- 
tively. Hence if the radii at which the masses P and Q act are hxed, 
the weights of P and Q can be found. 

If there are more than two given masses to be balanced the pro- 
cedure is the same, but instead of the triangle of forces, the i^olygon of 
forces will be used to find Rj and 

]n solving this problem it is desirable to tabulate the working, as 
shown in the form below ; — 


Mass. 

Weight 
of Mass. 
W 

Radius. 

r 

Centri- 

fugal 

Force 

when 

Wr 

Distance 
of Mass 
from 
Plane 2. 

X 

Balancing Forces 
when u/^ = g. 

In Plane 1. 

Fj = 

In Plane 2. 

F2 = Wr-Fi. 

A 

j 





« 

B 

i 






G 

1 






etc. 

1 



. . ... 




P 

10 ^ ‘ Jli/r, 


WyVf- R, 

\ 

Ri 


Q 

w., ■ 


- R..J 

0 


Ri> 


(^are must be taken to give th(^ proi)er signs to the forces in the last 
two columns. When the mass in the first (loliimn lies between planes 1 
and 2, then Fj and Fo have >)otli the same sign ; but when either plane is 
between the ujass and tlie other ])fane, F^ and have opposite signs. 

R^ and R^ are obtained from the polygon of forces in planes 1 and 2 
respectively. 

If the planes 1 and 2 (Fig. 68.5) are the central transverse planes of 
tlie bearings of the shaft carrying the given masses, then, when these 
inassc^s are unbalanced by other revolving masses, the centrifugal forces 
of tlie masscvs P and Q, determined as above, will be the forces exerted 
by the bearings on the shaft due to the centrifugal forces of the given 
masses. 

Exercises XXVIa. 

1 Three masses, A, B, and C, revolve in the same plane about an axis which 
cuts the plane of revolution at O. 'J'he centres of gravity of A, B, and C are 16 
inches, 18 inches, and 20 inches respectively from O, and the angle AOB is 90*^- 
The weights of A and B are 80 lbs. and 50 lbs. respectively. Find the weight 
of G and the angle BOG in order that the revolving masses may balance one 
another. 

2. Two masses, of 10 lbs. and 20 lbs. respectively, are attached to a balanced 
disc at an angular distance apart of 90*^, and at radii 2 feet and 3 feet respeo- 

2 B 
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tively. Find the resultant force on the aods when the disc is making 200 turns 
per minute, and determine the angular position and magnitude of a mass placed 
at 2*5 feet radius which will make the force on the a:ds zero at all speeds, 

[Inst,C,Ef.] 

3. A, B, and C are the centres of gravity of three masses revolving in the 
same plane about a centre O in that plane. OA = 18 inches, OB = 25 inchoSj 

00 = 15 inches, angle AOB = 90“, angle BOO = 120“. The weight of the third 
mass is 50 lbs. Find the weights of the first and second masses, so that the 
three masses may balance. 

4 . A locomotive wheel 6 feet in diameter is out of balance to the extent of 

200 lbs. ah a radius of 1 foot. The load on the wheel, including its own weight, 
is 7 tons. What are the maximum and minimum pressures of the wheel on the 
rail, in tons, when the speed of the locomotive is 60 miles per hour ? Draw for 
a complete revolution of the wheel a diagram to show the variation of the 
pressure of the wheel on the rail, At what speed, in mil^es per hour, would the 
locomotive have to run to make the minimum pressure i^^irzero ? 

6. A wheel weighing 2100 lbs. has its centre of gravity0%4ncb from its axis. The 
wheel is mounted on a shaft which runs in two bearings 5 feet apart on opposite 
sides of the wheel, one bearing being 2 feet from the plane of revolution of the 
wheel. What are the forces on the bearings due to the centrifugal force of the 
unbalanced wheel when the latter is making 200 revolutions per minute ? What 
weight placed at a radius of 3 feet 0 inches in the plane of revolution of the 
wheel will balance it ? 

3 . The crank shaft of a gas-engine carries two fly-wheels A and B, the planes 
of revolution of wliich are 3 feet <> inches apart. The i)lane of revolution of the 
crank is between the wheels, anti 1 foot 7 inches from the plane of revolution of 
A The crank arms and crank pin are equivalent to a weight of 108 lbs. at a 
radius of 10 inches in the ijlane of revolution of the crank. What weights placq^ 
at a radius of 2 feet, one on each wheel, will balance the crank 7 

7 . The centrifugal force of an overhung crank is equal to that of a weight of 
644 lbs. at a radius of 1 foot. The crank shaft is supported on two bearings 
5 feet apart, the one nearest to the crank being at a distance of 1 foot 0 inches 
from the plane of revolution of the crank. Find the forces on the bearings due 
to the centrifugal force of the crank when the speed of the s|^aift is 150 revolu- 
tions per minute. What weights placed at 2 feet 0 inches jra^ius, one in each 
of two planes 2 feet (> inches apart, between the bearings, iHthd equally distant 
from them, will balance the crank? 

8 . The following particulars relate to an ordinary inside cylinder locomotive- 
There are two cranks at right angles, the left-hand crank leading. Distance 
between centre lines of cylinders, 25 inches. Stroke of pistons, 24 inches. 
Distance between planes of revolution of btUance masses in wheels, 60 inches. 
The revolving parts which have to be balanced are equivalent to 700 lbs. at the 
centre of each crank pin. Find the weights of the masses and their angular 
positions in relation to the cranks to balance the revolving parts, the centres of 
gravity of the balance masses being at a radius of 32 inches. 

’ 9. A shaft, 10 feet span between the bearings, carries two weights of 10 lbs. 
and 20 lbs. acting at the extremities of arras feet and 2 feet long respectively, 
the planes in which the weights rotate being 4 feet and 8 feet respectively from 
the left-hand bearing, and the angle between the arms 60“ . If the speed of 
rotation be 100 revolutions per minute, find the displacing forces on the two 
bearings of the machine. Moreover, if the weights are balanced by two addi- 
tional rotating weights, each acting at a radius of 1 foot, and placed in planes 

1 foot from each bearing respectively, estimate the magnitude of the two 

balance weights and the angles at which they must be set relative to the two 
arms. [In6t.C.E.] 

10. A, B, C, and D are the planes of revolution, taken in order, of four 
masses connected to a shaft. The weights of the masses are 10, 16, 12, and 20 
lbs. respectively, and the distances of their centres of gravity from the axis of 
the shaft are 2, 1'6, 1, and 1*25 inches respectively. The angular positions of 
the radii from the axis to the centres of gravity of the masses with respect to a 
reference radius OX are ()\ 90“, 150®, and 240“ respectively. The distances of 
the planes B, C, and D from the jflane A are 10, 18, and 32 inches respectively. 
The given masses are to be balanced by masses at 1 inch radius, one in a plane 
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P midway befc^ween A and B, and one in a plane Q midway between C and B. 
Find the weignts of the balancing xnasseB and the angular positions of the 
radii from the axis to their centres of gravity with respect to the reference 
radius OX. 

H, Four masses. A, B, C, and B, weighing 70, 90, 120, and a? lbs. respectively, 
r( 5 volve about an axis, each at a radius of 1 foot, in planes which are at equnl 
intervals apart. Determine x and the angular positions of B, O, and in rela^^ 
tion to that of A in order that the masses may balance one another^ 



350. Distwbing Forces due to Acceleration of Beciprocating 
Parts. — Coni^jider the steam-engine mechanism shown in Fig. 687, where 
tlie connecting-rod is of the slotted bar type, which is the equivalent of 
the connecting-rod of infinite length. The resultant of the steam 
2>ressuros otl the cjjf^nder ends is a forc4 P, which tends to move the 
engine frame td'thtf^ft. The 
resultiint of the steam jiressures 
on the piston is a force Q, ec^ual 
to P, \^ich tends to move the 
piston to the right. 

If the piston is at rest, or 
if it is moving with uniform 
velocity, there will bo a thrust 
R on the crank pin equal to Q 
and to P. If forces S and T, each equal to R, be applied to the crank 
shaft iri the plane of revolution of the crank jjin, as shown, then R and 
T will form an efibrt couple whose moment is the turning moment on the 
shaft, and which will be balanced by the resistance couple. The remain- 
ing force S will be the thrust of the shaft on its bearings carried by 
the frame. Hence the frame is pushed to the right by a force S, and 
af^hc same time is pushed to the left by a force P, which is equal to S; 
tliere is therefore no tendency for the frame to move on its foundations. 

If, however, the jiiston is increasing or decreasing in speed, the force 
R, and tlierefore the force S, will be less or greater than P, and there 
will therefore bo a resultant force on tlic frame tending to move it to the 
left or right. The force tending to move tlie frame on its foundations is 
the difference between the forces P «and S, and this is evidently the force 
necessary to accelerate the piston, and this force can be determined with- 
out any reference to the steam pressures within the cylinder. For the 
mechanism shown in Fig. 687, if the crank shaft is rotating with uniform 
velocity, the piston and the parts reciprocating with it have harmonic 
motion. When the piston is at a distance x from the middle of its stroke, 
the force in lbs. required to give the reciprocating parts the necessary 

acceleration is (Art, 259, p. 298), where W 

f/r- ff (J 

is the weight of the reciprocating parts in lbs., V the velocity of the 
crank pin in feet per second, w the angular velocity of the crank in 
radians per second, r the radius of the crank or half the stroke of the 
piston in feet, and Q the inclination of the crank to the lii»e of stroke 
(Fig. 687). 

During the first half of a stroke the accelerating force on the piston varies 
uniformly from to zero, and acts in the direction of the motion 

of the piston. During the second half of the stroke the accelerating force 
varies from zero to Ww^r/^, and acts in the opposite direction, Chat is, the 
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accelerating force becomes negative. The force tending to displace the 
frame of the engine ia at every instant equal and opposite to the 
accelerating force on the piKton. It follows that if the engine frame is 
not bolted down it will oscillate backwards and forwards, making one 
complete oscillation for each revolution of the crank shaft. Bolting 
dowui the engine frame will not eliminate the oscillations, but will 
reduce their amplitude to an amount dej)cnding on the rigidity of the 
connections and the mass of the foundations. 

It is important to understand that the djsturbing forces on the frame, 
as determined above, arc independent of the way in which the reciprocat- 
ing masses are driven, whether by the action of fluid pressure on the 
piston, as in a steam-engine; or by a torque on the crank shaft, as in a 
pump or air comj)res8or. 

351. Effect of Transferring Beciprocating Mass to Crank Pin. — 

Suppose that the reciprocating j)arts which arc connected to the crank 
pin by a slotted bar connecting-rod are removed, and 
that a mass O of equal wanght W is placed at the 
crank pin (Fig, G88). Tlie centrifugal force of this 
revolving mass at the crank })in is Woy'^r/f/, Let 
this force be rej)res€3nted by OA, and let OX be 
the line of stroke of the reciprocating parts (now 
removed). Draw' AB perpendicular to OX. The 
force OA is equivalent to two forces OB and BA acting at O, OB 

being equal to and BA equal to It was show4^ 

f/ il 

in the preceding Article that the effect of the acceleration of the recipro- 
cating parts \vas to cause a thrust on the crank sliaft in tlio line of 

stroke, the magnitude of this thrust being ^ . Hence a mass 

equal to that of recijirocating parts, but jdaced at the crank ])in, Las 
the same disturbing effect on the frame in the line of stroke as the reci- 
procating parts themselves have. 

352. Changing the Direction of' the Disturbing Force. — If Iavo 
masses DD (Fig. 689) be jilaced on the crank arms jiroduced so as to 
balance the mass C referred to in the preceding Article, tlien at evc‘.ry 
instant the comjionent of the centri- 
fugal force of DD in the line of stroke 
will balance the component of the 
centrifugal forc(^, of (J in that bne. 

Hence if the mass ( ’ be removed from 
the crank pin, and the recipi'ocating 
parts be again ccmnected to it, the 
thrust on the frame in the line of 
stroke^ due to ilm ai^celt' ration of the 
reciprocating parts, will be entirely balanced. But the centrifugal force 
of DD has a component at right angles to tlie line of stroke, the magni- 



tude of which is - — 


Wo>-r sin 0 


9 


and this is unbalanced. 


The effect of the balance w^^eights DD is therefore to balance the 
disturbing force in the line of stroke, and to introduce another disturb- 
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ing force at right aisles to the first. The second disturbing force 
evidently goes through the same variations in magnitude as the first 
The first varies from WioV/gf at the beginning of the stroke to zero at the 
middle of the stroke, and from zero at the middle it varies to - Vfafirjg 
at the end of the stroke. , The second varies from zero at the beginning 
of the stroke to Wu>^r //7 at the middle of the stroke, and diminishes again 
to zero at the end of the stroke. 

If the mass of DI) at crank radius, and opposite to the crank pin, as 
in lig. 689, be less than the mass of the reciprocating parts, then the 
disturbing force in the line of stroke will be only partly balanced, and the 
disturbing forces will now be, first, a force in the line of stroke equal to 
(W - cos 6 ^ in 

) 3ind second, a force at right angles to the line of stroke 

equal to ~ -i- where w is the combined weight of the masses DD. 

The obvious construction for finding R, the result- 
ant disturbing force for any position of the crank, 
is shown in Fig. 690, where o\ = (W - ?^7)a>V/^, and 
7*2 == Wirih'jg, 

111 some cases tlic kind of balancing just de- 
scribed, where the distiii-lang force in the line 
of stroke is entirely or partially balanced, may 
be advantageous, as in locomotives, where a 
^horizontal disturbing force is generally more 
injurious than a vortical one, but in many other 
cases there w'ould bo no advantage whatever. 

353. Distribution of Weight of Connecting-rod. — The part of the 
connecting-rod in the neighbourhood of the crank pin has almost pure 
rotary motion with the crank jiin, and the part in tlie neighbour- 
hood of the cross-head has almost pure reciprocating motion with the 
2 )iston. If A is the centre of the cross-head end of the connecting-rod, 
B the centre of the crank ijin end, and C the centre of gravity of the 
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Fig. 690. 






>o o 




Fju. G91. 


whole rod, and if W is the tobil weight of the rod, then the usual j>rac- 
AC 

tico is to reckon — . W as the jiart of the weight of the rod which is 


to be credited as a revolving weight at the crank pin centre, and the 

remaining part -~™ . W is to bo credited as rcciiirocating with the jiiston. 
jfxJi » 


The jiosition of the centre of gravity of an actual connecting-rod may 
be determined by balancing it in a horizontal i)()sitioTi on a knife edge. 
The values of the weights to be reckoned as revedving and reciprocating 
respectively may, however, be obtained by direct weighing, as shown in 
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Fig. 691- The connecting-rod is supported on two knife edges plao^ 
at right angles to its axis and passing through the centres of the faces 
of the end brasses. One of the knife edges is placed on the pktforni of 
a weighing machine, and the other rests on a sui^port on the ground. 
When the crank or large end of the rod is on the platform, the weight 
indicated is the weight to be credited as revolving, and when the cross- 
' head or small end is on the platform, the weight indicated is the weight 
to be credited as reciprocating. 

In many cases in practice the weight of the part of the connecting- 
rod to be credited as revolving is about two- thirds of the total wei^tiof 
the rod* 


354- Balancing of Locomotives. — As regards the revolving parts 
of a locomotive there is no difficulty in balancing them entirely, but the 
difficulties in the way of completely balancing the reciprocating parts 
are so great, that in practice only an approximate soKition is attem 2 )ted. 
If the horizontal disturbing forces duo to the acceleratu)n of the reci- 
procating parts be completely balanced in the manner explained in 
Art. 352, the vertical disturbing forces introduced may be so great as to 
cause serious damage to the permanent way, to the bridges, and to the 
wheel tyres. As the result of the extensive experience of locomotive 
engineers, the j^ractice now generally adopted is to balance all the re- 
volving parts com])letely aiid_^w(>thirds^af Jthp^rcciprpcatiTj^^r.ts. That 
is to say, as regards the reci])rocating parts, the horizontal disturbing 
forces due to the acceleration of two-thirds of the reci 2 )rocating j>arts are 
balanced by revolving masses, but it must be remembered that these 
revolving masses introduced cause vertical disturbing forces equal to 
those which they balance horizontally. 

The balance weights are, in 2 )ractically all cases, jdaced between the 
spokes of the wheels near the rims. 

In what follows, the 2 )istons are assumed to have harmonic motion, 

355. Inside Cylinder Uncoupled Loconiotives. — These engines 
have two cylinders placed between the frames, and the driving axle is 
cranked, the two cranks being at right angles to one another. The 
jimportant revolving weights which' have to be balajiced are, the crank 
Wrms, the crank jans, and the 23arts of the connecting-rods, determined 
ias exi)lainod;.,in Art. 353, All these should be reduced to equivalent ' 
■ weights at the crank j)in centres. 

To the equivalent revolving weight at each crank pin centre has to 
be added two-thirds of the weight of the reciprocating 2 >arts fcir one 
cylinder. The problem is then to find the weights to be 2 )laccd in the 
wheels, at a given radius depending on the diameter of the wheels, in 
order to balance tjie weights assumed to be at the crank pin centres. 
This problem is a vsimplo case of the one considered in Art. 349, but 
on account of its imT)ortaTice the solution for this case will be given 
here. 


Since all the revolving masses have the same angular velocity, the 
centrifugal forces may be re 2 )resentod by the 2 )roducts of the weights of 
these masses and the radii of the rcsj>ective circles described by their 
centres of gravity. 

Referring to Fig. 692, 1 and 2 are the circles described by the centres 
of gravity of* the required balance weights. A is the left-hand and B 
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the right-hand crank. P and Q are the centrifugal forces of the revolving 
masses and two-thirds of the reciprocating masses at crank radiusi as 
already explained. P and Q are in general equaL 



Forces and in the planes of the circles 1 and 2 respectively, 
which will balance 1^, are determined from the equations 

Pi(2a + r) = V{a + c), and + c) ^ Pa. 

Forces and Q.^, in the pianos of the circles 1 and 2 respectively, 
which will balance Q, are deteriniued from the equations 

Qj(2a + r) = Qa, and 4* c) = Q(a + c). 

Ri, the resultant of Pj and Qj, and R^, the resultant of Pij and Qg, 
can now be determined. V(Pi + Qi)> and Rg== ^/(P^ + Qa). The 

angles 6^ and 6,^ arc determined from tan 6^ = Q^/P^ and tan “ P 2 /Q 2 • 

If P “ Q, then P^ = Qg , ^ P 2 - Qi > Ri = ^2 j ^ 2 » 


Let = weight at each crank pin, including equivalent revolving 
weight and two-thirds of the reciprocating weight for one cylinder. 
W weight of each balance weight. 7* == radius of cranks. 11 = radius 
of circles desenibed by the centii's of gravity of balance weights. 


Then V = wr, 


p inia^r) 


Q irra , 

, = _ and 

’ 2a + c’ 


R^ = WR = 


W7' 

2a + c 


+ + also tan 6^ = 



356. Outside Cylinder Uncoupled Locomotives. — -These engines 
have two cylinders placed outside the frames, and the tw# ciunks, which 
are at right angles to one another, are placed at the ends of the driving 
axle, which is straiglit. Generally the crank arms formed in the 
driving wheels. 

Referring to Fig. 693, 1 and 2 art) the circles described by the centres 
of gravity of the required balance weights which are placed in the driving 
wdieels. P and Q are the centrifugal forces of the weights which are 
considered as revolving at the centres of the crank pins A and B respec^ 
lively. The weight considered as revolving at each crank ])in includes 
two-thirds of the weight of the reciprocatiug parts for one cylinder, two- 
thirds of the weight of that ])art of the conn cc ting-rod which is reckoned 
as reciprocating, the weight of that part of the connecting-rod which is 
reckoned as revolving, and the weight of the part of the crank pin which 
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projects from the crank arm. 8 and T are the centrifugal forces of the 
crank arms and the parts of the crank pins which they contain. , 



Forces and P.^, in the planes of the circles 1 and 2 respectively, 
which will balancti P, are deterinined from the ecpiations 

P^(c - 2a) -= r(c - a), and Po(c - 2 n) = Pa. 

P^Jrces and Q.,, in tlie jilanes of the circles 1 and 2 re.spoctiv(‘ly, 
which will balance Q, arc d( 3 tennined from the ecpiations 

Q ,(c — 2a) -= Qa, and — 2 a) — Q(c - a). 

Forces and S^, in the jdanos of the circles 1 and 2 rcispecilvely, 
which will balance S, are dobunnined from the eipiatioiis 


Sj(^' — 2(t) = S(c - 2 a + d), and S^>(r - 2 a) — Sc?. 

Forces and in the planes of the circles 1 and 2 respectively, 
which will balance T, arci determined from the ecpiations 

l\(c ™ 2 a) - Td, and T,(c -- 2 a) - T(r' - 2 a + d ). 

Pj and S| , 1 ^ and S^, Qi and T, , and act ]’c.spt 3 ctively in the 
same straight lines and in the same dii;ections, as sliowii. 

Ri= V(Pi +«T)"+ Wi+Tj". and K,=- ^/(I^;;T's,)'•^To^;+T,)^ 

A n Ql’bTi ja I Po "h ^.7 

tan = and Un '^ 3 -= • 

If P - Q, and S ---■ T, then P^ - Q„ P. = Q , , T, , S. , 1 = R, , 

andl 9 ^ = ft,. ^ ^ .- 11 . 

Using the same notation as for inside cylinder engines, Avith in addition 
?cv — the weight of one craTik arm and the ])art of the crank ])in which it 

-- a) ((Tfi 

r~2a ’ ^^^"c-2a’ 


contains, reduced to crank radius, then P ~ P, — " ' ^ » Qi — 


^ _w,r(c~2a + J) _ 

1 7 .- 2 a'~’ 


v\rd 


and Rj = WR ^ - a) + a\{c - 2a + c?)}- -f- (^Joa + w^d )2 


also, tan = - 


wa + 


w{c> — a) + iD^i: -2a-\-d ^ 
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857* Ooupl^ LccomotiveB. — 

resistance to . and thus en^^le a larger " tractm 
iitilised^ two ^or of wheeis of a locomotive couple^ 

tojgeffier.. The coupling together of two wTieels is effected By a cbupfeg- 
roa connecting the crank pins on two equal cranks, formed one in each 
wheel. The cranks may, liowcver, Be separate from the wheels and Be 
fixed to the axles. It is obvious that coupled wheels must be of the 
same diameter. 

So far as the coupling-rods affect the balancing of the engine they 
behave exactly as revolving weights at their crank pins, the amount of 
weight at any one crank pin being equal to the portion of the weight of 
the rod supported by that pin. Hence the coupling-rods with their 
cranks and crank pins may be completely balanced in the manner ex- 
]ilained iri Art. 349 by weights in the wheels. In the case of driving 
wheels, the balance weights for the coupling-rod cranks, with their pins 
and the weights of the coupling-rods carried by them, ma}^ be combined 
with the lialance woigJits deterniined, as in the two preceding Articles, 
and resultant balance weights found. The resultant balance weights on 
the driving wheels of a coupled engine may, however, be obtained dire(;tly 
by siiiijdy including in the planes 1 and 2 (Figs. 692 and 693) the forces 
which will balance tlic centrifugal forees of the coupling-rod cranks, crank 
pins, and the weights of the coupling-rods w hich they carry. 

Fig. 694 shows the arrangcineut of the various cranks in an inside 
cylinder engine w'ith two pairs of w'hecls coupled. It will be observed 
that the cranks connected by the cou] ding-rod CD arc at right angles to 



Fjo. eod. Fig. 095. 


tlic cranks connected by the coupling-rod PjF, also the (!rank jjnis C and K 
are opposite to the main crank j»ins A and B respectively. 

In the (^ase of an outside cylinder coujded ejigiiie (Fig. 695), the 
driving cranks serve also as coupling-rod cranks, each crank pin on these 
eranks being long enough to carry a connecting-rod end and a coupling- 
rod end. Here also the cra-nks on one side of the engine are at right 
angles to those on the other side. 

The coupling-rod cranks on an inside cylinder engine may be, aaid 
generally ar(i, shorter than the driving cranks, but on outside cylinder 
engines all the cranks arc of the same radius. 

358. Balancing Reciprocating Parts in Coupled Locomotives.- - 
^riie rocij)rocating }>arts to bo balanced in a coujdcd engine may be 
balanced in tlie driving wliecls, or this balamting may be distributed 
amongst all the coupled wdicels. All that is necessary is to consider each 
axle as a driving axle, with imaginary cranks parallel to the respective 
cranks on the real driving axle, the imaginary crank pins on a particular 
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axle carrying revolving masses equal to the portions of the reciprocsting 
m&aaea to he halanced in the wheels of that axle. The revolving masses 
of the imaginary cranks are of course neglected. 

Another way of proceeding is to find the separate masses necessary in 
the driving wheels to balance the reciprocating masses which are to be 
balanced and then divide these up into parts, which are placed in similar 
positions in the various wheels. For example, if and Bj (Fig. 696) 
are the masses in the left-hand and right-hand driving wheels respectively 
which will balance, say, tw'o-thirds of 
the reciprocating masses, and if equal 
portions of and Bj be transferred 
to Ag and Bg in the left-hand and 
right-hand coupled trailing wheels, the 
radii from A^ and B 2 being equal and 
parallel to the radii from Aj and Bj 
respectively, then this new distribution 
of balance weights will have the same effect horizontally in balancing 
tlie reciprocating parts, but vertically there will now be a less variation in 
the pressure on the rails per wheel. The balance weights thus fcaind in 
the wheels to balance the recijjrooating parts are then combined with the 
balance weights for the revolving masses, and the resultant balance weights 
determined. 

359. Com^te Balanci^ of Beciprocating Parts having Harmonic 
Motion. was shown that the disturbing forces due to 
the acceleration of the reciprocating parts are the same as those produced 
in the line of stroke by a revolving mass equal to that of the recipro- 
cating parts concentrated at the crank pin, but this revolving mass 
produces equal disturbing forces at right angles to the line of stroke. 

Now' su 2 >poso a number of sets of reciprocating masses to be connected 
to the same number of cranks on a shaft. Next supj)ose that these re- 
ciprocating masses are removed, and masses equal to them arc concentrated 
at their respective crank pins. The disturbing forces in the various lines 
of stroke will now' be the same as before, but if the various imaginary 
revolving masses at the crank pins bo of such magnitudes, and if their 
relative positions be such" that they balance one another, then it is obvious 
that not only will the disturbing forces in the lines of stroke balance one 
another, but the disturljing forces in the directions at right angles to the 
lines of stroke will also balance one another, 

Thejuiohlqm of the complete balai^jcing_ of reciprocating masses there- 
fore reduces to that of balancing a iiumfc>er of revolving masses, a problem! 
which was discussed in Art. 31 9. It must, however, be remembered that the 
revolving masses now^ being considered are iinaginary,^ aiid that 
eating massescan only hr. rfiwpletely hcdancexl hy other reciprocating masses. 

A few cases will now be considered in illustration of the foregoing. 
First, take the case of a single-cylinder engine (Fig. 697), the piston 
being connected to a crank pin A revolving in a circle of radius r. Let 
and C be two other crank pins revolving in circles of radii and 
respectively, the planes of revolution of these jnns being at distances 
h and c respectively from the plane of revolution of the crank pin A. 
Let w be the weight of the rccij)rocating masses connected to the crank 
pin A. Then, if the crank pins B and C be .in the same plane vrith the 
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crank pin A and the axis of the ^haft, and if B and C are on the opposite 
pide of the axis to A, revolving masses of weights and placed at 
B and C respectively will balance a revolving 
mass of weight w at A if c)^w)x^ 

and + c) — wrh. 

Hence if reciprocating masses D and E 
of weights and respectively be connected 
to the crank pins B and C, as shown, the 
reciprocating masses D and E will completely 
balance the reciprocating masses connected to 
the crank pin A. Reciprocating masses, such 
as D and E, introduced to balance other re- 
ciprocating masses are called boh-weighU^ and 
they serve no other purpose than that of 
balancing. . Instead of the masses D and E, 
which are useless except for balancing purposes, 
two additional cylinders might be introduced, 
and the reciprocating parts belonging to these 
cylinders would take the place of the bob- 
weights, and the reciprocating parts of this three-cylinder engine would 
then completely balance one another. 

If the stroke of the bob-w^eights is small, they may be driven by 
eccentrics instead of ordinary cranks. The weights 'u\ and of the 
hob-weights must of course include the weights of the reaiprocating 
parts con necked to them. 

As a second illustration, consider a three-cylinder engine with three 
cranks at definite angles apart, say, 120® each. A, B, and C (Fig. 698) 
arc the three crank pins, and it is required to balance the reciprocating 
])arts by bob- weights driven by cranks or eccentrics on the crank shaft in 
the pianos 1 and 2. 

Imagine masses equal to the reciprocating masses to be concentrated 
at their respective crank pins. The centrifugal force of the mass at A is 



Fig. 697 . 



uAu 



Fl(i. 


resi»octivSy, 


balanced by force, s A^ and A^ in the planes 1 and 2 res|»octiveTy, and 
these /orces are determined as in Art. 348, p. 416. In like manner 
forces and B.,, and C.^, which will balance the centrifugal forces of 
the masses at B and C, are detfumiined. R^, the resultant of A^, B|, and 
Cj, also R.^, the resultant of A.^, B,^, and C^, are determined by the 
jx>lygons of forces shown. A crank pin d at radius in plane 1, and a 
crank pin e at radius plane 2, will be the drivers for the required 
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b(>b-weiglits. If are the weights of the bob-weights, including 

the Weights of the reciprocating parts connected to them, then = 
and various centrifugal forces being represented by the 

products of weight and nidius. 

A four-cylinder engine with four cranks is one that lends itself to 
cvunplcte balancing of the reciprocating parts without the addition of 
balance weights. The quantities to be considered are : first, the ratios of 
the weights of the four sets of reciprocating parts to that of one of them 
(3 quantities) ; second, the ratios of the distances between the centre 
lines of the cylinders to one of the distances (3 quantities) ; third, the 
angles between the cranks (3 quantities) ; in all 9 quantities, arid if any 
5 of these bo given, the other 4 c^in be found. 

In this Article reciprocatitig masses only have been referred to. 
Revolving masses, including any cranks or eccentrics introduced to drive 
bob-weights, must be balanced separately by other revolving masses. 

Exercises XXVIb. 

1 . The reciprocating parts of a single cylinder horizontal steam-engine weigh 
200 lbs., and the remaining parts of the engine weigh G400 lbs. The stroke of 
the piston is 1(> inches, and the crank shaft makes 300 revolutions per minute. 
Assuming that the engine is not bolted down, hut is free to oscillate, find the 
amplitude of the oscillations, and the magnitude of the displacing force at the 
end of each oscillation. Assume that the reciprocating parts have harmonic 
motion. 

2. After the engine of the preceding exercise is bolted down, suppose that it 
is found that a for<;e of lbs , applied to Ihe crank shaft in Die line of stroke, 
displaces the engine frame O'OOJ inch, and that the dis]jlacenient up to five times 
this amount is proportional l-o the displacing force. Assuming that all the yield 
takes place between the frame and the foundations, what will now bo the 
ampHtudo of tlie oscillations of the engine frame? 

3* A connecting-rod, (i foot 2 inches long between centres, was found to 
balance in a liorizoiital position on a knife edge placed at 24 J inches from the 
large end centre. Wlieu a weight of J4 lV)s. w^as platrnd at the small end centre, 
it was found that the whole balanced in a horizontal position on a knife edge 
placed at 2ri| inches from the large end centre. Kind the weight of the rod and 
the weights of the parts which .should be credited as revolving and recipiocatirig 
respectively, 

4 . Find the balance weights at crank radius, in order to balance all thfj 

revolving masses and two-thirds of the reciprocating masses of an inside single 
locomotive, having given the following data, \lranks at right angles, left-hand 
crank leading. Distance centre to centre of cylinders, 2 feet. Di.stance between 
planes containing mass centres of balance weights, 5 feet. Mass of reciprocating 
parts per cylindtir, reduced to crank radius, 500 lbs. Mass of revolving parts 
per cylind(5r, reduced to crank radiu*;, 7()(» lbs. fInst.C.E.] 

5 . The reciprocating parts of an inside cylinder uncoupled locomotive weigh 
550 lbs. per cylindtT. Tlie revolving parts are equivalent to G50 lbs. per 
cylinder at crank pin. The stroke of the pistons i.s 24 inches, and the distance 
between the centre linos <»f tho cylinders is 25 inches. Find the balance weights 
which must be placed Jn the driving wheels at 2 feet G inches radius, their 
planes of revolution being 5 feet apart, in order to balance the whole of the 
revolving parts and two-thinls of the reciprocating parts. Cranks at right 
angles, left-hand crank Ji^ading. 

6. The following particulars rekite to an outsido cylinder uncoupled loco- 
motive. Stroke of pistons, 25 inches. Longtli of connecting-rod, 78 inches. 
Distance of centre of gravity of eonnecting-rod from centre of Inrge end, 2G 
inches. Weight of connecting-rod, 450 lbs. Weight of reciprocating parts per 
cylinder, 400 lbs. Equivalent weight of one crank arm and the portion of the 
crank pin within it, 130 lbs. at 13 inches radius. Weight of one overhanging 
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crank pin, 36 lbs. Distance between oenfcrb linep njlinders, 74 inebes. 
Distance between planes containing centres of gmVffcy of balance weigbte, 
59 inches. Distance between planes containing centres of gravity of crank 
arms, 02 inches. Determine the balance weights to be placed in the driving 
wheels at 3 feet radius. All the revolving x>arts and two-tliirds of the recipro- 
cating parts arc to be balanced. 

7. I’ake the data of Exercise 6 as ai>plying to an inside cylinder engine with two 
pairs of wheels coupled, together with the following additional data. Kadius of 
wheel cranks, 11 inches. Distance between planes of motion of coupling -rods, 
(5 feci 3 inches. Distance between planes of rotation of wheel cranks, 5 feet 
2 inches. Weight of each coupling-rod, 270 lbs. Weight of each wheel crank, 
including the weight of the portion of the crank pin within it, reduced to 

11 inches radius, 120 lb.s. Weight of each overhanging crank pin, 30 lbs. 
Determine the balance weights in the driving and trailing wheels, at 2 feet 
0 inches radius, to balance all the revolving parts and two-thirds of the recipro- 
cating parts, one-third of the reciprocating masses being balanced in the 
driving wheels, and one-third in the trailing wheels. 

8 . Determine, from the following data, the balance weights for an outside 
cylinder locomotive with two pairs of wheels coupled. Stroke of pistons, 26 
inches. Distance between centre lines of cylinders, 75 inches. Distance be- 
tween planes of motion of coupling-rods, 67 inches. Distancuj between planes of 
revolution of balance weights, 60 inches. Distance between planes of revolution 
of cranks, 60 inches. Weight of reciprocating parts ])or cylinder, 350 lbs. 
Weight of one connecting-rod, 225 lbs. One-third of weight of connecting-rod 
to bo considered as reciprocating with cross-head and tvvo-t.hirds as revolving 
with crank pin. Weight of one coupling-rod, 230 lbs. Weight of one crank pin 
within coupling-rod, 15 lbs. ^ Weight of one crank pin within connecting-rod, 

12 lbs. Weight of olio crank with part of crank pin witliin it, rcdnced to 13 
inches radius, 90 lbs. Centres of gravity of balance weights at 26 inches radius 
in driving wheels and 27^ inches ifa trailing wheels. All the revolving and two- 
thirds of the reciprocating parts to he balanced, the balance for the reciprocating 
])arts to be in the driving wheels only. 

9. Find the difference between the maximum and minimum pressures on the 
rail of a driving w'heel of the engine in Exercise 7 when the speed is 60 miles per 
hour, the diameter of the wheel being 7 feet. 

10. Calculate tlie difference between the inaxiraiim and minimum prptsiires 
on the rail of a driving wheel oC the engine in Exercise 8 when the sicced is 
50 miles per hour, the (liarneter of the wheel being 6 leet 1 inch. 

11. The piston of a single cylinder direct-acting engine has stroke of 
2 feet. The weight of the recipro(;;tting jiarts is 300 lbs., and the.se parts are to 
he balanced by two bob-weights driven by cranks of 6 iiiche.s radiu.s. The lines 
of stroke of the bob-woiglil.s are i) feet apart, and the Ji7ie of stroke of the 
piston is between the lines of stroke of the bob- weights and 2 feet from one of 
them. Del ermine the weights of the boh- weights. 

12. A, 15, and C are the ixirallel lines of si.roke of the pistons of a three- 
cylinder engine. B is hijtween A and U, and is 25 inches from A aiid 30 inches 
from C- Each piston has a .stroke of 24 inches The recipiocating parts in the 
line A weigh 210 lbs. Find the weights of the reciprocating parts in the lines 
B and C, ainl show how the cranks must be placed so that the reciprocating parts 
of the engine may balance one another. 

13. The. diagram (Fig. 699) slmws the crank shaft of a three-cylinder triple 
exiiansion engine for a torpedo boat, fbe cranks make equal angles with one 



another. 'The reciprocating parts' connected to Mie crank pins A, B, and C 
weigh 150 Ibs.^ 160 lbs., and 26U lbs. respectively, and they are to be balanced 
by bob-weights in the planes X and Y. The one bob-weight in the plane X has 
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a sfaroke of 4 inches, and the other in plane Y has a stroke of 5 inches. The 
bob- weights are driven by eccentrics on the crank shaft. Determine the weights 
of the bob-weights and the angular positions of their eccentrics. 

14 . A, B, O, and D are the parallel centre lines of the cylinders of a four- 
cylinder engine, taken in order. The distances between A and B, B and C, and 
d and D are 5, 7, and 6 feet respectively. The angle between the cranks of the 
first two cylinders is 150", and the reciprocating parts connected to them weigh 
3500 and 4800 lbs. respectively. Find the weights of the reciprocating parts of 
the third and fourth cylinders and the angular positions of their cranks in order 
that the reciprocating parts may balance one another completely. The first 
crank (A) leads. All the pistons have the same stroke. Assume that the pistons 
have harmonic motion. 



CHAPTEE XXVII 

HYDROSTATICS 

360. Ilnids. — Fluids are of two kinds, Liquids and Gases. A fluid 
is not capable of resisting change of shape or volume unless it is con- 
strained by the sides of a vessel surrounding it. 

For instance, if a cylinder (Fig. 700), closed at one 
end and fitted with a frictionless piston, have the 
sjiace between the piston and the closed end of the 
cylinder full of fluid, the piston will support a 
force r tending to push it further into the cylinder, . 

but if a hole be made in the side of the cylinder 

(Fig. 701), a force P, however small^ will be euflicient to push the piston 
in and cause the escape of the fluid through the hole. 

Tf a definite volume of a liquid be plac^ed in a vessel of greater volume 
the liquid will only occupy a portion of the vessel equal to the original 
volume of tlie liquid, but if a quantity of a gas, however small, bo 
introduced into a vessel, however large, it will expand and fill the whole 
of the vessel. 

A liquid when confined, ag in Fig. 700, offers a very great resistance 
to decrease in volume ; in fact, for the purposes of the engineer, a,|Jiquid 
can in general bo taken as incompressilde. Water, for example, loses 
0*007 of its original volume for each ton of jvessure j>er square inch 
applied to it, and the compressibility of mercury is only about ono-tenth 
that of water. A gas, on the other hand, is, witliin certain wide limits, 
readily compi'essible. 

A fluid is said to be more Jluid or more like a perfect fluid the leas 
the friction of its particles on one another, or the less the resistance which 
it offers to a body moving through it. A fluid is said to be more viscom 
the greater the friction of its jiarticles on one another, or the greater the 
resistance which it offers to a body moving through it. The viscosity of 
a fluid docs not affect its equilibrium, but it does aflFect its motion. 

The branch of mechanics which treats of the equilibrium of fluids and 
the forces acting on them when at rest is called hydrostatics. That jiart 
of hydrostatics which deals with gases is called pneumatirs. 

361. Direction of Fluid Pressure on a Surface. — The pressure of 
a fluid on a surface is perpendicular to that surface at 
every point (Fig. 702), This is true for viscous as well 
as for non-viscous fluids at rest. A viscous fluid in 
motion exerts a slight tangential force on a surface over 
which it is moving, and the pressure of the fluid on 
the surface will therefore not be perpendicular to the 
surface in this case. 
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362. TransmiBsion af Pressure. — If a fluid at rest have any pressure 
apj)lied to any part of its surface, that pressure is transmitted equally 
to all parts of the fluid. For example, if the vessel 
shown in Fig. 703 be full of water or air, and if 
it has attached to its sides equal cylinders fitted with 
frictionless i)istons, which are kept at rest by suit- 
able forces, any additional force applied to one of 
the pistons will require that an equal additional force 
be ai>plied to each of the other pistons to keei^ them 
at rest. 

It follows from this that if one of the cylinders be enlarged until the 
piston which fits it has double the area, this piston will require double 
the force to keej) it in equilibrium against the fluid 
pressure, and generally if a is the area of one piston 
and q the force pushing it in, and if A is the area 
of another piston and Q the force pushing it in, then 
for equilibrium ri/A = r//Q. This is the principle of 
the hydraulic press (Fig. 704), in which a coni 2 )ara- 
tively small force P acting on a small piston or 
2 >lunger is able to bafance a large force W on a large jnston or ram. 




Fig. 703. 


363. Pressure at any Point of a Liquid due to its Weight. — Let A 

(Fig. 705) be a very small horizontal disc of area a immersed in a liquid 
at a vertical dejith h below its free surface. The jiressure 
of the liquid on the top of the disc will not be altcu’cd if a 
cylindrical tube, o 2 )en at both ends, and having an internal 
diameter equal to that of the disc A, be jdaced over it in a 
vertical position, as shown. This tube above the level of tlic 
disc contains a cylindrical column of liquid whose volume is 
ah and whose w^eight is ahv^j w^here ir is the weight of a unit 
of volume of the liquid. If the liquid surrounding the tube 
AK be removed, the {n'essurc on the uji^^er surface of the disc A will not 
be altered, because the jjrcssure of the surrounding liquid on tlie tube is 
horizontal, the sides of the tube being vertical, and therefore self- 
balancing. The load on the top of Jbhe disc is now ahir, and the 

pressure jier unit of area is alitr!a — hw~ 2 ^^ which shows that at any 
j)oint in a lic[uid the intensity of the pressure due to the weight 
of the liquid is directly i3roiJortional to its dei^/th below the free surface 
of the liquid. 

If the area a bo in square feet, the height h in feet, and w the weight 
of I cubic foot of the liquid, then will be the j pressure per squai*(^ 
foot at the deqith K 1''he dc}ith h is called the lioad of liquid at A, and 
the head is evidently a measure of the pressure, 

364. Total Pressure on a- Plane Horizontal Surface Immersed in a 



Liquid. — From the ])receding Article it follows that the total pressure on 
a ]dane horizontal surbice due to the weight of a liquid in which it is 
immersed is equal to the w eight of a right ]»rism of tlio liquid, whose base 
is the given surface, and whose height is the dej^tli of the surface below 
the free surface of the liquid, 

365. Total Pressure on a Plane Inclined Surface Immersed in a 


Liquid. — Let MN (Fig. 706) be a plane inclined surface immersed in a 
liquid, and let the surface be divided into a large number of narrow 
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horizontal stripa, of which EP is one. Let y be the depth of the atrip EF 
below the free surface of the liquid, and let a denote Ijie true ^ea of the 
strip. By Art. 363 the intensity of the 
pressure at the depth p is icy^ and there- 
fore the total pressure on the strip EF K ? -M 
is and the total pressure pn the | i- ^ 

whole surface MN will be the sum of all ^ 

the pressures on the separate strips, and jq ^ ® 

will therefore be equal to ^wya or u^ya, pnae \/irw tA cf virw 

But by a property of the centre of grarity 
of a surface S;yrt = 7iA, where h is the 

depth of the centre of gravity of the surface below the free surface of th© 
liquid, and A is the true area of the surface- Hence the total pressure 
on the surface MN is whA, But whA is the weight of a right prism of 
the li<iuid, whose Imse is the given surface, and whose height is the depth 
of the centre of gravity of the surface below the free surface of the 
liquid. 

366. Artificial Head. — In the three preceding Articles the effect of 
any external pressure on the free surface of the liquid has been neglected. 
If the free surface of the liquid is exposed to the atmosphere, or to steam, 
as in a boiler, or if it support a loaded piston in a cylinder, then the 
j)ressure on the free surface will be transmitted to the surface immersed 
in the liquid. Lot m be the intensity of the pressure due to the weight 
of the liquid at a depth 4, below its free surface. Let intensity 

of the external pressure on the free surface of the liquid, and let be 
the head of liquid, wliich, by its weight, would cause a pressure of 
intensity Also, let be the intensity of the total pressure at the 
depth A|, and lastly, let h be tfic head of liquid which, by its weight, 

would dause a pressure of intensity Then +jP 2 » since 


lu and II, it follows that li =■ 7q -h lu,. The head A, which is the 
w “ 'W 

head of liquid eepu valent to the external pressure, may be called the 
artificial head. 


367. Resultant of. Pressure. — If a surface be exposed to pressure, 
either uniforni or varying, the single force, acting at a point on the 
surface, which will produce tlic same effect on the surface as a whole as 
the j)ressure over the surface, is called the resultant of the pressure. The 
magnitude of tliis resultant is, for plane surfaces, the same as what has 
been called the U^tal ])re8sure in })receding Articles. 

^ 368. Centre of Pressure. — If a surface bo exposed to pressure, 
either uniform or varying, the point on the surface at which the 
resultant of the pressure acts is called the centre of presmre. In 
what follow.s, the surfaces exposed to pressure, will be assumed to be 
plane surfaces. * , 

If tlie ]>re.ssure is uniform over tlic surface, the centre of pressure is 
obviously at the centre of gravity of the surface. 

The other iiKfportant case is where the pressure varies uniformly in 
one direction, and is uniform in a direction at right angles to this as 
when an inclined surface is immersed in a liquid. 

i . 2 B 
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Let MN (Fig. 707) be a plane surface immersed in a liquid, and let 
the straight line in which the plane of the surface intersects the free 
surface crfv the liquid be taken as 
the axis afeout which moments are 
to be taken, lu what follows this 
axis will be referred to as the 
axis. Consider a narrow hori- 
zontal stri]) EF which is at a 
distance x from the axis, and let 
a T>e the true , area of this strip. 

The total pressure on the strip EF is 

sin 6, where 'W is the weight of a unit of volume of the liquid, and 0 
is the inclination of the surface MN tc) the horizontal. The moment of 
the total pressure on EF about the axis is sin and the sum of all 
such quantities for the w^hole area of the given surface is sin 0, or 

sin 0^ajy ^ , and this must be equal to the moment of the resultant 
pressure about the axis. 

The magnitude of the resultant pressure on the w'holc arr^a is 
sin 0, where A is the true area of the ^ven surface, and the 
distance of its centre of gravity from the axis. If x is the distance of the 
centre of pressure from the axis, then 



:ia.r2 


xwAxq sin 6~io sin therefore x = * 

A.ro 

But - 0.^2 is the moment of inertia of the surface about tlie axis ; calling 


this lo, i"-. 

If the monnmt of inertia (»f the surface about an axis parallel to the 
above-mentioned axis, and passing through the centre of gravity of the 
surface, be denoted }>y 1, then (Art. 68) since lo — J + A./* 5 , 


X 


1 + A_;r| _ Ar- + A xf, _ / + r g 
A,r Q A.rQ x^y 


where /»’ is the radius of gyration of •the surface referred to the axis 
through its centre of gravity. 

The foregoing dornoiistration show^s that tin', position of the eentrt^ of 
pressure is independent of the inclination of the immersed surfa(*e if the 
distances of the various points of the surface from the free surface of tlie 
liquid measured in the plane of the snr/are remain unaltered. 

The depth of tlie centre of pressure below the free surface of tlie 
liquid is obviously x sin 0. 

As to the lateral position of the centre of pressure ; if the locus of 
the middle points of the horizontal lines w'hich can be drawn on the 
surface is a straight lino, this line wdll ol)vi(jusly contain the centre of 
pressure, and in practically all cases where the centre of pressure is 
required in practice, that, surface satisfies this condition. 

369. Examples of Centre of Pressure. — The following are the feises 
of most frequent occurrence in practice. In the illustrations, e is the 
centre of pressure in each case. The distances h, and 'Jd arc measured 
in the plane of the figure or surface. 

Fig. 708. A rectangle or parallelogram, wdth its highest side below 
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and parallel to the surface of the liquid, c is in the line 
the horizontal sides of the rectangle or parallelogram. 


^ ’‘ V ' ih+d -)■ 


wWch bisects 


Fig. 709. A triangle -with its base below and parallel to the surface 




^ X 


Ic-A 

ir , .1 — ■ 


P'lG, 708. 



Fig. 709. 



of the liquid, the vertex being below the base, c is in the line joining 
the vertex and the iiriddlc point of the base. 


r72 

iUi + 2d 


If A = 0, 


Fig. 710, A triangle with its base parallel to the surface of the 
liquid, the vertex being above the base and below the surface of "the 
liiluid. c is in the lino joining the vertex with the middle point of the 
base. 


6?l + 4 r ? 


If 7t = 0, 


Fig. 711. A circle entirely immersed, its centre being at a distance 
h from the surface of the liquid. 


x = ?i 


i(yk' 



%d. 


370. Resultant Pressure on a Body Immersed in a Liauid. — It is 

evident that the horizontal comjioneiits of the pressures on the surface 
of the immersed body balance T>nc another, there being no tendency to 
move the body horizontally, and the resultant pressure must therefore act 
vertically. 

Suppose the body to be divided into a large number of vertical prisms, 
of which All (Fig. 712), having a horizon till sectional area is one. Let 
the upper end of AB }>e at a depth and the lower 
end at a depth below the free surface of the liquid, 
and let w be the weight of a unit of volume of the liquid. 

The downward force exerted by the liquid on the top of 
AB is and the upward force exerted by the liquid 

on the bottom of AB is wah.,. Hence the resultant 
upward force on AB is 
weight of a volume of liquid equal to the volume of 7^2. 

AB. This result will be true for each of the prisms 
into which the body is divided ; hence the resultant pressure of the liquid 
on the body is an upward force equal to the weight of a volume of the 
liquid equal to the volume of the body. 

Stating the foregoing result iij. another way : if the body is weighed 
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wliile it is immersed in the liquid, its loss of weight is equal to the weight 
of the liquid which it displaces. 

371. noating Bodies. — A consequence of the result of the preceding 
Article is that when a body floats in a liquid the weight of the body is 
equal to the weight of the liquid which it displaces. Another obvious 
result is that wlieii the floating body is at rest, the straight line w*hich 
joins the centre of gravity of the body and the centre of gravity of the 
displaced liquid is vertical. The centre of gravity of the displaced* liquid 
is called the centre of“ biboyanci/. The resultant fluid pressure on the 
body acts vertically upwards in a line through the centre of buoyancy. 

Fig. 713 shows a floating body slightly displaced from its position 
of equilibrium. CG is the line joining the centre of buoyancy and the 
centre of gravity of the body when the body is in 
its position of equilibrium. C' is the new position 
of the centre of buoyancy. The b<xly is now under 
the action of two vertical forces, each equal to the 
weight of the bo<ly, one acting downwards through 
G, and the other upwards through C'. If the vertical 
line through C' me(its the line CG or that lino pro- 
duced at M, the ])oiiit M is called the metucenire of 
the floating body. The equilibrium of the floating Uody is evidently 
more stable the liigher the point M is above G, the cetitre of gravity of 
the body, and the equilibrium is unstable when AI is below G. 

372. Weight of Water. — The weight of a cubic foot of water varies 
with the temperature, as shown in the following table : — 



Fjo. 718. 


Temp. Cent. 
,, Fahr. 


Weight in lbs. of 1 cubie foot 



4' 

If. •67'' 

40‘' 

60" 

80° 

100" 

82' 

8l)-2' 

or 

104° 

140‘' 

176^^ 

212° 






— 

- — 

— 

62*84 

62-85 

02'-28 

i r,i-87 

61*81 

60 *59 ! 

59-76 


The above weights are for pure distillpd water free from air. 

At the teiu})eratiire Fahr., and the barometer at 30 inches, a cubic 
foot of distilled water, freed from air, weighs 0*046 lb. more than when 
nearly saturated with air. 

A gallon of water at 62° Fahr. weighs 10 lbs. 


Exercises XZVU. 

1. Referring to Fig. 704, p 482, if the diameter of the larger ♦piston is 12 
inches, and the diameter of the other is IJ inches, what is the force W when P 
is 150 lbs. ? 

2. A vertical tube 3 feet long, and having an internal diameter of 1 inch, is 
filled with equal volumes of water and mercury. Assuming that the weight of 
the mercury is 13*56 times the weight of the water, calculate the pressure in 
lbs. per square inch at the bottom of the tube due to the head of liquid. Also, 
what is the weight of water in the tube ? 

3. What pressure, in lbs. per square inch, corresponds to 160 feet head of 
water, and what head of wat-er, in feet, corresponds to a pressure of 3 80 lbs. per 
square inch 7 

Y 4. Feed water is pumped into a boiler from a tank. Just before starting tho 
feed-pump the levels of the water in the .boiler and tank are 38*5 inches and 
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23*7 io-cbefl respootively above the floor level, and when the pnmp is etop|)iad 
these levels have changed to 39*4 inches and 17*4 inches respectively above thOi 
floor level. A change of 1 inch in ihe level of the water in the tan^norresponds 
to a change of 19^3 Iba of water in the contents of the tank.^ Th^' m^n gauge 
pressure of the steam in the boiler while vthe pump is at work is *80 lbs. per 
square inch. Neglecting friction, find the number of ft.*lbsi of work done by 
the feed-pump. 

6. A tank of the form of a right circular cylinder 7 feet in diameter lies with 
its axis horizontal. Find the total pressure bn one end^when the tank is full of 
water. 

'v 6. A lock gate is 35 feet wide, and the heights of water above the bottom 
of the gate on the two sides are 20 and 13 feet respectively. Find the resultant 
pressure and the hejght . measured from the bottom of the gate* at which it 
acts, the weight of the water per cubic foot being 64 lbs. [Inst.C.E.] 

7. The width of a lock is 12 feet, and that of each gate 6J feet. If the 

height of the water’ be 10 feet inside the lock and 4 feet outside, find the re- 
sultant fluid pressure on each gate, and also the pressure (assumed to be acting 
symmetrically) between the two gates. ' [Inst.G.E.] 

8. A box in the form of a cube, of internal dimensions 1 foot, has its base 

horizontal, and is half-filled with water. One vertical side is kept in its position 
by four screws only, one at each angular point. Find the tensions in these 
screws due to the water pressure- [lnst.O.B-] 

9. In the vertical side of a tank tliere is a rectangular opening 2 feet high 
and 1 foot wide, the shorter sides being horizontal. This opening is covered by 
a door held by two bolts jdaced in the middle of the width, one 13^ inches 
above and the other 13 1 inches below the centre of the door. When water 
stands in the tank at a level of 10 feet above the centre of the door, what are 
the tensions in the top and bottom bolts ? What would be the best positions 
for the two bolts so that they may be subjected to the same tension, and wbat 
would then be the tension in each bolt ? 

10 . A vertical wall, 2 feet thick and 18 feet high, weighing 124 lbs. per 

cubic foot, supports the pressure of water on one side. How high may the 
water rise without causing the resiillant force on the base of the wall to pass 
more than 8 inches from the micjdle of the wall’s width ? f Inst.C.E.] 

11. An opening in n reservoir darn is closed by a plito 3 feet square, which 

is hinged at the upper horizontal edge ; the plate is inclined at an angle of 60^ 
to the horizontal, and its top edge is 12 feet below the surface of the water. If 
this plate is opened by means of a chain attached to the centre of the lower 
edge, find the necessary pull in the chain if its line of action makes an angle of 
45"' with the })late. The weight of the plate is 400 lbs. [U.L.] 

12. A dock entrance, whose level floor is 24 feet below the water, has a width 

of 62 feet at the water level and 90 feet at the floor, the side walls being built 
with a straight batter. The entrance is closed by a caisson, and on one side of 
the caisson the floor is dry. Calculale the total horizontal pressure upon the 
caisson, and the height of its centre of action above the floor. Take weight of 
water as 64 lbs. per cubic foot. [liibt.C.E.] 

13. A vessel of water is weighed on a parcel spring-balance, the reading of 

which shows that the vessel and water weigh 11 lbs. A 7 lb. iron weight is 
sp.spended by a fine wire from tbc liook of an ordinary ^ring-balance, and is 
lowered into the water until it is coniplet-ely immersed. Under these conditions 
find (i.) the reading of the spring-balance from which the weight is suspended, 
(ii.) the reading of the parcel spring-balance on which the vessel stands. Give 
the reasons for any change in the readings of the balances. (Specific gravity of 
iron = 7-5.) [Inst.C.E.] 

14. A rectangular wooden barge, without a deck, is 20 feet long; 11 feet 
wide, and 3 feet deep, outside measurements, and the sides, ends, and bottom 
have a uniform thiclcness of 3 inches. Taking the weight of ihe wood at 60 Iw. 
per cubic foot, determine the position of the water line when the empty barge 
floats in water weighing 63 lbs, ])er cubic foot. Whart load, in tons, will this 
barge carry when tbe water-line is 2 feet from the bottom ? 

15. If the area of the horizontal section of a ship at the water line is 16,000 
square feet, and the sides are vertical where they cut the water, find the extra 
depth the ship will sink when loaded in fresh water with 760 tons of cargo. 
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What depth would the ship sink if floating in salt water of specific gravity 1-026 
when loading ? ^ ^ [InsUC.E.] 

16 . A steamer loading 25 tons to the inch in fresh water dock is found after 

ten days’ voyage, burnins 52 tons of coal a day, to have risen 25 inches in sea 
water. Determine the displacement in tons, taking 35 and 
36 cubic feet per ton as the specific volumes of salt and fresh 
water respectively. [U.L.] 

17 . If a uniform triyiigular prism floats freely in water with 

one edge on the surfo^lj^'ig. 714), prove that the opposite face 
mu.st be vertical, ' [Inst C.E.] 

18 . A cube, edges 5 feet long, floats in water with half its 

volume immensed, the bottom face being horizontal. The 714 ^ 

centre of gravity of the cube is 20 inches below its geometrical 

centre in a vertical line through it. A weight equal to one-fiftieth part of the 
weight of the cube is placed at the middle point of one ,of the top edges of 
the cube. Determine the angle through which the cjube will tilt under the 
additional weight. 




CHAPTER XXVIII 

GENERAL PRINCIPLES OF HYDRAULICS 


373. Energy of Water — Bemoulirs Theorem. — In connection with 
hydraulics, the total energy in a given quantity of water consists of three 
parts : (1) The potentiif,l energy^ or the energy due to the height through 
which it may fall, or the energy duo to its position ; (2) the prr ensure 
energy, or the energy due to the pressure which the water exerts on the 
sides of the containing vessel or pipci ; (3) the kinetic energy, or the 
energy due to its motion.. 

In what follows, the energy of one j)Ound weight of the water will be 
considered. 

(1) The potential energy of 1 lb. of water which is capable of falling 
through a height of h feet is li foot-pounds. 

(2) The [)ressure energy of 1 lb. of water which exerts a pressure bf 
P lbs. fjer square foot is P//r, where iv is the weight of a cubic foot of 
the water. For if 1 cubic foot of water be admitted into*a cylinder 
which is fitted with a piston having an area of 1 si^uaro foot, then the 
piston will move through a distance of 1 foot ; and if the w^ater exerts all 
the time a jiressure of P lbs. j)er square foot, the w^ork done by the cubic 
foot of w^ater will be P foot-]>ounds. Therefore the work done by 1 lb. 
of water is Phe foot-pounds. It is important to notice that in juoving 
that the pressure energy of 1 lb. of w^ater is P/.<^ it is assumed that the 
full pressure P is kept up during the time that the 1 lb. of watf'r is being 
used to do the work Vj’Uh 

(3) The kinetic energy of 1 lb. of water which is moving with a 
velocity of fecit per second is 

A jMirtion of w^ater may liave all three of the^abovc forms of energy, 
but one, two, or all of them, may be zero. Also, the energy in one foi ni 
may be so small compared with the energy in another form, that it may 
be neglected. For example, in the transmission of i)()w^er by water 
pressure amounting to, say, 1000 11 )s. per square inch, the w\atcr wdll have 
a velocity seldom exceeding 5 feet per second. Here the pressure 

energy is I— ^ = 2311 ft. -lbs., and the kinetic energy when the 

() 2'3 


velocity is 5 feet per second is - 0*39 ft.-lb., a quantity so small 

compared with 2311 that it may iw neglected. 

If H is the total energy in one pound weight of liquid, thm 

11 = 7 ^+*^ + ^. 
ur 2g 

If all the particles of a 1 lb. mass of w^ater are moving with the same 
yelocity at any instant, and there is no frictional resistance to the motion, 

43’J 
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also if the liquid may be considered as incompressible, so that them is no 
internal work duo to change of volume, then, if the mass of liquid con- 
sidered moves without doing external work or without having external 

work done upon it, not only is H = A i h at any instant, but H is a 

w 2(/ 

constant quantity, altliough the quantities h, and P may vary. This 
is known as Bernou^We theorem. 

374. Flow throtigh a Smooth Pipe of Varying Section. — Fig. 715 

shows a pipe of varying cross section 
conveying water from a tank to a 
datum level, say the level of the 
sea. The free surface of the water 
in the tank is at a height IT above 
Jatura. Neglecting friction, and 
assuming that the motion of the 
water is steady, the toUd energy of 
a 1 lb. mass of the water will be 
the same in every position. The 
table below shows the? ainoiuits of 
the various forms of em'rgy in a 
1 lb. mass of the water in four 
different positions. Where I’, and 
Pg arc the pressures of the water at and respectively, to is the 



Position. 

Potential 

Eneriry 

Pressure 

Energy. 

Ki nolle 
Energy. 

Total Energy. 

A 

H 

nil 

nil 

H 

Ai 

h 

w 

2<j 

' (ttf • 2ii 

A. 

K 

w 


- w 2(j 

li 

nil 

; ' nil 

i;*' 




1 

1 

t ' 

^<j 


specific weight of the water, and v are the veltKuties of the water 

at A;,, A 2 , and B resiiectively. 

If a,^, and a are the areas of the cross sections of the iiij^e at 
A|, Ag, and H respectively, then, if the jiipc is running full, the quantity 
of water passing through each cross section in a time must be the 

same, hence ayi\ = 

375. Venturi Water Meter. — Bernoulli’s theorem has an important 
and interesting application in the Venturi water meter, by means of 
w^hich the rate of fl<^w of water through a water main may be deter- 
mined without interposing any iiioving part in the flowing water. 
Figs. 716—719 * show the main parts of a Venturi meter. There are two 
conical pipes AB and CD (Figs. 716 and 717), whose smaller ends are 
connected by a short pipe B(^, forming the throat of the meter. This 
combination is introduced so as to form a part of the water main, the 

Fi^s. 716-719 have been prepared from working drawings kindly supplied 
by Mr. George Kent, High Holborn, London. 
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delivery of ^hich is to be me^ured. The axis of the water main in the 
neighbourhood of the meter is horizontal The water enters the meter 
at A leaves at D. A hollow belt is cast round the pipe AB at EF, 
and the interior of this belt communicates with the interior of the pipe 
by four small holes, the positions of which are shown in the cross section, 
Jig. 718. These holes are bushed with vulcanite to prevent incrustation. 
A copper tube leads from the annular spaCe at EJ' to the top of a vertical 
cast-iron cylinder containing mercury. The throat is lined with a gum 



Fio. 718. 719. 


metal casting, having an annular space round its centre which communi- 
cates witli the interior of the throat by foui* small holes arranged as at 
EF, and shown in Fig. 719, wliich is a cross section at the throat. 
second co}>per tube leads from the annular space lound the throat to lOKe 
top of a second cast-iron cylinder containing mercury. The two vertical 
cylinders containing mercury communicate with one another at their 
bottom ends, so as to form the equivalent of a U tube mercury gauge, 
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the levek of the mercury being indicated by cast-iron floats with vertical 
rods attached to them. 

It may be left as an exercise to the student to show that the quantity 
of water flowing through the main in a given time is equal to C/Jk^ 
where c is a constant for a given meter, and k is the head of mercury 
equivalent to the difference between the pressures in the main and in the 
throat of the meter. 

The ' diameter of the throat of the meter is frequently one-third 
of the diameter of the main. 

In order that Bernoulli's theorem may a]>ply without sensible error, 
it is necessary that the interior of the Venturi tube lying between the 
annular pressure chambers should be as smooth as possible. In practice, 
the error in the Venturi meter docs not exceed 2 per cent. 

It is usual to fit a recording apparatus to the Venturi meter, con- 
sisting of a clock-driven drum, upon which a diagram is traced by a pen 
actuated by one of the cast-iron floats mentioned above. The abscissae of 
this diagram rej^resent tinier, and the ordinatess rate of flow, and the area 
of the diagram between any two ordinates represents the quantity of 
water delivered in the time represented by the distance between these 
ordinates. A mechanical integrator operated by a clock and the second 
float is generally added ; this shows on a dial the total (quantity of water 
delivered.* 

Venturi meters arc suitable for mains of almost any diameter, 
and have been made for mains as large as 10 feet in diameter. 
They are, however, not suitable when the velocity of the water is very 
small. 

376. Radiating Current. — Fig. 720 shows two horizontal co-axial 
discs whose distance apart is a. At the centre of the lower disc there is 
an opening into a pi]>e, from which water flows into the sjiace between the 
discs. Consider the flc»w across a 
section of the water l)etwccn tlic 
discs made by the surface of a 
cylinder of radius r Avhose axis 
coincides witli the axis of the 
discs. Let the velocity of the 
water across this section be v, and 
let Q be the volume passing ])er 
unit of time, then Q = "Iirran, and 
rv = (^ '27ra. But for all values 
of r the quantity Q is constant, 
therefore constant, and if r 

and V be plotted in a ]»lane con- 
taining the axis of the discs, the 
resulting curve is a rectangular 
hyperbola. 

Let V be the ^rressuro of the water at radius 7*, as shown 
by a pressure gauge, them the pressure head is and the 

kinetic energy per unit of weight us Let h l)c the height of 

* For an illustrated description of the recording apparatus of a Venturi 
meter, see Enginecriny^ Feb. 22, 1907. 




GUJJNiSKAJLi FKINCIPLES OF HYDRATTLIOS 


443 


the horizontal stream between 
Bernoulli's theorem 


above datum, 




: a constant. 




P «2 02 

Hence H-Zi =^0 ==^ '2 > 

%o 2g 


constant. 


If r and -- be plotted in a jdane containing the axis of the discs, a 

curve known as B irlow^s curve is obtained. 

Thtj foregoing discussion will obviously also apply to the case where 
the current is reversed, flowing inwards instead of outwards. 

377- Vortices, — A mass of rotating fluid is called a vortex. When the 
motion is produced by the action of forces of weight and fluid pressure only, 
the vortex is called a free vortex. When the law of motion in a vortex 
is different from that of a free vortex, it is called a forced vortex. The 
simjdest form of forced vortex is that in which all the particles have the 
same angular velocity ; this form of forced vortex is considered in Art. 
380, under the heading of “ whirling liquids.” 

378. Free Circular Vortex. — If instead of having simple radial 
motion the water between the discs in Fig. 720 moves in circular currents, 
and at the same time moves slowly in a radial direiition from one circular 
current to another, assuming freely the velocities ])roper to the ^currents 
which it enters, a fr^e circular vortex is produced. 

Consider a i)ortion ABO 11 (Fig. 721) of a ring of the water in a free 
circular vortex. Let r be the internal radius of n ^ 

this ring, and dr its radial thickness. Let the ■ ■ "fclTT ■ , 
length and dei)th of ABC!) be sncli that the area I 

of the vertical face AB is unity. The faces Al) 

and BC are radial, and since the thickness dr of the Cw — • 

ring is very small, the area of the face CD may*. I 

also l>e tiikcn as unity. Hence the volume of ABCl) 
is c/r, and its weight %t)dr. Let P and P + c/P bo the 

fluid pressures, and v and v + d^v be the velocities at the inner and outer 
faces of the ring respectively, 

wr^dr 

The centrifugal force of ABCD is - , and this must be balanced 

by the difference bcitween the diiid ]>ressures on the outside and inside, 

f^dr 

namely, <(?. Houee, (iP=- — . Again, by Bernoulli’s theorem, 


namely. 


Houee, 


<iP= 


^ P + dP , {v + dof 
w 2g 


+ , which gives the result 


Substituting for ci?P its value ^ ? the result vdr-{-7'dv — 0 is obtained. 

Hence cr — constant, and v varies inversely as r as in the radiating current. 
It follows that the law of variation of j^ressure will also be the same as in 
the radiating current. 

379. Free Spiral Vortex. — By superposing on the fluid particles the 
motions of a radiating current and of a free circular vortex, a free spiral 
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vortex is produced. Let A (Fig, 722) represent a fluid particle in a free 
circular vortex whose axis is O. Let AC at right 
angles to OA represent the velocity of A in the free 
circular vortex. Again, lot A represent a fluid par- 
ticle in a current radiating from O. Let AB on OA 
produced represent the velocity of A in the radiating 
current. If the two motions be combined, A will 
have, when in the position conshlered, a velocity 
represented by AD, a diagonal of the rectangle BC, Since 
AC - AO == a constant, and AB • AO = a constant, 
it follows that AC/AB — a constant — tan 6. Hence the path of the fluid 
particle will at every iiistiint make the constant angle Q with the radius 
drawn from the parti<]c to the axis, and this is a property of the 
logarithmic or equiangular spiral. 

380. Whirling Liquids. — Let a cylinder of radius r (Fig. 723), con- 
taining a liquid, revolve about its axis YY^, which is vertical, with an 
angular velocity o). Ijct P be a point on 
the free surface of the liquid, and let w 
be the w^eight of a very small portion of 
the liquid at P. Consider the forces acting 
on the liquid at P in a vertical plane con- 
taining P and the axis YYj. Tliere is the 
weight m acting vertically downwards, the 
centrifugal force Q acting horizontally, and 
the fluid ])ressure p, wliich must be jier- 
pendicular to the free surface of the liquid, 
and which must balance the resultant R 
of Q and n\ Let the horizontal through P 

meet the axis at N, and let the line of action of B meet the axis at G. 




Pig. 722, 


w GN w wg 

Q = -a)4 N, and ^ 



Hence GN, the sub-normal of tlie free surface at P, is a constant, and 
therefore the free suifaco is a paraV^oloid, and the section of the free surfacci 
by a plane containing the axis YYj is a parabola. 

The eejuation t<) the parabola, taking tli(' axes as AX and AY, where 
A is the vertex, is (Art. 1 1, p. 10) .c- “4n//, where a is the focal distance 
of the vertex, PN = and AN = //. Now in a parabola the sub-normal is 
constant and equal to the semi-latuj rectum. But the somi-latus recitum 
is the value oi x in the equation = when = therefore GN --2a, 


but GN = “ T, , therefore 2a =* , 


and the equation to the parabola is 


o 


‘ki 



If Ji is the height of the cup, then h — . 

The volume of a paraboloid is half the volume of tho circumscribing 
cylinder, hence the volume of liquid in the cylinder above the level AX is 



'If CD (Fig. 724) is the level of the liquid when at rest, then 
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irr^h 




g— , and therefore A == , which shows that the depth of 

A, the bottom of the cup f>elow the original level of the liquid, is pro- 
portional to the square of the angular 
velocity. 

When the top of the cup reaches the top 
of the cylinder, as shown by the dotted 
parabola in Fig. 725, Aj = 2^j, whore is 
the depth of the original level of the liquid 
below the top of the cylinder. 

Suppose now that the tojj of the cylinder 
is closed, and that the angular velocity 
is still further increased. The cup will 
still be a paraboloid. Let the total depth 
of the cup be now , and its greatest radius 

; then, since the volume of the cup of height must be the sa.nic as 

7i u? 

that of the cup of height , Ti^r^ = or Jr-, but y. therefore 



Fio. 724. 




= ‘iV^ and 


Vx 




where co^ is the angular velocity. This 



FTC. 725. 


shows that aftt*r the cup touches the top of the cylinder its total depth is 
directly proj>ortional to the angular velocity. 

The preceding investigation gives the 
theory of a well-known instrument for 
inrlicating the s})ecd of revolution of a 
shaft at any instant. The cylinder contain- 
ing tlie licjuid is made of glass, and the 
spindle upon wdiieli it is mounted is geared 
to the shaft whose speed is required. A 
graduated scale placed l»esi<le the cylinder 
sliows the sj^eed at a glance by indicating 
the 2 )osition of the vertex of the ]jaraboJoid. 

From the level CD to tlie level EF (Fig. 725) 
tlie graduations of the scale are une^iual, but bdow the level EF they 
are e(iual. 

Another ]>roblein on wdiirling liipiidsmay be considered here. A tube 
AB (Fig. 726), of length 2r, closed at both ends and full of liquid, revolves 
with its axis in a horizontal plane about nn 
axis bisecting the axis of tlie tu])e witli an 
angular velocity to. It is required to find tlie 
pressure exerted by the liquid on the ends of the 
tube. Let a bo the area of the cross section oi 
the tube, and /t?tlie weight of a unit of volume 

of the liquid. Consider a small portiem of the liquid between two planes 
perpendicular to the axis of a tnlx) ami at a distance apart equal to dx, and 
let the distance of this portion of li<piid from the axis of revolutjon l>e ,r. 

. wadxio^x 

The centrifugal force exerted by this position of liquid is — » 


a: 




IB 


k-JC-H 
Fun 720. 


and 
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the total force tranatnitted to each end of the tube will be 

(**■ wadxufix __ wcuifi j**' j vxm^r^ 

Jo ^ Jo 


^9 


and the intensity of the pressure will be • 

^381. Tor^elli’s Theorem. — Fig. 727 shows 
liquid with issuing at a depth h below the 


free surface the liquid and at a height above 
a datum line AB. 

Let Pq be the pressure of the atmosphere, and 
V the velocity of the liquid as it leaves the orificie 
and issues into the atmosphere. At the free sur- 
face of the liquid in the tank the potential energy 
is the pressure energy is and the 

kinetic energy is zero, per pound of liquid. The 
pressure of the liquid in the jet is P^, and its 
pressure energy is therefore the potential 



the 
energy is 

of energy due to friction be neglected, then 


energy is and the kinetic 


Fro. 727. 
per pound. If the loss 


-h /ij + + 0 = /q + 

w ^ 


4 - , and therefore h • 


V‘ 


i2 


^9' 


That is, the velocity of the issuing liquid is that w^hich a body would 
acquire in falling freely from rest under the action of gravity through a 
height equal to the depth of the orifice below the free siurface of the 
liquid. If the jet bo directed vertically upwards, as shown to the left in 
Fig. 727, the liquid will rise to nearly the level of the free surface of 
the liquid in the tank. It will not quite reach the level of the free 
surface of the liquid, on account of the air resistance and the friction of 
the liquid on the sides of the orifice or nozzle. 

If the jet enters into a second tank (Fig. 728) in which the liquid 
stands at a height h,, above the jet, then the pres- 
sure of the liquid in the jet is and if v 

is its velocity, the total energy of the jet per 


pound of liquid is h. -f 

w 

fore, neglecting friction, 


4 - , and as be- 


7 1 . r. 7 Po + w^A, 

+ + 0 — 1 + ^ "1" o , ’ 

^ 'in 1 w Zg 


and therefore h — = , which shows that 

zg 

that due to a head equal to 


the 
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velocity is that due to a head equal to the 
difference of level of the liquid in the two tanks, and is independent of 
the depth of tlie jet below free surface of the liquid in the second 
tank. 

In like manner it follows that if the jet enters a vessel in which 
there is -a partial vacuum, such as a steam-engine condenser, the head 
due to the pressure in this vessel will be negative and equal to, say, - , 

then 7i + /lo == — • 

» 2g 
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382* lnfluencd of Velocity of Approach, — In the preceding Article 
the total energy per pound of the water at the free surface in the tank in 

p 

Fig. 727 was assumed to be A + + the water being assumed to be 

at rest. But since the water is leaving at the orifice, the water in the 
tank above the orifice must have a downward velocity, called, the vdmity 
of apj)roar}L Let a denote the area of the cross sectio;^f the jet, and 
A the area of the free surface of the water in the tanlg^en ifv is the 
velocity qf the jet, and V the downward velocity at the free surface in 

p y2 

the tank, the energy per pound at the free surface is 7i + A, + 

A on 2g 

hence 


p ^2 

and the energy of the jet per pound is li^ + — + — 

+~: + o“ + A from whicli — 

^ w 2g ^ w ItjA^ 2(j ^ 


w 

also V='f 
A’ 



Fig. 729. 

‘ value of 


Generally a/A is so small that may be neglected. 

if 383. Flow through Sharp-edged Orifices. — When water issues 
through a sharp-edged orifice (Fig. 729) in the side or bottom of a tank 
it is found that the jot contracts to a minimum section, called the 
eonfrarhrl section or vmn contraeia, which is a little distance in front of 
the oiifice. This contraction of the jet is due to the fact 
that the water particles in approaching the orifice are not ‘ 
moving in parallel lines. For a circular (^ifico the 
distance of the contracted section in front of tli(‘ sharp edge 
of tlie orifice is about half the diameter of the orifice. The 
ratio of the area of the contracted section of the jot to the 
area of the orifice is called the coffticiPM of contrarUon. If 
A is the area of the orifice, a the area of tl.e contracted 
section, and k the coefficient of contraction, then a = kA, Th 
/rfor sharp-edged orifices may be taken as ()'6r‘l, but it varies slightly with 
the shape of the orifice and the head of water. The value of k in 
different cases may be determined from direct measurements of the jet. 

On ac(.*ount of friction the veloc ity o f the water at the contracted 
section of the jet is less than J2gh, given by Torricelli's theorem 
(Art. 381), and the ratio of the actual 
velocity to the theoretical velocity is called 
the confident of velocity. If v is the actual 
velocity, and r the coefficient of velocity, 
then c J'lgh, An average value c is 
about 0-97. The value of c may be found 
from observations on the path of the jet 
(Fig. 730), If the face of the* orifice is 
vertical, then in t seconds a particle of water 
will travel a horizontal distance x^vt from 

it will in the same 

= ^ — = 4f;^A and c -= • 

y g ^ ^Jhy 

the equation that the path of the jet is a parabola Vhose 



the contracted section,, and 


y — Hence 


Fig. 730. 

time fall a distance 
It will be seen from 
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vertex is at the contracted section, and whose directr& is horizonta 
at a distance c^Ti above the vertex. 

If Q is the actual volume of water flowing through the orifi 
second, then Q - a?; ~ Me =* CA J2ghj where C (which is ecit 
ek) is called the coe^lcient of diacharye^ and is the ratio of the acitut 
^harg| to the theoretical discharge. By the theoretical disch?^ - - 
meant the discharge neglecting friction and the contraction of th' 

The coefficients /»:, c, and C are called the hydraulic coeffici 
an orifice. The coefficient C is the one which is of most import ^ 
practice, and it is the one which is most easily detennined by 
measurements. Taking h = 0‘63, and c ^ 0*97, then C == 0'63 x 0*97 ~ U‘o i, 
which agrees with the mean value of C, as determined directly from 
numerous experiments with sharp-edged orifices. 

384. Miner’s Inch. — In selling water in mining districts the water 
is frequently measured by deliverifig it tl^rough re<*,tangu]ar orifices 
under a small but constant head. The inch is the quantity of 

water delivered per minute through^ an orifice 1 inch square, in a vertica^ 
pl^ale, under a head which varies in different localities from 6 to 
ii^hes, measured to the centre of the orifice. With a head of 6j inch 
measured to the centre of the orifice, the minor’s inch is equivalent 
about 1 \ cubic feet of water per minute. 


385. Entire and Partial Suppression of Contraction of Je\ 

Fig. 73r‘'fehows the form of the jet issuing through a sharp-edged oriti.. 
in a plate, the thickness of which is such 
that its outside face is in the piano of 
the smallest section of the jet. The 
sjjaco shown in black is the empty space 
between the surface of the orifice and 
that of the jet. It is obvious that if 
the space shown in black be tilled up, 
or if the orifif e be sliajied to the natural 
form of the jet within the plate, tlie 
smallest diameter of the jet will then bft 

e same as the smallest diameter of the orifice, and tlie coefficient of con- 
traction will become unity. 

Hounding the inside edge of the orifice to a greater or less extent, as 
shown in Fig. 732, wall evidently have the effect of diininisliing the con- 
traction of the jet, and therefore of increasing the coefficient of contraction. 

An orifice which is to be used for tlni irioasiirement of the water 
delivered by it should be sharp edged and of the form shown in Fig. 729, 
because the cc>efficiont of contraction for an orifice with a rounded edge is 
uncertain, varying with the amount of rounding. 



Fio. 


Fjo. 7:52. 


386. Loss of Energy or Head.— When water*' is discharged through 
an orifice under a head 7^, it has lieen shown that the actual velocity at 
the vena cemtracta is equal to r where c is the coefficient of velocity. 

The (inergy qi 1 lb. of water at the contrarfa is therefore equal to r^/?. 
If the water lost no energy in. reaching and passing through the orifice, its 
CTu^rgy at the veiiia ^ontrarta would be h. The Ions of energy per lb. 
of water is therefore 7/- - This is also the expression for 

the loss of head., that is to say, the head which would jjfroduce the actual 
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>“icity e there iirere no/^^tion, is less than the actual head 

jhe amount A(l-c2). The mtio = is called the 

2 * c^h 

n^imt of resistance for the orifice. 

M7. Drowned or Submerged Oriflces,~It was shown in Art. 381 

tail 728) that when the w^ater stands above the orifice on bot# sides, 

of Active head to be used* in calculating the velocity through the 

neglecting friction, is the difference between the levels on the two 
.o^This is also the head to be taken in^ calculating the discharge 
a drowned orifice when friction and thlij: contraction of the jet are 
considered, but it lias been found by experim^t that in the case of a 
drowned sharp-edged orifice the coefficient of discharge is slightly less 
(about 2 per cent.) than when the discharge is directly imto the 
atmosphere. 

v,^> 388. Time of Flow through an Orifice for a given Change of 
Water Level in a Vessel. — Let a be the area of the orifice, and k its 
coefficient of discharge," 

The simplest case (Fig. 733) is where the level changes from to 
D, the water flowing in under a constant head h. Let V denote#*^he 
luiTie of water ABCD. The discharge through the orifice jier second is 
and therefore the time in seconds to dischaige the quantity V is 

A common case is that in wdiich the level is to be raised worn AB to 
CD (Fig, 734), the water passing through an orifice at O, the level EF 



of the water on the inflow side being at a constant height above O ; or 
the level is to be lowered from AB to CD (Fi^ 735), the water 'j)assing 
through an orifice at O, J;he level EF the water on the outflow side 
being at a constant heighjJ* above (), When the free surfa4^ of the water 
in the vessel is at a distance p from the level EF, let its ami be Y. In 
tlie time dt let y change tq y - dy, then 


ka ■ dt = Ydy, Hence t 


f 


where t is the time requii^ to change the level from i\B to CD. In 
practical cases the vessel ABCD is generally either a^^jvertical cylinder or 

. ‘ ^ 2A 

a vertical prism, and Y is a constant == A; then t-( - f}C), 

ka si 

2 p 
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Upper 

Reach. 



-Lock Gatesr-M 


Lock. 


\ Lower 
l^eaefe. 


Fig. 


An important application of the foregoing formula is to the filling 
emptying of a^can^ lock (Fig. 736), The upper and lower reaches oi 
the canal may be assumed to have 
constant l€vel| during the operation 
of filling or emptying the lock. When 
the gates are shut, communication 
between the lock and the upper or 
lower reaches of the canal is cither 
through sluices in the gates themselves, 
or through culverts in the walls of 
the lock. 

♦ In the foregoing cases the head 
on one side of the orifice has been 
assumed to bo constant, but when one vessel of limited capacity discharges 
into another, the level in the second rises as the level in the first falls. 
Assuming that the vessels (1) and (2), 

Fig. 737, have vertical sides, let A and 
B denote the areas of the free surfaces 
of the water in (1) and (2) respectively, 
and let the level in (1) fall from CD 
to EF by discharging into (2) through 
the' orifice O below the level KL of the 
water in (2). 

When the free surface of the water 
in (1) is at the height y above KL, 
the level in (2) will have risen 
through the height t/ such that 
A(H~y) = B?/'. In the time dt let y 



change to y - <///, then 
■ dt = My, but y - ^ = , 


therefore 
dt = 

Hence 


A ? • dy 


V(A f ,i,, -- AB " V 


ka- V2irJ 


2 K /B r ^ 

- (A + BKayaj, I + B)* - ah}. 

When the level has become the same in l^th vessels, It will become 

2AB jn 


Ji. = j and then / = ^ 

® + B)/i:a ,j2(j ' 

^^399. Large Rectangular Orifices. — When the orififfj in the side 
of a vessel is small compared with the head of water over it, the head 
may be assumed as the same for all parts of the orifice ; but when the 
orifice is so large that this assumption involves serious error, the formula 
for the discharge must be determined by taking into account the variation 
of head. 

Large orifices are generally rectangular. Consider a rectangular 
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orifice (Fig. 738) of breadth h, the upper and lower edges being at depths 
and \ helow XX, the free surface of the water. Consider a narrow 
horizontal strip of the orifice of depth dy at a depth 
y below XX. Neglecting contraction and all losse^ 
the discharge through this strip is d(i — hdyJ2yy^ 
and the theoretical discharge through the whole 
orifice is 

Q = >J^Gy=h - 7*l). 

Tf it may be assumed that the coefficient of discharge k is the sarnie 
for all values of b, and then the actual discharge is 

Experiments on the fiow through large vertical rectangular orifices 
however show that k dei)ends on the proj»ortioiis of the orifice, and also on 
the head of water over it. An approximate average value of k is 0’62. 
t/ 390. Rectangular Notches or Weirs. — If the head \ over the 
rectangular orifice of tlie preceding Article is zero, the orifice becomes a 
redan (jvlcr nofrh or wdr (Kig. 739) ; and if the foi mula of the preceding 
Article still applied, tlic discharge- would be given by the expression 
yzh J2n • where h tiikes the place of This expression may be used 
in determining the discharge tljrough a rectangular notch if the value of 
the (•( 4 <'fficient k is kno\Mi with sufficient certainty for the particular notch 
to whicli it is applied. 

When the vertical edg(\s of the notch project into the stream, as in 
Fig. 739, the notch or weir is said to have end contradiom. In Fig. 



Fig. 738. 



Fjg. 739. Fig. 740. FiO- 741. 


739 the weir has two end contractions. In Fig. 740 there is only one 
end contraction, and in Fig. 741 there are no end contractions. 

Ill a weir with no end contractions, called a suppressed weh\ the 
width of the outflowing stream is uniform, and the discharge is directly 
proportional to the width, and is given by an ex- 
pression t)f the form To pievent any lateral 

spreading of the stream as it flows over a suppressed 
weir, the sides should be prolonged, as shown in 
Fig. 742. 

The effect of an end contraction is to reduce 
the effective width of the stream through the weir, 
but the influence of the end contractiou only extends over a limited 



Fia. 742. 
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width b ,2 of the weir, and the discharge over this portion is given by aM. 
expression of the form The width will depend on the height 

and may be written \ « mh. Hence for a weir with n end contractions, 
where n is equal to 2, 1, or 0, 

Q ==: ~ (^ 1 ^ — nk^mh + nl\%pi1i)k^ 

= {k^b - - k^mh}h\ -- a(b - n(ih)h^^ 

where a and are constants to be determined by experiment. 

The above formula Q — a(6 - n/3h)h^ is known as Francia^s formula^ 
and although it was first derived empirically from exj>eriinents, it 
will be seen from the foregoing that it has a rational basis. This 
formula is sometimes called the Lowell formula^ from the fact that 
the experiments upon which it was founded were conducted at Lowell, 
in Massachusetts. The experiments of Francis were made on weirs 
from 4 to 10 feet long, with heads varying from 0’6 to 1*6 feet, 
and the mean values of the constants a and /3 w^ere found to be 
3*33 and 0*1 respectively. Francis’s formula may therefore be written 
Q = 3‘33(f>~0*l7ifeM . 

The head h in the discharge forinulm for weirs given in this Article 
is usually taken as the head measured from the crest of the W'e^ to 
the still water level just above tlie wMr, as sliown in 
Fig. 743, and not as the de])th over the crest. Generally 
the upper surface of the water drops and curves slightly 
before reaching the weir. In the experiments of Francis, 
the head was measured from the crest to the level of 
the water 6 feet above the weir. 

The effect of velocity of approach is considered in the next Article, 

391. Velocity of Approach in a Stream. — When the water in the 
stream has velocity before it reaches the weir, this velocity is equivalent 
to an additional head at the weir. In order that 
the water in a stream may flow, its upper surface 
must slope downwards in the direction of motion, 
and the effective head at any point, neglecting 
friction, must bo measured to the level of still 
water up-stream. Fig, 744 shows a longitudinal 
section of the stream in the neighbourhood of the 
weir, and the horizontal line XX is the still water 
level up-stream. The height ^ is the additional head due to the 
velocity of approach. 

Reasoning, as in the three preceding Articles, it follows that the 
ordinary formula Q — ‘jkh J2g • velocity of ai)prc)ach being neglected 

becomes Q = %kl) - Af} when velocity of approach is con- 

sidered. 

Also Francis’s formula becomes Q = 3*33(?^ - 0* 1?^A){(A +■ Ao)5 - Af} 
when velocity of approach is considered. 

Since ho is generally small compared with Ah-Aq, the term ^ is often 
neglected, and the ordinary formula then becomes Q,~%kh J2g(li + hQ)\ 
and Francis’s formula becomes Q = 3;3(Z) — Q *l 7^A)(A + 

When it is not convenieut'To measure Iiq directly, the velocity ,of 
approach Vq may be computed approximately as follows. Let A denote 
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the area of the cross section of the stream above the weir* Calculate 
Off the discharge over the weir, neglecting velocity of approach, then 

2 

approximately, and = 

t/392. Triangular Notches. — A triangular or V notch has one great 
advantage over the rectangular notch. In the former the linear 
dimensions are in a fixed ratio to one another, whatever be the depth of 
water in the notch, and it follows that the 
cross sections of the issuing streams will be 
similar, and the coefficient of contraction there- 
fore constant. 

Let the edges of the notch (Fig. 74e5) have 
equal inclinations to the vertical, and let the angle 
between them bo 20. Neglecting in the. first 
instance the contraction of the jet and the effect of friction, consider a 
strip of the notch at a depth y and of width dy. The length of this 
strip is 2(h - y) tan 0, its area is 2{h - y) tan 0 - dy, and the velocity of 
the water through it is >J2gy. Hence 

d(^ = 2(Ji - y) tan 0 - d^ J2yy = 2 tan 0 
and Q = 2 tan 0 ~ V^y^V — 2 tan 0 J2g{%h^ - 

= tan 0 J2g • JA 



Fig. 745. 


If k is the coefficient of discharge, then the actual discharge is 
Q = ^/»: tan 0 J2g • JA 

The late Professor James Thomson found A™ to be 0’617 ; taking this 
value of A:, and making 2^^ = 90^, which is the usual angle of the notch, 
Q = 2-64W-2j^yA, 

393. Partially Submerged Orifices. — When a rectangulai^ orifice is 

partially submerged, as shown in Fig. 746, the orifice may 
be considered as made up of two parts, the upi)or of depth 
Ao - liy - h', and breadth h divschftrging into the atmosphere 
under a head ’varying from Ag — A' to A|, and the lower of 
depth A' and breadth h fully submerged and discharging 
under a constant effective head 7 / 2 Let Q| and 

denote the discharges from these u])i)er and lower parts 
respectively, then, by Articles 389 and 383. 

Qi = and Q2 = hbh' 

The total discharge is + Q^* 

394. Drowned Weirs. — A weir is said to be drowned (»r suhnsrged 
when the tail water level is above the crest of the weir, as shown in 
Fig. 747. The formulae of the preceding Article 
may be applied to a drowned w^eir by putting 
Jf^ — 0 and changing A^ to A, then the discharge 
over the weir is 

Q = Q, + Q 2 = |*A jTgih - hy + kbh^ 

= Ikh sj2gih - V) (Ji + wy 




Fig, 74C. 


Fig. 747. 
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Exercises ZXVHIA 

1. A pipe whose axis is horizontal is full of water in motion. At a section A 
the velocity of the water is 300 feet per minute, and the pressure is 20 lbs, per 
square inch. The pipe tapers gradually from 6 inches diameter at A to 4 inches 
diameter at B. Assuming that there is no loss of energy between A and B, 
determine the pressure of the water at B. What must be the diameter of the 
pipe at B if the pressure there is reduced to 4 lbs. per square inch ? 

2. A horizontal tube is tapered slowly from a diameter of 15 inches to a 

diameter of 6 inches. Neglecting friction, calculate the difference in the 
pressures in lbs. per square inch at the two sections when the discharge is 
60,000 gallons per hour. [Inst.C.®.] 

3. The diameter of a pipe gradually changes from 8 inches at a point A, 40 
feet above datum, to 5 inches at a point B, 20 feet above datum. The pressure 
at A is 30 lbs. per square inch, and the pipe delivers water at the rate of 5 cubic 
feet per second. Neglecting friction, find the pressure at B. 

4 . A conical pipe varying in diameter from 4 feet 6 inches at the large end 

to 2 feet at the small end forms part of a horizontal water main. The pressure 
head at the large end is found to be 100 feet, and at the small end 06*5 feet. 
Find the discharge through the pipe, [Inst.C.E.] 

6. A Venturi water meter is 15 inches diameter in the main and <» inches 
diameter in the throat. The difference b(‘twocn the pressures of the water in 
the main and in the throat is y‘2 inches of mercury. Find the discharge in 
gallons per minute. (Specific gravity of mercury, 

6. In a particular Venturi water meter the diameter of the main is 3 feet, 
and the diameter of the throat 1 foot. Q is the number of gallons of water 
delivered per minute, and k is the effective head, in inches of mercury, in the 
gauge showing the diflerence between the pressures in the main and in the 
throat. Taking the specific gravity of mercury as 13-56, find the numerical 
value of the constant c in the foimula Q for this meter. 

7. , Define and describe ‘ ‘ forced ” and “ free ” vortices. A glass tube 2 inches 
diameter, open at the top, containing a liquid, rotates about its axis, which is 
vertical, at 700 revolutions per minute. What is tlie dejuession of the lowest 
point of the surface below the surface of the liquid when at rest ? [U.L.] 

8 . A glass tube, internal diamei.cr 2 inches, find lengtli 12 inches, has its 
axis vertical ; it is closed at both ends, and contains a liquid \vhic,h fills three- 
fourths of the volume of the tube. The tube i.s made to revolve about, its axis. 
Find the speed of the tube in revolutions per minute (1) when th<j top of the cup 
formed by the liquid is at the top of tlie tube, (2) vvlum the bot.iom of the cup 
is at the bottom of the lube. Construct the ^peed scale, the gradations to show 
speed increments of 10 revolutions per minute. 

9. A glass tube 3 feet long, of uniform cross section, bent into the form 
of three sides of a square (Fig. 748). and half filled with water, 
rotates uniformly about the axis of one of the parallel limbs, 
which is vertical. Find the angular velocity if the ol.her 
vertical limb is half full of water. 

10. Neglecting the efl’ect of friction, with what velocity 
will water flow through an orifice in the shell of a steam 
boiler at a point 30 inches t>elow the w'ater level wlien the 
steam pressure gauge indicates 40 lbs. per square inch ? 

11. Water under a pressure <^t 7 lbs. per square inch is fed 
into a tank containing w^ater to a depth of 15 feet through an orifice in tlie bottom 
of the tank. Neglecting friction, find tlie velocity of flow through the orifice. 

12 . A jet of water under a head of 3 feet (*nfers a condenser where the 
absolute pressure is 5 lbs. per square inch. If the pressure of the atmosxfiiere 
is 14-7 lbs. per square inch, find the velocity of the jet, neglecting friction. 

13 . A vertical pipe of 3 inches bore con<.ains w^ate.r which runs out through 
an orifice at the bottom of the pipe. The diameter of the issuing jet is J inch. 
Neglecting friction, determine tlie velocity of the jet, in feet per second, when 
the head of water in the pipe is 1 0 feet, (i.) neglecting the velocity of approach, 
(ii.) taking the velocity of approach into account. Construct a curve showing 
the relation between the velocity of the jet and the head of water over it, 



Fio. 748. 



GENERAL PRINCIPLES OF, HYDRAULICS 466 

neglecting the velocity of approach, for valnes of the head between 10 feet and 
1 foot. 

14. The following results were obtained during an experiment to determine 
the quantity of water which would be discharged through a small circular orifice 
in the side of a tank. The diameter of the orifice, which had sharp edges, was 
1 inch: — 


Number of experiment .... 
Duration of exf>criruent 

Actaal discharge ..... 
Head of water above centre of orifice . 

minutes 
. lbs. 
inches 

1 

15 

576 

1*5 

2 

15 

660 

2-0 

1 

3 

15 
733 
2-5 ; 

4 

16 

827 

3*27 

Number of experiment .... 


5 

6 

7 

8 

Duration of experiment 

minutes 

15 

15 

10 

10 

Actual discharge ..... 

. lbs. 

915 

ion 

737 

788 

Head of water above centre of orifice . 

inches 

4*01 

5*0 

6-0 

7-0 

1 


i*lot on squared paper a curve to show the relation between the discharge 
in lbs. per minute and the head of water above the centre of the orifice. Prom 
your curve determine the discharge in gallons per hour when the head of water 
was r>^ inches. 

Plot also on squared paper a curve to show the relation between the discharge 
in lbs. per minute and the square root of the head of water above the centre 
of the orifice. Prom your curve, what would you consider the relation to be 
between the quantity of flow and head ? 

Determine for each of the experiments in the above table the “ coefficient of 
discharge ” for this orifice, and plot a curve to show’ the relation between 
“ coefficient of discharge” and head of water. [B.E.] 

15. Water flows through a sharp-edged circular orifice 0*3 inch in diameter 
in the side of a t ank. The head of water above the centre of the orifice is ^ feet. 
The jet passes t hrough a ring whose internal diameter is slightly larger than 
that of the jet, and the centre of \his ring is found to bo 48 inches horizontally 
and 13T inches vertically fiorn the centre of the irna contracta. In .^minutes the 
weight of water discharged is 1)0*2 lbs. Calculate the coefficients of discharge, 
velocity, and contraction for this orifice 

16. If the miner’s inch is defined as the flow through an orifice 1 inch square, 

in a vertical plane, under t.ho liead of fij inches measured to the centre of the 
orifice, and if the flow is found to bo cubic feet per minute, what is the 
coeflicient of discharge? • 

tUl7. A tank 10 feet square and 10 feet deep has a circular orifice 4 inches 
dianuiter in the bottom, wdiich may be regarded as a thin plate. Water is 
admitted to the tank until it is full, and is then shut off. In how many seconds 
will the tank be empty ? ■ . ' . , ^ [Inst.C.E.] 

t 18. A rect angular chamber 120 feet square contains 15 feet depth of water, 
which is allowed to flow out through a vertical rectangular orifice 2 feet by 1 
foot, Uie top of w’hich is level with the floor of the reservoir and tail-water. ^ 
Calculate the time it will taki* to empty. ", [Inst.C.E.] 

19. Two chambers wdth vertical sides, each 50 square feet in area, are 

connected by means of a rectangular sluice, 3 feet by 2 feet, near the bottom. 
One chamber contains water to a depth of 25 feet, and the other a depth of 
10 feet. If the sluice is opened, find how long it will be before the water is 
at the .same level in the two chambers. [Inst.C.E.] 

20. Find the answer to t.lie preceding exercise when the chamber in which 
the dc])th of the water is 10 feet has an area of 80 square feet instead of 50 
smiare feet^, the other particulars Ixdng the same. 

21. A hcmisx)herical cistern is 20 feet in diameter, and it is full of water. 

How many minutc.s will it take to lower the depth of tlic water 5 feet, if the 
water escapes through a 3-inch diameter sharp-edged hole in the bottom of 
the cistern 7 The coefficient of discharge for the liole is O tiO. [U.L.] 

22. A cylindrical tank 2 feet in diameter and 6 feet high is full of wat or. 
On opening an orifice 1 inch in diameter in the bottom of the tank it is found. 
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that the water level is lowered 4 feet in 4 minutes. What is the coefficient 
of discharge ? ^ 

23. A weir 20 feet long has a head of 15 inches above the crest. Taking the 
ooeffloient A;=0*6, calculate the discharge in cubic feet per second. 

24. Assuming tliat the weir of the preceding exercise has two end con- 
tractions, calculate the discharge, in cubic feet per second, by Francis’s formula. 

25. A rectangular weir with one end contraction is required to discharge 
5(^,000 gallons of water per hour with a stiH^atcr head of 10 inches* Deter- 
mine the necessary lengt.li of the weir. Use Francis’s formula. 

26. Find the quantity of water which will flow through a notch 9 feet 

long, the head of water over the sill being 10 inches, and the area of the apjj^oh 
channel being 30 square feet. JlnstJO^} 

27. Water flows from a pond over a weir 10 feet long, to a depth of 10 incblf'; 

it then flows along a level rectangular channel 8 feet broad, and over ass#o»d 
weir the width of the channel, it-s crest being 1 foot above the bottom. ' Find 
the depth of the water over the 8-foot weir. [Inst.C.E.] 

28. What are the advantages and disadvantages attending the use of the 
V-gauge notch, and for what purposes is it specially suitable? The still- water 
surface level is at a height of 15*5 inches above the bottom of a right-angled 
V-gauge notch. Calculate tlie discharge in cubic feet per second, taking 0*6 as 
the coefficient of discharge. 

29. A measuring weir is constructed with a (K)° angular notch, the edges 

being bevelled to 45"* on the outside to a nearly sharp edge. Give the formula 
you think best for the di.schargo over such a weir, and apply it to calculate the 
discharge in gallons per minute when the water, depth above the apex of the 
angular notch is 9' 3(1 inches, and the water level 5 feet back from the weir 
is found to be 0'93 inch above that of the weir. [Inst.C.E. | 

30. A triangiila'r notch, having an angle of 90 degrees, is used to measure 

the flow of a stream. Read- 

ings at intervals of 1 hour | 

are taken, as shown in the Reading 1 2 | 3 4 

table. 1 

Dcaw a curve showing Head, in inches 4 5 ] fl 7 

the rate of discharge at any ' 

time, and show liow you " - - - . - 

would detoruiino the discharge between the time of the first and last readings. 

[Inst.C.E.] 

31. Water flows over a rectangular notch 3 feel- wide to a depth of G inches, 
and afterwards passes through a tiiangular right-angled notch. Find the depth 
of water through this notch. The eotdfieients of discharge for the notches are 
to be taken as 0*()2 and 0 59 respectively. 

32. A weir at the edge of a pond is fi fe^sl wide. The crest of the weir is 
d inches below the water level of the pond, and 3 inches below the tail-water 
level. Compute the discharge over this weir, in gallons per hour, if the co- 
efficient of discharge ^" = 0’58. 

395. Loss of Energy or Head due to Sudden Enlargement of 
Pipe. — Let a straight horizontal pi^ic (Fig. 749) suddenly enlarge in 
cross section from an area at A'B' to an 
area a. In passing from the pinallor to the 
larger part of the pipe the stri^am lines will be 
disturbed, and eddies will be formed as shown, 
but at some distance forward in the enlarged 
part of the pipe the motion will again become 
steady and the stream lines jiaralhd. Where 
the eddies form there is a churning of the 
water, and a consequent loss of energy. 

’ Consider a portion of water lietween the 
sections AB and CD, the motion being steady 
at these sections. Let this mass of water move forward to the position 
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A'B'D^C' in t seconds. Let the ^pressure and velocity at AB be P^ and 
and let the pressure and velocity at CD be P and Experiment has 
shown that in the enlarged part of the pipe where it joins the smaller 
part the pressure is the same as in the smaller part, namely, Pj. 

The forces urging the mass of water ABDC forward are, at AB, 
and Pj(a on the annular surface between A'B' and EF. , The force 
retarding forward motion is Pa at CD. Hence the resultant force 
on AB|>C in the direction of motion is P^a^ 4* Pi(a - a^) - Pa = (P^ - P)a. 
The, insulae of this force is (Pj — P)a^, which must be equal to the change 
in momentum of the mass of water ABDC in the time t seconds^ 
But aince there is no change in the momentum of the mass of water 
between the sections A'B' and CD, the change in the momentum of 
ABDC must be equal to the difference between the momenta of the 
masses AA'B'B and CC'D'l), that is, the change in the momentum of 
a mass equal to v^a^t=^rat. Hence 


(Pj — P)a^ = therefore 


Pi 


-V v, V 

... = ^(v - ?;j), 

to 


from which it follows that 


Pi v; 


'-^+S-+ 


„3 

■2<f ro' 2y ' 2g 
But if there had been no loss of energy in passing from the smaller to 

"p ^ 

the larger part of the jiipo, Bernoulli\s theorem shows that ^ would 

tv 2p 

p 

have been equal to ~ + therefore the loss of energy due to the sudden 


(«, - w)2 


enlargement of the pjp ^* is 


O’, -i'Y 

iif - 


]ier 11). of w^ator jiassing. 


In the foregoing discussion no account lias been taken of the effect of 
friction, but in the short length of pipe considered the effect of friction 
woulil be very small. 

396. Loss Of Energy or Head due to Sudden Contraction of Pipe. — 

Tn passing from the larger to thc^ smaller ])art of the pipe (Fig. 750) the 
stream follows the contour of the larger part 
almost right up to the smaller part, and then 


contracts to a cross section of 
section AB within the smaller 
less than a, the area of the 
smaller part of the ])ipc. The 


area at a 

j)art, being 

section of the 
loss 


only 


up 


may hero 
the stream 



to AB is due to friction, and 
be neglected. After passing AB 
expands and fills the remainder of the piy)c, as 
from AB to CD there is a loss duo to the sudden enlargement, as 
in the case considercid in the pre<*,oding Article. Using the formula of 
the preceding Article, the loss of energy or head between AB and CD is 


Pio. 760. 

show’n. In jiassing 


2/7 
then ^ 


y’2 /a 
2r;Vaj 




If A* is the coefficient of contraction at AB, 


The coefficient Z' varies with the ratio of a to a^, where is 
the area of the section of the larger part of the i>ipe. If is very large 


a. 
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compared with a, the value of jm is ub mit 0:45^ which makps k = 0*6. If 
10a, the value of m is about 0*36, which makes A — 0'625. 

397. Loss of Energy or Head due to Obstructions in Pipes. — ^An 
obstruction in a pipe> in the form of a diaphragm having a central hole, 
as shown in Fig. 751, is a case of sudden contraction in a pipe, and the 



expression for the loss of energy or head obtained in the preceding 

Article, namely, 1 ) = m— , may be used, where a is the area of 

the section of the pijjc, v the velocity of the water through it, and a^ the 
area of the section of the contracted stream as it passes through the 
hole in the diaphragm. If is the area of the hole in the diaphragm, 
the ratio will de])eii(l on the ratio of a.^ to a. Values of t}t' 

corresponding to various values of are given in the following table 
on the authority of Weisbach : — 


n ' •• 

(Ml 

0-1 

0*2 


I 

0*5 

0*0 

0*7 

! 0*8 

0*9 

m 

: - 

220 

47*8 

1 80-8 

; i 

3*7.5 

J *80 

0*80 1 

0-2tt 

O-OG 


The above values of nt are also approximately true for a sluice partly 
open (Fig. 752). 

For a cock in a cylindrical ])ij>e (Fig. 753), the loss of energy or head 


is also given by the expression . Weisbach gives the following 

values of and w for vaiious values of 6^, a being the area of the 

pipe, and the effective area through tlie cock when turned through the 
angle 0 : — 


6 

5° 

; 10" 

20" 

30" 

40° 

i 45" 

50" 

00° 


a^fa 

0*93 

1 0-85 

0*09 

0*54 

0*39 

^ 0*32 

j 

0*25 

0*14 

0*09 

1th 

o*or> 

1 

1 0-21t 

1 -50 

rrA7 

17*3 

31 *2 

: 1 

52*() 

1 ^ 

200 

480 


398. Flow through a Cylindrical Mouthpiece. — A short pi}>e or 
mouth] >ioce AF (Fig. 754), having a lengtli of from two to three times 
its diameter, projects from tli(‘ side of a tank, as shown. The water on 
onte.ring the pipe converges, as in sluiri)-edg(‘d orifices, to a jet of sectional 
area a, at AB within the inouthj^iece, and then expands until it has a 
sectional area a equal to that of the mouthpiece. 

Let P and v be the pressure and velocity of the jet at EF, and let P^ 
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and Vy be the raess^e and velocity of the jet at AB. P, the pressure of 
the water at EF, will be the same as that of the atmosphere. 

The coefficient of contraction at AB is 


®-i = A, and = 

k 

Between AB and EF there is a loss of energy 
or head (Art. 395) ©([ual to 

(I _ |V 

~~2g~~2y\k )' 

If c is the coefficient of velocity at AB, 
then v^ — c J2<jli, and the energy at AB is 

vl c^2gh 2, 

"2, 



The energy at Kt' is Hence ('Sfe = f.__ ( — ] . 

2 (/ 2<j 2<j\k 

it follows that 


From which 


V = 


c sj2<fh 


vt 


1+ 


=C J%jh, where C = 

\7r “ V / 


V{'^a-:)T 


is the coefficient of velocity and fdso the coefficient of discharge at EF, 
since the jet fills the i)ij>e at EK. 

Taking c — 0*97, and /: = 0*63 for a sliari>edged orifice, 




0*97 




0S36. 


Experiments with memthpioc^es liaving lengths from two to three times 
thcr diameter gave (?==()’82. It sliould be noted that in t)ie foregoing 
investigation tlie eire(‘t of fricti(*n in the jiipe has been neglected, but 
tile liipCs being short, this effect will be small. 


By Bernoulli’s theorem 


'ff- P 7)2 /I 


Hence 


^ ^ ^ ^ ~(\ - 1 Y Inserting for v its value Cj2gh^ ? — ^ Y 

tr ij \k / w \k / 

If a vertical tube be insertc^d into the mouthpiece at B, and its lower 
end be place<l in a vessel open to th(' atmosphere and containing water, 
water will rise in this tube to a height h\ given by the Cfjuation 



Taking c = 0*97, and A^-=()*G3 as Ixfforc, the above reduces to 
/i = 0*82//. By experiment is about |4, which corresjionds to C 0*82, 
and /c — 0*04, 
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Taking the height of the water barometer at 34 feet, then, when 
h! = 34 feet, there will be a perfect vacuum round the jet at AB, and for 
4 X 34 

this condition A = — - — = 45 J feet. For a greater value of A than 


this the jet will break up, and the mouthpiece will not discharge full 
bore. 


399. Borda’s Mouthpiece. — The reason for the contraction of a jet 
issuing from an orifice being that the water entering the orifice flows 
towards it in various directions inclined to the axis of the orifice, it is 
obvious that the greater the angle between the extreme stream lines, the 
greater the contrac|;ion of the jet. In the case of a simple orifice in a 
flat plate the angle between the extreme stream lines is 180°. Evidently 
the maximum contraction will occur when the 
angle between the extreme stream lines is K 
360°, which is the case in Bordah mouth- ^ 
piece. This mouthpiece consists of a thin 
tube projecting into a tank, as shown in 
Fig. 755. The jet contracts within the 
mouthpiece to a diameter LN. Let A be 
the area of the section of the mouthpiece, and 
a the area of the contracted section of the 
jet. Let XX, the free surface of the water 
in the tank, be at a height h above the axis 
of the mouthpiece. The entrance to the 
mouthpiece being removed from the walls of 
the tank, it may be assumed that the motion of the water docs not 
affect the pressure on the walls, which will therefore follow the hydro- 
static law, and, excepting the portion EF of the wall exactly opposite to 
the mouthpiece, the horizontal pressures on the walls will balance one 
another. The resultant pressure on EF is ?/?AA, and this will also be the 
resultant horizontal force on the water entering the mouthpiece. 

Consider the mass of water between XX and LN. Let this mass 
move into the position X'X'L'N' in t seconds, then since the momentum 
of the mass X'X'LN does not alter, the change in the momentum of the 
mass considered is the difference in the momenta of the masses XXX'X' 
and LNN'L'. But the momentum of XXX'X' is entirely vertical, therefore 
the change in momentum in a horizontal direction is equal to the momen- 
tum of LNN/L', and this is due to the action of the force whA, 



The mass of LNN'L' is and its momentum is where v is 

9 ' 9 

the velocity of the water in the contiacted jet. The impulse of the 
force whA is whAt. Hence equating impulse to change of momentum 

ivhAt= -^*^^^,therefore ^ 
g ' A 


But v^^2gh very nearly, therefore 


a 

A 


= I , or the coefficient of contraction for Borda’s mouthpiece is |. 


Various authorities have obtained values of a/A by direct experiment 
varying from 0*515 to 0*555, which confirms the foregoing theory. 

400. Fluid Friction. — Fluid friction^ is the resistance experienced 
when a body moves through a fluid, or when a fljiid moves over the 
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surface of a body. The following laws of fluid friction have been 
established oh the results of numerous experiments by Froude* and 
others. (1) The frictional resistance is independent of the fluid pressure- 
(2) The frictional resistance depends on the amount of surface of 
contact between the fluid and the body, and in general it may be taken 
as proportional to the area of contact surface. (3) The frictional re- 
sistance is proportional to the nth power of the relative velocity of the 
fluid and body, where n is equal to 1 for very small velocities, but for 
velocities which occur in practical hydraulics n varies from about 1*7 to 
about 2'2, and has an average value of 2, (4) At very small velocities 

the frictional resistance is independent of the nature of the surface of the 
body, but at ordinary velocities the frictional resistance increases very 
rapidly with the roughness of the surface of the body. (5) The frictional 
resistance is proportional to the density of the fluid. 
ilAOl. Wetted Perimeter — Hydraulic Mea^ Depth. — That part of the 
boundary of the cross section of a channel or pipe which is in contact 
with the water in' it is called the 

ivetted perimeter^ and the ar ea of the 

c ross section of the streain^diviifeT*^^ 
tlie wetted pe^Fiiheter is catle^J^ 
hWrauUc mean depths or the ny- 
araunc. mean radtus, or the liydrauhc 
radius. In this w^ork the hydraulic mean depth, or hydraulic mean 
radius, will be denoted by m. For example, in a channel of* rectangular 

section (Fig. 756), having a breadth h and depth of water o?, m = 

In a circular pij>e (Fig. 757) of diameter d^ running full, m = 

In the same pipe, running half full (Fig. 758), /.i = =x as for the 

full pipe. 

Some writers restrict the term hydraulic mean depth to channels, and 
apply the term hydraulic rncan» radius to circular pipes. 

402. Usual Velocities of Water in Pipes. — The usual velocity in 
water mains is less than 5 feet per second. 



Fig. 756. Fig. 757. Fia. 758.. 


YVUlVbi Jll AM.M. rw 1.7 1,1., J .. **>.* V ^ y 

in feet per cTis the aiainerer of the pipe in feet. A velocity 

of 10 feerper second IS fairly common in the pipes of centrifugal pumps. 
Velocities greater than 15 feet per second are very unusual in pipes. 
High velocities involve great loss of energy in friction when the pijies are 
long, and since the loss of energy per lb. of water delivered is greater the 
smaller the ])ipe, the velocity should be low^er tlie smaller the pipe. 

(1/ 403. Critical Velocity of Water in Pipes. — Professor Osliorne 
Reynolds made most interesting experiments on the flow of vrater in 
pipes with apparatus roughly shown in Fig. 759. AB is a tank 6 feet 
long, 18 inches deep, and 18 inches wide, containing water. CD is a 
glass tube provided with a trumpet-shaped mouthpiece at C, and pro- 

* For the results of Froude’s experiments see British Association Repm^Ut 
1876. 
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jecting horizontally into the tank from an iron pipe EF at one end. 
Water flows from the tank through the glass tube and thence through 
the iron i)ipe. The iron pipe descends 
vertically to about 7 feet below the 
tank, and at its lower end it is pro- 
vided with a cock, by means of which 
the rate of flow through the glass tube 
CD may be regulated. 759 , 

A glass tube HK communicates 

with a reservoir containing deeply-coloured water and terminates at its 
low^er end in a* pipette, the axis of which coincides willi the axis of the 
tube CD. A jet of coloured water may thus be sent into the glass 
tube CD tf) flow with the water going through that tube. 

At velocities l^elow a certain velocity, called the critical velocity, the 
jet of coloured water travels in a straight unbroken stream along the axis 
of CD, but when the caitical velocity is exceeded the coloured stream 
breaks up within CD, and when photographed with an electric sj)ark it is 
seen that the coloured water is whirling and eddying, showing that the 
motion of the water within the tube is no longer steady and in parallel 
^stream lines, but sinuous or turbulent. 

In the experiments described tabove, the water is still before entering 
the experimental tube. Professor Osborne Reynolds experimented with 
other api)aratus, in wliich he caused turbulent water to flow through a 
long smooth ]npe, and he found that belo^v a certain critical velocity the 
turbuliuit motion became non-sinuons, but this critical veh>city was much 
lower than the critical velocity first referred to. The fijst critical velocity 
is called the higher cntical rcJocity, and the second is called the hnrer 
critical velocity. For exam])le, in a smooth pij)e 1 inch in diameter, with 
tile water at 0° C., the higher critical velocity is about 3 feet jicr second, 
while the lower critical velocity is only about J foot per second. 

The critical velocities vary inversely as the diameter of the pipe, and 
they are lowered by raising the temperature f)f the water. 

For further particulars of Osborne Reynolds^ resear(*Jio.s see thci 
Tramartioni^ of the Royal Society, 188^4, or Dunkerley's llydraulio^, 
vol. i. chap. vii. 



404. Loss of Energy or Head due to Friction in a Pipe. — At 


velocities below the critical velocity, th<i motion being iion-sinuous, the 
experiments of Osborne Reynolds sliowcd that the loss of energy was 
directly proportional to the velocity, dii’cctly ]>n)j»ortional to the length of 
the pipe, and inversely ijroportional to the square of the diamet(?r of the 


pipe, or h' ac 


vl 


where h! is the loss of head, r the velocity of the water, 


I the length, and d tin? diameter of the pi]^e. Rut M'hen the critical 
velocity was exceeded, the motion being then sinuous or turliulent, the 
loss of energy was proportional to the 1‘72 power, (^r nearly as the 
square, of the velocity, directly proportional to the length, and inversely 


proportional to the diameter of the pipe, or h! 


d ‘ 


In [)ractica] cases the velocity is greater than the critical velocity, and 
the pipes in use have varying and uncertain degrees of roughness, so that 



the amount of turbulence in the water ie a varying and uncertain 
quantity. The consequence is that there is no exact theory of the loss of 
energy in practical cases, and the formulae in use are therefore to a large 
extent empirical. 

Experiment has shown that in practical cases the Ibss of energy is 
approximately proj)ortional to the square of the velocity of the water and 
to the amount of the wetted surface, and. inversely proportional to the 
area of the cross section of the stream. The wetted surface is si, where s 
is the wetted [)eriineter, hence the loss of energy is approximately pro- 
portional to where A is the area of the cross section of the stream, 

and ^ reci})rocal of the hydraulic mean radius.* 

2 

The head or energy due to the velocity v is -- , and the loss of head 


1 


2? 


may be w’ritten h' =/ • A • where /* is a coefficient to be determined by 

ex])eriinent, and is called tlio coefficient of friction for the pipe. Iliis co- 
efficient f is not simply a coefficient of friction between the water and 
the surface of the pii>e, but includes a coefficient of resistance due to 
eddying motions in the water itself. 


For a circular i)ii)e running full m — dji, hence A'=/ 


4/ 

If A and B (Fig. 760) are two sections of a pipe at a distance I apart, 
the heights of A and B above datum being and ho respectively, and 
the pi'essures and P^. If the pipe he of iinifoian section, then the 
velocity v will be the same throughout. The total energy or head of the 

to 


water at A is 


w 2(J 


The 


2r/ 

loss 


+ /<], and the total energy or head at B is 


if energy or head between A and B is 


7/=/. 


B 


jn 


A . Hence i t + + 7 £ , = ^3 + + j, 

Ig l(j w 2(j 




and h' — 


r,_- P. 


-f - (// 1 — which suggests the experimental method of 

finding h\ Knowing h', if v is detenuined, / can then be found for the 
particular pi])e experimented with. 

405. Darcy’s Formula. — Darcy found from numerous and careful 
(?x peri men ts on the flow of water in j)ipos up to 20 inches in diameter 
that the (‘oefficient / varied with the velocity of the water, and also with 
the diameter of the pipe. Sinct' the variation in the velocity in ordinary 
cases is comparatively small, its effect on the value of / may generally be 
neglected, but the range of ])i])e diameter in practice being considerable, 

Darcy allowed for it in the formula /==0 '005(^1 4 - ) for new clean 

])ipes, whore d is the diameter of the pipe in^ feet. F or (dd and incrusted 
])i PCS Da rcFT Quii^T}F^ ’3oul51e fRat for new^cIearT^ 

^ 406. Hydraulic'^Sra^^ . — ^fteieiTing" 16' "Wgr 7RT), 

two sections of a straight uniform ])ipe at a distance I from one another, 
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and are the heights of A and B above datum, and and are 
the pressures at A and B. If pressure tubes, called jpiezometerSf 
be inserted in the pipe at A n * t 


and B, the water will rise in these 
tubes to height Px/w and PJw^ 
as shown. The fine CD join > 
ing the ' tops the water- 


ing the' tops of the water- ^11 

hf/drauHe gradient or virtual — — * 

ot.iajp^.pjEe^ mid h, the 

difference between the lovek of nn ^ 

C and 1), is called tlie mriucd ! Ddlm 

faU of the pipe AB. TheJjy- 

draul ic g radient or virtual slope 
IS m easure d the ratio /^ /Z, and is denoted bj .Z. 
TKe^wEualTall K' is evidently ifiveh tiy the eimati 


; &ruum^al. | , 

'on 


Datum. 


Fig. 760. 


evidently given tiy the equation 

A' = //.!- + 


and is equal to the loss of head between A and In Art. 404 it was 
shown that h' is given by the equation ^'=/. f * !!., 

'tfh 2g 

Since the loss of head is proportional to the length of i)ipe, it follows 
that for a straiglit uniform pipe the hydratilie gradient is a straight line. 
When the i)ipo is not straight, points in the line of hydraulic gradient 

may be determined from the equation 4' =r/. -1 . , taking successive 

values of Z, the length of pipe, between the points considered. 

In water mains the curvature in the direction of the length is generally 
small, and its effect on the hydraulic gradient is generally liegloctcd. For 
example, in Fig. 761 is shown 
a pipe AEB leading from a 
tank or reservoir at A to 
another at B at a lower level. 

The hydraulic gradient is 
shown straiglit, and with the 
amount of curvature shown on 
the pipe, this will be found 
to be approximately true. It 
will be n oticed that the upper 
en(F’oF^tlG(rT^rhe of hydfauTIc ^adlent is below the level of the water 
in tlie taiiic'^ X, for l)y the Toss of heaild ’ at" tlib 

ehirancSTo^^^^^ at A. ‘ " 

" Xuotlier point illustrated by Fig. 761 is that a part CD of the pipe 
is above the hydraulic gradient, which shows that in that part of the 
pipe the pressure is l(3ss than atmospheric. If there is a leaky joint in 
CD air will rush in, and while the pipe from A to E will run full with 
a hydraulic gradient FE, the pipe from E to B will not run full, and the 
discharge will bo reduced. Water pij»es should therefore be arranged, if 
possible, HO as to lie below the hydraulic gradient. 

When a valve or other obstruction occurs in a pipe thoi!!© is a sudden 
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fall in the hydraulic gradient at the obstruction, due to the loss of head 
caused by it'. 

1^407. Ch^zy’s Pormula for Flow in , Pipes.— From the equation 


^ m ‘Ig 


of Art. 404, v = ^y ■ ^ my = e Jmi, 


where c stands for 




This formula, v — c is generally called the Ch^zy formula for the 
flow in pipes. 

U^08. Examples on Flow of Water in Pipes. — The hillowing ex- 
amples show the application of the formulae which have been discussed 
to practical cases. 

(1) A pipe 18 inches in diamettM- and 6 miles long connects a storage 
reservoir A with a service i-eservoir II. The differoTice between the levels 
in the two reservoirs 'is 100 feet. It is required to And the rate of dis- 
charge through the pipe and the hydraulic gradient. 

Let V — velocity of water through the pipe in feet j’ler second. 

The loss of head at the entrance to the pipe is 0*45^ (Art. 396). 

The loss of head due to friction in the pi[>e is 

1 \ 4x6x5280 

+ “ 1-5 — 


f ^ 
^ ' d 


" =0005 
^9 


\ 12x 


= 445-87 
2.7 2 ^ 


The head equivalent to ~ is lost at the outlet into the lower 
reservoir. 

Total loss of head = ^ (0*45 -I- 445*87 + 1) — 4:47’32^ . 

2g 

Hence 447*32 — 100, from which /;=3*79. 

2y ^ 

Discharge in cubic feet i)er second — ~ x ] -5'^ x 3*79 = 6*697. 

Discharge in gallons jK'r day 

= 6*697 X 60 X 60 x 24 x G*23 - 3,604,808. 

Ap} dying the equatif)n of energy to 1 lb. of w^ater at the surface of 
the water in A and to the same quantity at a point in the pij^e near to 
the entrance, and taking the le\'el of the "water in B as the datum level, 

100 = ? + + 0-45 . Hence 100 - - = -f — = 0-32 foot. 

?r 2g 2g 'w 2g 

The hydraulic gradient may now In? drawm as a straight line joining 

a point in the surface of the water in B immediately over the outlet end 
of the pipe, with a point immediately over the inlet end of the pipe and 
0*32 foot below the surface of the "water in A. 

It is obvious that in examples f)f this kind, w^here the pipo^ is very 
long, the only important loss of head is that due to friction in the pipe, 
and the other losses may general^ be neglected. 


2a 
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(2) Requiretl the diameter of a pijKs to connect two reservoirs which 
are 10 miles apart. The discharge is to be at the rate of 4,000,000 
gallons per day, and the available head is 350 feet. 

.r,. , • u- X 3 4000000x 10 1000000 

DMohargc m cubic feet juir second - 

Let d = diameter of pipe in foot, and v = velocity of water through the 
pipe in feet per second. 




1000000 


,,, and v = 


1000000 


4 623 X 216’ 623 x 547rf/‘- 

Neglecting all losses cxc<^i>t that due to friction in the i>i}>e, tlion 
4=/ ir 4 x 10 x 6280 lOOOOOO^ 

* * r/ %j * d 623- X r)4-V-^f;?‘^ x 2^* 

from which <^"^ = 839/. 

If f be imt equal to 6*005^1 -1: then -- 4*1 

which is an awkward equation to solve, and it is simpler to assume a 
value for/, say in this case 0 006, then c/"'*--839 x 0’006 = r)‘U34, and by 
logarithms d — I *38. 

Using this appi‘oximate value of d, a more approximate 's alue of / is 
determined, namely, /'== 0*005^1 4- ^ 0’00o3. 

A more ap[)roxiniate value of ('/is then d ^ ^/H39 0‘00p') 3-= 1*35 feet. 

(3) Reservoirs A and B (Fig. 762) discharge into a reservoir C 
through pipes AD, BI), and DU, as shown. The lengths of the [>i[)es 
AD, BD, and DC are 10,000 feet, ^ 

6000 feet, and 8000 feet respec- 
tively, and their diameters are 
18 inches, 12 inches, and 21 inches 
respeiitively. 33ie water levels of 
B and C are 40 feet and 100 feet 
respectively belnw the water level 
of A. It is rtMpiired to find the 
rates of tiow from A and B. 

Let Qo? 

rates of flow through AI/ BD, and DC respectively, in cubic feet per 
second. 

If h is the loss of head in feet in a pipe of diameter d feet and length 
I feet, V the velocity of flow in feet i»er second, and the rate of discharge 
in cubic feet per second, then 

4/ 

~d 



Fro. 7(;2. 


2(/ V 2/ y I 


.„d iV|,V*T- 

An average value of / For the pipes in this example may be taken at 

about 0*0054, then Q = 43 a/-^^— , and /S jy 

\ L 43 cL^ 
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In order tlaat the water may flow from B towards O, it is e-vident 
that it the pipe BD be closed the loss of head h between A and D 
must be greater than 40 feet. 


, _ 10000Q2 
“43'i>; l-rv'’ 


and 100 - h 


8000Q2 

^32 X I fsfi’ 


where Q is the rate of flow through AD and DC when the pipe BD is 
closed. From the.so two eejuations, A = 73 feet, nearly. Therefore if the 
pipe BD bo open, water will flow from B towards D. 

Now let A,, Ag, and be the losses of head between A and D, 
B and D, and between D and C resi>octively, then 


, ^ lOOOOQi 
^ 43‘-^ X 1 -r)® ' 


^2 — A.J 


-40 = 


6 000Q' 
43® X 1® ’ 


- 1 00 - A, - ,„d <J, + Q, - Q, . 

These equations are sufficient to determine Q| and Q^, but their 
solutiou is sornewliat cniubersonie, and it is really 8iinj)ler and quicker 
to proceed by approidmation, as follows : — 




‘‘•-“/do*-'’®®''*- 



X 1-75^ 

HObO' 


--1*948 


Select values of (which must lie between 40 and 73) and 
calculate the values of Qj , and from tiie equations just given, 
until valiu‘s are obtain(‘d wliich make Qj + ~ Qa • v.'ork may 

be taliulated as follows : — 


A. 

60 

61 

62 

63 

62*1 

62*2 


7 ’746 

7-810 

7*874 

7*937 

7*880 

7-887 

h 

20 

21 

22 

23 

22*1 

22-2 

yjh.. 

4*472 

4 *583 

4*690 

4*796 

4*701 

4*712 

K 

40 

39 

38 

37 

37-9 

37*8 

x'A, 

6-325 

6-215 

6*1 64 

6-083 

6 156 

6*148 

Qi 

i 9*179 

1 9-255 

9 331 

9 405 

9*338 1 

9 346 

Q, ! 

1 2 -482 

1 2-544 

2-603 

2*662 

2*609 ! 

2-615 

Qs 

12-321 

i 12*165 

12-007 

11*850 

11*992 

1 1 976 1 

t Qs 1 

1 

, 11 -661 

! 11-799 

11-934 

12*067 ! 

11*947 

11-961 ! 

1 ' 


6225 

7890 

22*25 

4*717 

;i7*75 

6*144 

9*360 

2-618 

11*969 

11*968 


The answers n?qiiired, as joiind ahovo, are = 9*350, and 2*618. 

^ For practice, and to illustraU» more fully the working of this examj^le, 
the student would do well to find the answers directly by solving the 
equations already given. 

\y409. Power Transmitted throngh a Pipe. — Case I. The pipe 
(Fig. 763) is provided wuth a nozzle at its delivery end, as for a Pelton 
wheel, and there is a valve by means of which the area through the nozzle 



468 


APPLIED MECHANICS 


may be varied. Diameter of pipe=s<f feet, length of pipe^Z feet, totol 
head at nozzle^ A feet, and = velocity of water through the pijie 
in feet per second. Neglect the losvs of 
energy at the entrance to the pipe and at rl£| 
the nozzle. * 

Energy delivered at the nozzle per lb, ot 
4Z 

water per second - f - 

2f/ 

Total energy delivered at the nozzle per second 



Fig. 7fi3. 


‘ ^ 7‘> ( -k -p ' 

Horse-power delivered at nozzle = H = ^ 

^ 4 X 550\ d , 2f// 

4Z In) 

Hence H is a maximum when ^ ^ * 2 ^ = when v= 


To find when H is a maxiuiuin 
dK TTclhff 

dv ■" l~VMo\ 


ghd 


Trd^wh 


The maximum horse-power is therefore = ^ ’ 

If there wen^ no friction, the horse-power delivered would be 

^ TnPvtcJt 
^ 4 X 550 

^ . H 4? 7 /^ 

The efficiency is therefore = 1 - / • , , • 2 \-. 

hd 

When H is a maxim uin, the efficiency is 

If P is the ])ressure of the Avater in lbs. per square foot just before 
passing the valve at the nozzle, a the area of the cross section of the pii)e, 
ay the area through the valve or through the contracted nozzle, and i\ 
the velocity of the water through the cofttracted nozzle, then 


_ + ■ ==: : j ^ _ _ 
w 2/7 2/7 a j 


T' 


, r 7-2 u V- , 
also --f ■ ■ -r • o 

w 2fj d 2/7 


therefore — • — 
a'l 2/7 


j . U 


a ^ ( 2fjhd - 4 flv^' 

When H is a maximum, ?;= then ^ 


Example. — Let r/ — 0-5 feet, Z = 400 feet, 7#. = 300 feet, and /= 0-006, 


Then 


H = - /' • f • f) = 0*0667^<100 - 0-0994i)2). 

4 X 5i>0\ d 2g/ 

H is a maximum when sj — 18-31 feet per second, 

^ 6/7 

Maximum horse-power ~ 0*0667 x 18-31(100 — 0*0994 x 18*3P) = 81*4. 
Efficiency per cent. 100^1 - -* 0*0994«;2 
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The hoTse-power and the efficiency per cent, are shown plotted on a 
velocity base in Fig, 764 

The maxunum possible velocity is when the area through the nozzle 
is equal to the area through the 

p,pe,theaA-/.^.- = ~,and 

^7 = 30*93 feet per second. At 
this maximum velocity the horse- 
power is 10*17, and the efficiency 
4*9 per cent. 

When the horse-power de- 
livered is a maximum, the 
necessary area through the nozzle, 


2u 
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Case II. The pressure energy of the water is so great compared 
with the kinetic energy that the latter may be neglected, also the effect of 
variation in the level of the pipe may be neglectlid. 

Let and p denote the pressures in lbs. per square inch at points 
and A in the pijTe at a distance I feet apart. Let = horse-power enter- 
ing the portion A^A of the pipe at A„ H = horse-power delivered at ^ 
q; = velocity of water in feet per second, and d — diameter of pipe in 
feet. 

Loss of energy between A^ and A per lb. of water passing * 

■ - — -n - la • f • I • 


4x550 

To find when H is a niaximum, 
(i!H _ Tr(P 
(7^-4x550 

4/f 


2</, 


^ 144^1 - ‘iwf- y • honce H is a maximum when 


l2Ap^g<i 




V p'^d^ 

JT * 

All the power is lost in friction in the pipe, and H — 0, when 


. U 

'’f-d 


iv 


= or 




gd 


, . H , wflv^ 

The efficiency IS jj- = I 


When II is a maximum, the efficiency is g-. 

Example. — L ot = 1120 lbs. ^ler square inch, I 1 mile = 5280 feet, 

foot, and/= 0-006, 
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H is a maximum y^hen i7= * 14*8 feet per second. 

Maximum value of H == 14*8 57*58 —0‘0875 x 14‘8‘^) = 568. 
H is zero when t; = 0, |ind when 

— — — 25*6 feet per second. 

wfh ^ 

Efficiency per cent. 

^l_ 10 o_o.i52w2 

72pi(/d; 


lOOl 




The horse-power and the effici- 
ency per cent, are shown plotted on 
a velocity base in Fig. 765. In 
hydraulic mains the velocity of the 
water seldom oxefeeds 5 feet per 
second, and in the example just 
considered the efficiency at this velocity^ is 96*2 per cent. 



410. Flow of Water in Channels. — Wlum water flows in an open 
channel, or when it flows in a i)ipe or closed channel without filling the 
pipe or channel, the water will have a free surface, and the hydi-aulic 
gradient will be the longitudiTial slo])e of the free surface, and, .since in 
most cases the depth of tbe water will be uni form in the direction of flow, 
the hydraulic gradient will be the same as the longitudinal slope of the 
channel. 

Reasoning as in Art. 404 on the loss of head due to friction in a pilX), 


it follows that for a channel (Fig. 766) the loss of head li ~f • 
^ ~ ^ ~ which is the Chezy formula. 


, and 


/ 

It must be kei)t in mind that the coefficient 
of friction / and the coefficient c, which is a 
function of /, depSuds on the roughness of the 
surface of the channel, and also on the form and 
slope of the channel. 





Fig. 76a 


411. Bazin’s Channel Formula. — The einincnt FrcncQi liydraulic 
engineer Bazin examined the results of a very large number of oxi>eriments 
on the flow of water in channels of vaiied forms and dimensions, and in 
1897 he published a formula bas('d on these results. 


The Bazin channel formula is /’ = 



JmU 


where y is a coefficient depending on the roughness of the cliannel. The 
unit of length in the formula is the foot. 

The formula may be written v = c where c is the quantity in the 
large bracket above. 
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A few examples of the value of y are given below : — 


1 

Character of the Wetted Surface. 

7 

Very smooth , — Smooth cement or planed wood • . . . . 

Smooth, — Planks, brick, or cut masonry* ...... 

Rough . — Rubble masonry 

Vevy rough , — Ordinary eaith canals 

0-109 

0-290 

0-833 

2-356 


412. Kutter's Ohannel Formula. — Two Swiss engineers, Ganguillet 
and Kutter, devis(3(l a formula, generally known by the name of the 
latter, which has been largely used, notwithstanding the fact that it is 
somewhat cumbrous. The use of the formula is, however, facilitated by 
published tables. The formula is 


v = 


0*00281 

41*6+ + — 

n i 




Jjni, 


where is a coefRcient di^pending on the roughness of the channel. 
A few examples of the value of n are given below : — 


(Iharacter of Wotted Surface. ^ 

n 

Well planed timber . 

Smooth cement, or coated clean pii)es ...... 

Rough planks . . . ^. 

Ashlar, good brickwork, or iron ])ipes in ordinary condition 

Rough brickwork, or incrustod iron pipes ...... 

Rough rubble in cement, canals in very firm gra\ei .... 

Rivers or canals in good order ........ 

0-009 

0 010 
0-012 
0-013 
0-015 
0-020 
0-030 


413. Depth for Maximum Discharge in a Channel of Circular 
Section. — Let radius of section of channel (Fig. 767), and angle 
subtuiidcd at the <-(*])tre by the wetted ]jerimeter. 

Assume that c in the h)i iiiiila v — r Jtm is constant for 
ditienmt depths of stream. 

We.tted 1)0 ri meter — rO, 

Area of section of stream — ^)- 


Therefore = 

All 1- 1 ^ “//i - m Ir/O — sin 0 \. 

And the discharge - {0 - sin ^ 


j( f) - sui^y 

~~ je 


r-r jri 
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The discharge will bp a maximum when is a maximum, 

V ^ 
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Let 

^ (0 - sin ^)^(1 - cos 0)0 ^ ^ ^ “■ ™ 

3/0 - sin ^\i/T • m I/O - sin 0\i 

-2(- e ”■)(*-“” ®)-2( -»~)- 


y is a maximum when =;= 0, that is, when 
du 


‘ 3/0 sin 0X4/, m 1/0 — ain0\f 

4.^0 )(l-co«9).j(— 5 _), 

which reduces to sin 0 = 0(3 cos 0 - 2). 

The value of 0, found by trial or by plotting, which satisfies this 
equation, is 308“ to the nearest degree. 

The depth of water in the channel is then 

r + r cos (180 - = + cos 26°) = 1 ‘899?-, 

or practically 0*95 of the diameter. 


Exercises XX Villb. 

1 . A horizontal pipe 3 inches in diameter suddenly enlarges to a pipe 4 inches 
in diameter. Water is llowing from the smaller to the larger pipe at the rate 
of 90 gallons per minute. What is the loss of energy at the enlargement, in 
ft.-lbs. "per minute ? 

2. If the water flows through the pipes of the preceding exorcise at the same 
rate as before, but in the opposite diro(5tion. What is the loss of eiicirgy at the 
sudden contraction, in ft.>lbs. per minute ? Assume that the coefficient of 
contraction {h) of the stream on entering the smaller pipe is U‘7. 

3. A pipe of 3 inches diameter conveying water is suddenly enlarged to 

5 inches (hanieter. A U-tubc containing mercury' is connected to two points, 
one on each shie of the enlargement, at points whore the flow is steady. Find 
the difrerence in level in the two limbs of the U when water flows at the rate of 
J cubic foot per second from the small to the large section, and vice versd. The 
specific gravity of the mercury is 13*6. • [U.L.] 

4 . State bri(*fly the law's of fluid friction deduced from the experiments of 
Fronde. Taking skin friction to be 0*4 lb. per square foot at 10 feet per second, 
find the skin resistance in pounds of a ship of 12,000 square feet immersed 
surface, at 15 knots. Also the horse-power to overcome skin friction. 

[Inst.C.E.] 

6. The friction of a thin plate when moved edgewdse through water is found 
by experiment to be J lb. per square foot of surface in contact with the water, 
when the velocity of rulibing is 600 feet per minute, and that it varies as the 
• square of tho velocity of rubbing. How many ft.-lbs. of work per minute will 
be expended in overcoming tho skin friction in tiie case of a ship steaming at 
184 knots, if the immersed surface of the ship when floating *at her load line is 
27,620 square, feet ? If this skin friction is 70 per cent, of the total resistances 
encountered by the ship, what is the total horse-power usefully expended in 
propelling the ship 7 [B.E.] 

6. Calculate the hydraulic mean depth for (1) a channel having a bottom 
width of 6 feet, aide slopes of 2 vertical to 1 horizontal, and a depth of water 
5 feet ; (2) a channel whose section is an arc of a circle of 4 feet radius, the 
greatest depth of water being 2 feet. 

7. In a water main 3 feet in diameter the velocity of the water is 3 feet per 
second. Find the head lost in friction in feet per inile, using 0*006 as the 
coefficient of friction, 
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8 . Find the head lost in friction in a pipe 15 inches in diameter and 4 miles 
long when the discharge is 2,000,000 gallons in twenty-fonr hours. Take 0*0054 
as the coefficient of friction. ' 

nfU 0. A set of pumping engines has to force 3,000,000 gallons of water per day 
through a pipe 18 inches in diameter and 5 miles long to a height of 210 feet. 
Taking the coefficient friction as 0*0053, what is the effective horse-power of the 
engines ? • 

10. Two reservoirs, 10 miles apart, are connected by a pipe 3 feet in 
diameter, the difference in their water levels being 40 feet. If the inlet valve 
to the lower reseiroir is jmrtially closed, so that the water rises in a vertical 
tube let into the pixie on the inlet side of tho valve 20 feet above the level of the 
water in the reservoir, what would be the discharge of the pipe ? [Inst.C.E.] 
v/11- Assuming a coefficient of friction equal to 0*006, wHat must be the 
diameter of a pipe 12 miles long to discharge 40,000 gallons of water per hour, 
the available head being 600 feet ? 

12. A pipe, 9 inches diameter and 1 mile long, connects two reservoirs. The 

pipe has a slope of I in .‘'0. The level of the water is 25 feet above the inlet 
end, and 6 feet above the outlet end. Neglecting all losses excejit skin friction, 
find the discharge, and draw the hydraulic gradient. Determine the pressure 
head in the pipe at a distance of lialf a mile from the inlet. The coefficient of 
friction may be taken as 0*007. [Inst.C.E.] 

13. A pipe 30 inches in diameter branches into two pipes of equal diameter 

whose combined area equals tliat of the SO-inch pipe. Compare the loss of head 
in a mile of the latter pipe with that in a mile of the two pipes, the rate of flow 
being 4 feet per second. [Inst,C.E.] 

14. Two reservoirs arc connected by a pipe 1 mil 6 long and 10 inches 

diameter, the difference in the water surface levels being 25 feet! The value of 
c in the formula v — is 120, feet and seconds being the units. Detemiine 

the flow through the pif)c in gallons per hour, and find by how much the 
discharge would be increased if for the last 2000 feet a second pipe 10 inches 
diameter is laid alongside the first and coupled to it so that the water flows 
equally along the two xiipes. LU.Ij.] 

15. * A pipe consists of half a mile of 12-inch and half a mile of 6-inoh pipe, 

and slopes at 1 in 100. The discharge is 2 cubic feet per second. Find tho 
difference in pressure head at the t\to ends of tho pipe. [Inst.C.E.] 

16. A line of piping has, in the upi>er portion of its length, a diameter of 15 
inches for a length of .5000 fec^t, and an inclination of 4 per 1000. A tapering 
pipe then reduces the diameter to 12 inches, which remains constant for a length 
of 2000 feet, throughout which length the inclination is .3 xicr 1000. Find the 
rate of discharge in cubic feet per second when the pipe is fully charged and is 
delivering freelv' at its termination. The equation of discharge may be assumed 


as Q = 42 


fkdf* 
V T* 


where Q denotes cubic feet spcond, k the head lost in 


length Z, and d the diameter in feet. [Inst.C.E.] 

17. A pixie AB is fully charged with water at A. Two smaller pipes BC and 

BD convey the water from B to twm points C and D. The length and diameter 
respectively of AB are 10,000 feet and 15 inches ; of BC, 10,000 feet and 12 
inches ; of BD, 10,000 feet and 9 inches. Points C and D are respectively 50 feet 
and 80 feet below A. At all xwints the piping is under pressure except at C and 
D, where the water issues freely. Find the discharge at C and D, using the 
equation of discharge in the preceding exercise. ^ flust.C.E.] 

18. A reservoir A supplies water to two other reservoirs Band C (Fig. 768). 
The difference of level between the surfaces of A and B is 75 feet, and between 


A and C 97*5 feet. A common 8-incb cast-iron main 
supplies for the first 850 feet to the point D. A 6-inch 
main of length 1100 feet is then (tarried on in the same 
straight line to B, and a 5-inch main of length 630 feet 
branches off .at D and goes to C. The entrance to the 
8-inch main is bell-mouthed, and losses at the pi^ie 



exits to the reservoirs and at the junction of the FlG. 768. 


pipes may be neglected. Find the quantity of water 

discharged per minute into tho reservoirs B and C. Take the coefficient of fric- 
tion as O’Ol. [U.L.] 



474 


APPLIED MECHANICS 


19. A 4-inch Are main is, connected to a storage tankj^ the_ length of the jripe 
being 800 foe*. If the main ends in a nozzle 1 J inches in diameter, and if ihe 
head of water in the storage tank is 150 feet above the nozzle, to what height 
will the nozzle be able to deliver water ? The coeflaoient of friction is 0*006. 

fU.L,] 

20. A pipe 8 inches in diameter and 1000 feet long leads from a reservoir, and 
terminates in a nozzle open* to the atmosphere. The nozzle is 600 feet below 
the free surface of the water in the reservoir. Determine the diameter of the 
nozzle when the kinetic energy of the jet is a maximum. Take the coefficient 
of friction as 0*006. 


21. Referring to the preceding exercise, calculate the velocity of the water in 
the pipe and in the jet, also the horse-power of the jet and the efficiency, for 
nozzles of I, 2, 3, 4, 5, 6, 7, and 8 inches diameter, and plot the results on a base 
representing the diameters of the nozzles. 

22. Prove that when power is transmitted hydraulically through a pipe the 
maximum horse-power is trausniitted when one-third of the original head is 
wasted in friction. You may assume that the loss of head due to friction is 
proportional to the square of the velocity. 

What will the maximum horse-power be if the diameter of the pipe is 6 
inches, its length 1200 the original pressure 700 lbs. j^er square inch, and 
the coefficient of friction 0'(.K)75 ? [tlX-l 

23. Calculate the perctuitage loss of horse- power per mile, when power is 
hydraulically transmitted in cast-iron pipes, 6 inches in diameter, for velocities 
of flow of 120, 150, and 180 feet per minute, and for pressures of 250, 750, and 
1250 lbs. per square inch. 

Draw curves to show the results of your calculations, and from your curves 
obtain the total loss of horse-power when the 6-inch pipe is 4500 yards in length, 
the velocity of flow 175 feet per minute, and the pressure 1000 lbs. per square 
inch. Use the formula — loss of head — 0*03/ (feet second units). [B.E.] 

24. One hundred horse-power is to be transmitted to a distance of 5 miles 

with a loss of 15 per cent, of the head due to an accumulator pressure of 750 lbs. 
per square inch. The beginning and end of the pipe are at. the same elevation. 
Find the diameter of the pipe. The equation of discharge in Exercise ‘i6 may 
be used in this case, but with a coefficient of 36 iinstead of 42. [In.st.O.E.j 

26. Some hydraulic machines arc served with water under pressure by a pipe 
KXX) feet long, the pressure at the inaoliines being 600 lbs. per square inch. 
The horse-power developed by the machines is 300, and the friction horscs-power 
in the pipes 120. Find the necessary diameter of the pipe, taking the loss 


of head in feet as 0*03^ . and 0*43 lb. per square inch as equivalent l-o 1 foot 
a 27 


head. Also determine the pressure at which the water is delivered by the pump. 

What is the maximum horse-powmr at wKich it would be possible to work the 
machines, the ])ump pressure remaining the same ? fU.L.] 

26, The cross sections of four channels are shown in Fig. 769. They are all 



Fig. 769. 


equally smooth, they have the same slope and the same rate of discliargc. Find 
the dimensions », cZ, and h. 

27. If the facp.s of an open channel are plane and they are tiingential to 
the surface of a cylinder whose axis is in the free surface of the water in the 
channel, show that the liydraulic mean depth is equal to half the radius of the 
cylinder. 

28. A semicircular channel 10 feet in diameter flows full of water. Compare 
its discharge with that of a rectangular channel of the same cross sectional area 
9 feet wide, lined with the sfime material, and having the same inclination. 

[Inst. C.E.] 
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29. A cbanijel, ^th a bottom width of 30 fefet, aod aid© eilopoB of 2 boil- 

zoittal to 1 vortical, uows full of water to a depth of 7 feet. IFiad the velocity 
of flow in, and the discharge of, the channel, the inclination being 1 in 5000, 
and 0 in the Ch4zy formula 100. rinsb.C.B.l 

30. A channel with cement sides is 4 feet wide at the bottom, and its sid^ 

slope at^ 2 vertical to 1 horizontal. Tiie slope of the channel is 1 in 500. 
What will be the depth of the water for a aisdliarge of 12,000 gallons per 
minute. Take the coefficient of friction as 0-006. [UX.] 

81> A channel in which the water is to run 3 feet deep has to discharge 
60 cubic feet per second, the velocity of flow being 2*6 feet per second. The 
sides slope at 1*5 vertically to 1 horizontally, and the value of c in the formula 
v=cjm>i may be taken as 110, feet and seconds being units, jy'ind the width of 
the channel at tlie bottom, and the hydraulic inclination necessary. [U.L.] 

32. Apply Kutter's formula to find the rate of discharge in cubic feet per 
second of a channel having a bed width of 20 feet, side slopes of li horizontal 
to 1 vertical, depth 6 feet, and longitudinal slope 1 in 5000. Take n, the co- 
efficient of roughness, =0‘0k 

33. Water flows in a pipe without filling it. Show that the velocity of flow 
for a given slope is a maximum when the wetted perimeter subtends an angle 0 
at the centre given by the equation ^ = tan <?, and that ^=--2574 degrees nearly. 

34. The cross section of a closed channel is a square with a diagonal vertical. 
s is the .side of the square, and y is the depth of the water line below the apes. 
Show that for maximum discharge y=:0*127», and that for maximum velocity 

0*41 4s. » 

35. A cast-iron pipe 18 inches in diameter is laid with a slope of 1 in 1000. 
Water flows through this pipe with a depth of 13’5 inches. Taking c in the 
formula v=VfJi/d as 125, find the discharge in gallons per hour. 

414. Impact of a Jet on a Flat Vane.— Case I. Direction of jet 
jfttrpendicuJar to vane. Vane at rest (Fig. 770). — A — sectional area of 
jet. V — velocity of jot before impact. W = weight of liquid reaching 
vane *per second, w = weight of unit of volume of liquid. P — total 
normal pressure on vane due U\ impact of jot. 

Since the motion of the liquid in the direction Ij 

in wliich the jet is moving is entirely destroyed, the ‘ || 

loss of momentum per second in that diroctioii is v — k— P 

^ , and therefore \ 

g 1 ’ 

p ^ = 2 / 7 * . - = 2/cAA, KIQ. 70. 

. g g 2;/ 

whore h is the head due to the velocity v. But wAh is the static 
pressure on an area A due to a lietid li. Therefore the total dynamic 
pressure due to the impact of the jet on the vane is equal to twice the 
static jjressuro on an area A due to a head Ji. In 
other words, the total dynamic pressure of the jet 
issuing under a head li will balance a static 
pressure on an area due to a liead 2h. This may 
be demonstrated by the apparatus shown in Fig. 

771, where B is a tank containing water to a 
constant height h above the axis of a tube pro- 
jecting from the side of the tank. C is another 
tank containing water to a height 21i above* 
the axis of a projecting tube of the same size and 
shape as that projecting from B. A flat plate 1) is suspended loosely 
against the mouth of the tul)e on C, and is held there by the force of 
the jet from B, as shown. Experimentally, the head in C vnll be slightly 
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less than %h on account of the loss of energy in the jet from B due to 
friction* 

As to the distribution of the pressure on a flat plate struck normally 
by a jet, this is shown approximately in Fig. 

772, where the intensity of the pressure due to 
the impact of the jet is 'plotted on the back 
of the plate. At the centre the pressure in 
feet of water, is slightly less than the head due 
to the velocity that is to say, h is slightly less 
than 

Case IT, Same as Case excejpt that the 
vane is momng in the same direction as the jet 
with a velocity — Loss of momentum of 
water impinging on vane per second 

of motion of jet - - t'j), therefore 

wA, 



Fia. 772. 


But W = ^ - y;^), therefore P = 


Useful work done j^er secx)nd = P?'j = 


wAv 


^{v - . 


Kinetic energy of jet per second = 

2// 


Efficiency = - v.f . 

For a given value of v the efficiency will be a maximum when 
is a maximum. 

Let y = - Vj f = - 2rvl + vl . 

y is a maximum w^hen = Le. when Vy^^^v or Obviously 

O 


dv 


Vy ~ ~ is the result to take. Therefore the velocity of the vane should be 
one-third of the velocity of the jet xoi the highest efficiency. 

o Y " oy ^ 

Maximum efficiency, - or 29'6jger cent. 

Case III. DiredAon of jd makes an angle 0 
with vane. Vane at rest (Fig. 773). — Loss of 
momentum per second in direction of normal to 

W . j\ 

vane = » v sin u. 

Therefore 


-p W . . 
F = -V sin (7, 



Fig. 773. 
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Cabb IV. Same aa Case IIL , except that the vane is moving parallel 
to itself with a velocity in a direction making a'a angle 4* the 
vane (Fig 774:)-“Loss of momentum per 
second in direction of normal to vane 

« sin 0 -- sin 4>) “ R 

g 

Let the vane BC move to B'C' in 1 
second. OD - and OE = velocity of 
vane in direction of jet. 

OE sin 6 = OD sin <^. Therefore 

OD sin <jb _ sin </> 
sin 0 sin 9 

Relative velocity of jet and vane in direction of jet 


OE = 



Therefore W = wA.( f -=■ sin 0 - sin 4>\ 

\ syn0 J sm 0 


and 


wA 


(j sin 0 

Useful work done per second 


(vsin 0—Vi sin 


= sin </) — ^ (?; sin 0 — Vi sin fpY • 

^ <7Sin^ 


Kinetic energy of jet per second -• 
. ^9 


, . wA%\ sin <j>/ • n • j \*> wAir 

Efficiency V ^ - (?>sin 0 - 't\ sin c/>)- - - - 

g sin u ^g 

_ 2vy j-iu 0 _ sin (i>)^ . 

V'^ sill 0 

In the same way as in Case TI. this efficiency can be shown to be 

, r sin 0 ^ 

a maximum when v, - ~ 

3 sin <p 

The maximum efficiency — ^ sin^ 0. 


Case IV. is the general case from which the others may easily he 
deduced. For example, Case 11. may be deduced from Case IV. by 

imtting 6> and <f> each equal to 0. . • j v 

In the foregoing demonstrations the losses due to friction and the 
production of eddies have been neglected. 

415. Impact of a Jet on a Succeesion of Vanes.— In the preceding 
Article the jet was supposed to impinge on a single vane, and it was seen^ 
that the amount of water arriving at the moving vane was less than the 
amount delivered by the nozzle. If, however, a series of vanes come in 
turn in front of the jet, each vane entering the jet at the same point, 
the vanes will receive the whole of the water discharged by the nozzle, 
and the useful work done will be increased, and the efficiency therefore 
raised. For example, consider Case II- of the preceding Aiticle with a 
succession of vanes instead of one. 
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The weight of water reaching the vanea ia now W = and the 

total pressure on the vanes is F — ~(v — v,) = ~Vj), 

9 9 

Useful work done per ^ond = Pwj = — Vj). 

Kinetic energy of jet per second == wAp 

Efficiency = — wAr * ~ 

.7 27 W" 

For a giren value of v the efficiency will be a maximum when 

j,.. 

^ 1(77 — is a maximum. Let // = then therefore 

the efficiency ia a maximum when v 2?;^, and the maximum efficiency is 
-:(v “ L;) = i, or 50 per cent. 

The action of a series of vanes will perhaps be better understood 
by reference to Fig. 775. This does | 


not represent a practical coiitrivanc^e, 1^ q — H 

and it is designed to illustrate the I J 

princqde only. A frame, carrying [Bl» 

a series of vanes at intervals q apart, . — || ‘ 

travels parallel to the jet, and each L-— 

vane in turn is swung into the jet | 1 « 1 

at the same point. The vanes are I p 9 ^ ^ fj 

perpendicular to the axis of the jet. r«|^ j 

At (rt) the first vane has just come •uWr 4|j|r ip’— 

in front of the jet. At (h) the P ■ j 

second vane has just come into ^ Hir I 

action, cutting the jet in two. The I 1 

forward part of the jet will continue I I 

moving until its rear end B overtakes fft ) (ft [ 

the vane in front of it. At (c) B, ^ ^ j] p jj | 

which is moving faster than the fea(c)i 

vanes, is overtaking the vane in ■ lir Ir i 

front of it, and at (d) B has over- I * 

taken the vane in front of it, and ^iiu 

that vane therefore ceases to act. IKm 

Referring t<^ (h), let x be the dis- j p R I 

tance which the front vane will have ®- — Rp " " ® I ' ^ 

to travel before it ceases to act 775 

after the second vane has come iut^ 

action. Then q + x is the distance travelled by a point in the jet while 
a vane travels the distance .r. Hence - -f 1 = - , and the number 


Fi« 775. 


of vanes in action at one time = = 1 + - = 


The total pressure on one vane is, by Art 414, ~—(v - Therefore 
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wk. 


ilao total pressure on all the vanes is ~(» - x 


wAx 


mazi- 





Fig. 776. 


already shown in another way. Fig. 775 is drawn for the case where 

V = 2^1. 

It is easy to show that in the general case, Case IV. of the preceding 
Article, but with a succession of vanes instead of one, the total normal 
pressure on all the vanes in action at one time is 

wAv , 

sin 0 - -sin 

and that the efficiency is sin 6^ - sin </>), also that the 

mum efficiency is ^ sin^ 6 when i’sin 6~ 2v^ sin <f>, 

* 416. Impact of a Jet on a Cup. — The axis of the jet is supposed 

to coincide with the axis of the cup, 
and the effect of friction wiU be 
neglected. 

(vASE I. Cup at rent. — The water will 
leave the cup in a direction tangential 
to the surface at the lip of the cup, as 
shown in Fig. 776, and the velocity of the 
water as it leaves the cup will have the 
same magnitude v as the velocity of the 
jet, but its direction will have been turned through an angle 180^ — 0°. 
Loss of niomentuni of water per second in the direction in which it 

is moving before striking the cnp~~ (1 ^cos &). 

AV V 'ioAv*' 

Therefore P— (1 -f ccks ^)= -- — (1 4- cos 0), 

2 10 A 

Tf^ = 0,P- -- • 

9 

Case II. Cup morimj in same direction as jet with velocity — 
Polative velocity of jet and = and this will be the relative 

velocity of water and cup as the water leaves the cup. Hence the loss 
of momentum of w^atcr per second in the direction in wdiich it is moving 
. W 

before striking the cup is (1 + cos and this is equal t6 P. 

Put therefore P- (1 + cos 0). 

u)A.v 

Useful work per second ~ P/?i = ^)- 

Efficiency ^ ^ {v - - 1 + cos 0) ^ wAv ' ~ '^u)“ ^)‘ 

The efficiency wull be a rnaxiiiium when v—dv^ 

8 16*^ 

Maximum efficiency = 27^^ "^ 27 2 ’ 

''-^417. Reaction of a Jet. — When a jet of cross sectional area A issues 
from a vessel with a velocity v, the momentum given to it per second is 
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^ requires that a force p = = -^ ~ — shall act on the Jet 

in the direction of its motion. As a consequence of this there must be 

another force F equal and opposite to P acting on 

the vessel, as shown in# Fig. 777, and unless an 

external force be applied to the vessel ^he latter will 

move under the aftion of the force F. H 

If the vessel moves tinder the action of the i p p ^ 

force F in the direction of that force with a velocity 
the magnitude of F and P remain the same, 

namely, = 

9 

A 

Useful work done per second = Fr. == 

9 


Total energy — useful work + lost work 


Fig. 777, 




Efficiency = - . 

(J *l{f V- -f 

" 418. Deviation of a Jet in one Direction by a Vane without 
Shock. — In the examjilos on the impact of a jet on a vane whicli have 
hitherto been considered, the jet has struck the vane and V>een deviated 
abruptly. A consequence of this abrupt deviation is a sliock, and ‘there- 
fore a loss of energy in agitating the water. The full force of tlie 
impact may, however, be obtained and the shock avoided by so shaping 
the vane that the jet on meeting it glides along its surface and is 
deviated gradually. 

Case I. Vatie at rest (Fig. 778). — At B,w here the jet first meets the vane, 
the direction of the surface of the vane coincides with the direction of the jet, 
that is, the jet meets tlie vane tangentially. 

The jet is then gradually deviated by tUe ^ 
curved surface of the vane, and leaves 
it in a direction tangential to the vane 
atC. 

The velocity of the water at B is equal 
to V in the direction BD, and tlie velocity 
at C is equal to v in tlie directio^i of the 
tangent to the vane at C. Draw BE 
parallel to the tangent to the vane at C, 
and make BE and BD eiich equal to v. ^ 

Join DE. Then DE is the change in the 

velocity of the water, in magnitude and direction, while it jiasses over 
the vane. If 6 is the interior angle between the tangents to the vane at 

B and 0, then DE « 2 i? cos ^ • The change in the momentum of the 

W - 0 

water per second in passing from B to C is — • DE = cos ^ ? and this 
is equal to li, the resultant force on the vane due to the impact of the 



water per second in passing from B to C is 


DE = - cos 1 and this 
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jet. The line of action of 11 passes through O, the intersection of the 
axes of the jets at B anl C. 

The foregoing result may be obtained in another way. At B the 

Wv 

impulse of the jet on the vane is P ~ in tho^ direction BO. At C the 

'^'Wv 

reaction of the jet on the vane is F = - ^ in the direction CO. The resultant 

of these two forces, obtained by the parallelogram of forces OHKL, is 

_ 2Wv 0 

R= cos ^ » 

9 ^ 

Case 11. Vane moving 'parallel to itHelf in a given direction with a 
velocity (Fig. 779). — The jet moving in the direction Bl) with velocity 
V meets the vane BC at B. 1’he vane is 
moving in the direction BE with velocity 
Make BD = tJ, and BE=:^?^. Com- 
plete the panillelograjn BEDfl. Then 
BH = is the direction “and magnitude 
of the relative velocity of the water and 
vane ; therefore in order that there may be 
no shock at entrance, BH rnu.st be the 
direction of the tangent to the vane at B. 

The water moves over the vane with 
the relative velocity leaving the vane at 
C, where it has a velocity in the direction 
CK tangential to the? vane at Cy and a 
velocity in the direction CL parallel to yyg 

BE. Make CK — r^, and CL=-^fj. Com- 
plete the parallelogram CKNL. The diagonal CN = /\>*isthe direction 
and magnitude of the absolute velocity of the w atcr leaving the vane at C. 

Draw BS parallel and equal to CN. Join DS. Then D8 is the 
change, in magnitude and direction, of the velocity of the water while 
passing over the vane. If K is the resultant force on the vane due to 

W - 

the impact of the jet, thou It = ~ ^ hS, where W is the weight of water 

impinging iijion the vane ^ler second. Draw ST jierpendicalar to and 
meeting DH produced at T. Then if P is the comptment of R in the 

W 

direction of the motion of the vane, ^ • DT. 

CN, the absolute direction in which the water laaves the vane, should 
be ])erpendicular to (Tj, the direction of motion of the vane. CN has 
then no component iri the direction CL. The component of CN in the 
direction CL in the case of a revolving vane is called the velocity of whirl 
at exit, and for maximum elficiency this should be zero. 

If CN is perpendicular to CL, then BS and ST are in the same 
straight line, and DT = v cos /?, where ^ = angle BDT = angle DBE. Then 
W 

p=— ^;cos^. But W = 7 rA(/;- y, cos^), where A is the area of the 
section of the let, and cos /S is the velocity of the vane in the direction 
of the motion of the jet. Hence P^ (v - cos fi)v cos 

^ 2h 
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Useful work per second = P^i = - cos P)' 0 ^v cos P* 

wKv^ 

Energy of jet per second - wj A t? • 2 ^= • 

Efficiency = P)v^v cos p - — 'f\ 00 a P) cos /?. 

For given values of v and p the efficiency will bo a maximum when 

V 

v^{v — cos P) is a maximum, that is, when - ^os yg ' H^^^ce the 
maximum efficiency is J, or 50 per cent. It is obvious that when 

It is evident that unless /3 is a small angle a single vane of limited 
length BC could only remain in action for a very short time, and while 
the vane is receiving water, that j>art of it upon which the jot is imping- 
ing must be straight and parallel to BH in order that there may be no 
shock at entrance. 

For a succession of vanes, with CN perpendicular to CL, tlie total 

W 

pressure on all the vanes in action at one time is P = — v cos /i, where W 

is now the total weight of w'atcr delivered by the jot i)cr second, and is 

4 f. wKr- cos P ^ p , 

equal to wAv, Tliererore P = , and the useful work per second 

H 

icA'iu'i'P' (‘OS p f 

is P/?, = • It would therefore seem that the nsefnl work in- 

^ if 

creases indcffinitely with ?»,, but if the vanes are driven by th(i jet, the 
useful work cannot exceed the energy of the jet. TTence the maximum 
irAv^ , , 

useful work - ; the efficiency is then unity, and • 

419. Action of a Jet on a Revolving Vane. — A case of great im- 
portance in connection with turbines apd certain fofms of water wheels 
is that in whuffi the vane upon which the w^ater impinges is i)art of 
a revolving wheel. Bef erring to Fig. q 

780, O is the axis of tlie wheel which 
is perpendicular to the plane of the x \ 

figure ; the acting surface of the vane 

is also per])ondicular to that piano. ^ 

The inner and outer edges of the vane 

are at distances i\ and from the \ 

axis of the wheel. In wdiat follows 

the wheel is assumed to be moving / 

with uniform angular velocity. The / vk 

linear velocities of the iTiner and outer 

edges of the vano are and c,^ re- 

spectively. Evidently ~ 

At entrance the axil of the jet makes — 

an angle 0^ with The absolute 7S0. 

velocity of the water at entrance is Wj Completing the parallelogram 

of velocities at B^, the relative velocity of the water and vane at 


Completing the parallelogram 
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entrance is found, and its direction determines the direction of the 
tangent to the vane at entrance, so that there shall be no shock there. 
At exit the relative velocity is in the direction of the tangent to the 
vano at that point, , the absolute velocity of the water at exit, is the 
diagonal of the parallelograni, ht^ving Cg and for adjacent sides. The 
angle between and Cg is 

Consider a small jx)rtion of the water of m^|gs ?n. At entrance the 
velocity of this mass in the tangential direction is cos ; this is the 
veloriUj of whirl at entrance. At exit the velocity of whirl is cob 62* 
Taking moments about O, the angular momentum of the mass at entrance 
is mt\7\ cos and at exit its angular momentum is mv^r^ cos 6^2* Hence 
the loss of angular momentum of the mass in passing over the vane is 
rj cos - ^2^*2 cos ^2)- Tf W is the weight of water impinging on 
the vane per second, then the angular momentum lost by the water per 
W 

second is cos there is a succession of vanes, 

then W is the weight of water ’supplied by the jet per second, and the 
turning moment on the Avliecl, due to the action of the water on the vanes, 
W 

is M” - cos - r2r2Cos ^2)5 since the angular momentum gained 


by tlie wliecl is ecjnal to that lost by the water. In the foregoing discus- 
sion tlie efleot of friction has been neglected. 

If <0 is tlic angular velocity of the wheel, then the work imparted to 
the wheel per secjond is 


W W 

Mo) cos (9j ~ cos 0.^ — cos 0^ ~ ??2C2 cos 6^2)* 


Exercises XXVIIIc. 

^ 1 . A jot of walicr 2 inches in diamoler, and having a velocity of 30 feet x)er 
second, impinges upon a fixed fiat plate. Find the total pressure on the plate 
due to tlie iinpacti of the jet, (a) when the plate is perpendicular to the axis of 
the jet, (6) when the ])lijte is inclined at 30'’ to the axis of the jet, 

2. A jet of water 3 inches in diameter, and having a velocity of 40 feet per 
second, strikijs a flat vane which is perpendicular to the axis of the jet. Deter- 
mine the total pressure on tlie vane, {a) when it is fixed, (6) when it is moving 
in the same diTe(^tion as the jet with a velocity of 1.5 feet phr second. 

3. A fixed nozzle discharges 2 cubic feet of water per second. The jet, which 
has a ('TOSS section of JO square inc'hes, impinges on a flat vane which is moving 
in the same direction as the jet with a velocity of 10 feet per second. Find the 
work done on tln^ vane in horse-power. 

4. A s(‘ries of fiat vanes come in turn into a jet of water 4 inches in ^ia^ueter. 
'fhe vanes when in action are perpendicular to the axis of the jet, and they are 
driven forward by tlu; jet with a vi‘loci(.y feet per second. The velocity of the 
jet is 50 feet per second. On a base ropn^sonting values of from 0 to 50, plot 
the horse-power delivered to the vanes. State the value of the maximum horse- 
power, and the corresponding value of r,. 

^ 5. A jet of water has a sectional area of 20 square inches, and delivers 1869 
gallons of wat(T ])er minute?. The jet impinges at right angles on a flat vane, 
which is driven in a direction inclined at 30® to the axis of the jet with a 
velocity of 12 feet per second. Kind the work done^n the vane in ft. -lbs. 
per second, and the efficiency. * , 

6 , Taking the data of the preceding exercise, except that the jet impinges 

on the vane at an angle of 30® to its normal, find the work done on the in 
ft.-lbs. per second, and the efficiency. ■ 

7. Same as Exercise 5, except that there is a succession o£ vanes af' equal 

distances apart. » 
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8. A jet of vrator 1 inch in diameter, coming from a reservoir at a height of 
200 feet, strikes a fixed hemispherical cup so that the direction of its motion is 
reversed. Find the force it exerts upon the cup, assuming that the jet has 
90, per cent., of the full velocity due to its head. [InstC.B.] 

A jet diiWjrater 2 inches in diameter, moving with a velocity of 40 feet per 
second, strikes interior of •a cup. The axis of the jet coincides with the axis 

of the cup. The inUtoor surface of the cup is part of the surface of a sphere 
whose radius is 0 in^ria||^nd the depth of the cup is Ji inches. Find the total 
pressure on the cup, (a)^SW^n the cup is fixed, (b) when the cup is moving in 
the same direction as the a velocity which makes the work done per 

second on the cup a maximumSw 

10. Taking the data of the pfcceding exercise, except that there is a succes- 
sion of cups instead of on© cup. Find the work done on the cups in ft. -lbs. per 
second when the efficiency is a maximum, and determine the maximum efficiency* 

11. A small steam-boat is provided with two jet propellers, one on each side 
of the vessel. The combined area of the two jets is 2 square feet. The water 
for the jets is taken from the sea and driven astern* below the water line, by a 
centrifugal pump.' The velocity of the jets in relation to the vessel is 25 feet 
per second, and the speed of the vessel is 9 knots. Determine the resistance to 
tlie motion of the vessel, also the horse-power developed in the cylinders of the 
engine, assuming that the useful work done by the jets in propelling the vessel 
is 40 per cent, of the work done in the cylinders. Take the weight of 1 cubic 
foot of sea water = 64 lbs., and 1 knot = 6080 feet per hour. 

12. The cross section of a jet of water is a rectangle 0 inches wide and 1 iindi 
deep. This jet impinges upon a vane without shock. The cross section of the 
vane is a quadrant of a circle. The velocity of the jet is 30 feet per second. 
Find the component of the total pressure on the vane in the direction of the 
motion of the jet, (a) when the vane is fixed, (6) when the vane is moving in the 
same direction as the jet with a velocity of 15 feet per second* 

18. AB and AO are two lines inclined at 30^. A jet of water moves in the 
direction AC with a velocity of 24 feet per second, and a vane in the direction 
AB with a velocity of 12 feet per second. Show how to find the form of 'a vane 
so that the;water may come on it tangentially, and leave it in a diroctiem per- 
pendicular to the <lirectioQ of motion of the vane. Determine the pres.sure on 
the vano in the direction of motion due to each pound of water striking the 
vane. [Inst.C.E.] 

14. Indicate how a vane, moving with a velocity of 25 feet per second in a 

horizontal fiirectiou, must be shaped in order to abstract the maximum amount 
of energy from a jet of water impinging upon it at an angle of 46" to the 
horizontal with double the above velocity. What ])ressurc would l)c exerted 
on the vane j>cr cubic foot of water impingi|f,g per second ? fInst.C.E.] 

^ 16. A jet of water, area 1 square inch, velocity 16(» feet per second, has its 
axis inclined at l;T to the direction of motion of a bucket uf»on which it 
impinges, the velocity of the bucket being 70 feet per second. Find the 
direction and magnitude of the total pressure and the pressure in the direction 
of motion, if there is no loss due io shook at entrance, and no velocity of whirl 
at exit from the buck<3t. Find the maximum possible hydraulic efficiency of a 
wheel provided with such buckets, and find also the speed corresponding. [U.L.] 

16. J'he rim of a turbine is gedng at, 60 feet per second ; 100 lbs. of fluid 

enter the wheel each second, with a velocity in the direction of the rim’s motion 
of 60 feet per second, leaving it with no velocity in the direction of the wheel’s 
motion. What work is done per second upon the wheel? [B.B.] 

17. A wheel having curved vanes is driven by a jet of water delivered on 

to the vanes, as shown in Fig. 780, p. 482. rj = 2 feet, r2=2J feet. The jet 
delivers 2 cubic feet of water per second. The absolute velocities of the water 
at entrance and exit are 100 feet per second and 10 feet per second respectively. 
If ^1 = 20'", and what tangential resistance will this wheel overcome 

at uniform speed and at a radius of 10 inches, neglecting friction ? 

15. A locomotive going at 40 miles per hour scoops up water from a trough. 
The outlet to the tank is 8 feet above the mouth of the scoop, and the delivery 
pipe has an area of 150 square inches. If half the available head at entrance 
if wasted, find the velocity at which the water is delivered into the lank, and 

j *the number of tons lifted in a trench 500 yards long. What, under these con- 
ditions, is the increased resistance to the motion of the train ; and what is the 
minimum speed of the train at which water can be delivered to the tank 7 



CHAPTEK XXi:^ 

WATER WHEELS A^^f TURBINES 

420. Water Wheels and Turbines are prime movers, which utilise 
the potential and kinetic energy of water. In one class of water wheels 
the wheel acts by the direct weight of the water delivered to it. In a 
second class the wheel acts partly by the weight of the water and partly 
by the impulse due to the weight and velocity of the water striking the 
wheel. In a third class the action is entirely by impulse. In a fourth 
class the action is entirely due to the reaction of the moving water on 
the wboeL 

In a water wheel there are usually a considerable number of buckets 
or vanes placed round the periphery, and the water is delivered to the 
wheel on a part of its circumference, filling or striking or a few 
buckets only at one time. 

In a turbine the revolving wheel has numerous buckets or vanes, 
which are all supplied with water simultaneously. Turbines have 
almost entirely superseded the slow-moving and cumbrous vertical water 
wheels. Turbines occupy less space, and are cheaper to construct than 
the older vertical wheels of “the same j^ower they are also highly 
efficient, and suitable for large or small falls. 

421, Overshot Wheels. — An overshot water wheel is shown in Fig. 
781. The water is led to the wheel by a head race^ and th« quantity 
entering the buckets is regulated by a 
sluice A, which is operated by hand, or 
controlled by a governor drii^n by the 
wheel. The water enters the buckets at 
or near the top of the wheel, and acts 
almost entirely by its weight, descending 
in the buckets on about one half of the 
wheel. The buckets empty themselves, 
wffien near their lowest position, into the 
tail race, A small part of the effort on 
the wheel is due to the impulse of the 
water as it enters the buckets. 

If h is the total fall in feet, and Q the 
number of cubic feet of water delivered 
to the wheel per second, and w the weight 
of 1 cubic foot of water, then the avail- 
able horse-power is • 

oDO 

To utilise as much as possible of the available power an overshot 
wheel must have a diameter nearly e<}ual to the fall A, but to obtain 
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sufficient velocity of water the top of the wheel requires to be about 
2 feet below the head race. Hence for high fall* the overshot wheel is 
of large diameter. Wheels over 70 feet in diameter have been used. 

The velocity of the buckets is from 3 to 6 feet per second, or about 
half the velocity of the entering water. The efficiency of overshot water 
wheels is from 70 to 85 ^)er cent, when well designed and properly 
constructed. It is interesting to notice that the hydraulic efficiency of 
the overshot wheel is greater at lower loads when the buckets carry less 
water, because then the buckets do not begin to empty until a greater 
part of the descent has been made. 

422. Breast Wheels. — The feature which gives its name to the 
breast: wheel is the casing, apron, curb, or breast between the head race 
and tail race, which enables the 
buckets to retain the water for a 
greater portion of the fall. This 
breast fits as close to -the wheel as 
is consistent with security from 
actual contact. Wheels with breasts 
are also termed higli-hreast, hr east ^ 
and low-breast wheels, according as 
the water is delivered to the wheel 
above, at, oj, below the middle level 
of the whe^. Fig. 782 shows a 
high-breast wheel as made by Fair- 
bairn. The regulating sluice and 
its seat are curved, so as to fit close 
to the wheel. The water passes over 
the top of the sluice tlirough guide 
])assages designed to deliver the water to the buckets without shock. 
The sluice is operated by a rack and pinion under the control of the 
governor. 

The power is taken from the wheel by a pinion gearing with a largo 
internal toothed wheel attached to the rim of the wheel, as show’ii. Tho 
position of the 2 >inion is such that the downward tlirnst, due to the 
weight of the water in the buckets, is taken by the j anion without being 
transmitted to the axle of the wheel, and no torque is carried by the 
arms, which have only to carry the weight of the wheel. The arms are 
comparative slender rods, and arc in tension like the sjiokes of a bicycle 
wheel. 

The buckets arc of iron, and it will be observed that they stand out 
a little way from what is called the sole of tlu' wheel, ])erniittiTig a free 
circulation of air over tlie water in the buckets, which facilitates the 
discharge of the water fr(»m them when they reach the lower end of the 
breast. With this arrangement for the admission of air to the buckets, 
the latter are said to be “ ventilated,” 

The high-breast wheel, like the overshot wheel, acts almost entirely 
by the weight of the water, and its efficiency is about the same. 

In low-breast wheels the water acts on the wheel i)artly by imimlse 
and partly by weight. 

Breast and low-breast wheels have efficiencies varying from 50 to 80 
per cent., being greater for largo than for small wheels. 
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423. Undershot Wheels. — The undershot wheel acts entirely by the 
impulse of the water bn its vanes. The older undershot wheels had 
radial vanes, as shown in Fig. 783, and on 
account of the loss of energy, due to shock, the 
efficiency of tliese wheels was only from 20 t<j 
30 per cent,, the maximum theoretical efficiency 
being only 50 per cent., the velocity of the 
vanes being then half that of the impinging 
stream (see Art. 415, p. 477). 

The undershot wheel was greatly improved 
by Poneelet, who curved the vanes, as show'u 
in Fig. 784. In the Poneelet wheel the water 
enters without shock, leaves it with a small 
velocity in a nearly vertical direction, and during the whole time that 
the water is in the wheel it exerts an impulse on the vanes. The 
supply of water is rcgnlale<l by a 
curved sluice A. The theory of 
the form of the vanes 'has been 
discussed in Articles 418 and 
419, 2^P- 480-483, and the obser- 
v.'itions there made a 2 )ply to Fig. 

785, which shows the vanes of a 
Poneelet wheel in axjtion, with the 
parallelograms of velocities as the 
water cijters the '\vh(*,cl at B and 
leaves, it at C. Bl) — /Ms the direction and magnitude of the velocity 
of the water in the im])ingiiig stream, BE is tangential to the wheel at 
B, and (‘^ual to the \’eloc*ity' of the 
outer cinminfcrence of the wheel. 

Completing the 2 )aralh*lograni BEDH, 
the vane at B must be tangential to 
BH. The water glides \ip tht‘ vane 
with the relative velocity , and re- 
turns, gliding down the vane, heaving 
it at C. At C the wat<T has a velo- 
city in the direction CL tangential to the wheel at C ; it also has a 
velocity in the direction CK tangential to the vano at 0, and slightly less 
than /V, on account of loss by friction. Neglecting this loss, if CL be 
made equal to and ClK-= /v = BH, and if the })ara]lelogram 

CKNL be conq>leted, then CN is the absolute velocity of the water as 
it leaves the wheel at 

The etficiency of the Poneelet wheel is about 60 per cent. 

Common undershot wheels witli radial vanes should not bo used 
for falls greater than 5 feet. Poneelet wheels are suitable for falls up 
to 7 fe('.t. 

A suitable diainehT for undershot wheels is from two to four times 
the head due to the velocity of tlie inqnnging stream, and the linear 
velocity of the tips of the vanes should be about half that of the 
impinging stream. 

424. Pelton Wheel. — The Felton wheel is a development of the old 
hurdy-ijurdy^ which was introduced into the mining districts of California 





Fig. 783. 
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about 1865, The hurdy-gurdy was a vertical wheel, having flat radial 
vanes, upon which a jet of water with high velocity impinged. The 
maximum theoretical efficiency of the hurdy-gurdy is only 60 per cent., 
and its actual efficiency from 25 to 35 per cent. 

The substitution of curved buckets for the. flat vanes was the great 
improvement which converted the hurdy-gurdy into the Pelton wheel. 
Fig. 786 shows a Pelton wheel consisting of a disc, to the periphery of 
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which the buckets are attached. The jet issues from a nozzle at the end 
of a pipe and strikes against the buckets, as shown. The forni of the 
Pelton tmcJcct is shown in Fig. >787, from which it will be seen that the 
jet is divided by a sharp ridge in 
the bucket, and is then gradually 
deflected through an angle slightly 
less than 180“. It is necessary to 
make the angle through wliicli the 
jet is deflected less thlln 180°, in 
order that the returning .strenim 
may clear the bucket which 
follows. The Dohia hurhet, shown 
in Fig. 788, is an improvement 
on the Pelton bucket. The im- 
provement consists in making the 
two compartments of the bucket 
of ellipsoidal form, and in cutting 
away a part of the outer lip to clear the jet as the bucket comes 
into action. 

The disc of the wheel may be of cast-iron or steel, and the buckets 
may be of cast-iron or hard bronze. 

Assuming a complete reversal of the jet, it is evident that if the 
velocity of the buckets is half that of the jet the a))solute velocity of the 
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water on leaving the ^ckets is zero, and the hydraulic efficiency is 
The actual efficiency ol Pelton wheels is from 70 to 90 per c^nt. 

The Pelton wheel is suitable for situations where a comparatively small 
amount of water at a high pressure or under a great head is available. 
There are difficulties connected with the governing of Pelton wheels 
which may be here referred to. The opening through the nozzle may be 
varied by a curved stopper at the end of a screwed rod, which works in a 
nut, as shown in Fig. 7 86. The area through the nozzle, for a given 
energy of jet, depends, however, on the friction of the supply-pipe as well 
as on the head of water, and is determined in the manner discussed in 
Art. 4:09, p. 467. The central stopper, or needle as it is sometimes called, 
may be operated by a governor driven from the shaft of the wheel A 
sudden throttling of the jet due to the action of the governor when there 
is a sudden reduction fti the power required causes a sudden check on the 
flow of the water in the supply-pi])e, and if this pipe is long the result is 
a water-hammer action, which may unduly strain the pipe. This difficulty 
may !)e got over by providing a spring-loaded relief valve. In another 
system ol governing tlie nozzle is at the end of a short pipe, so jointed as 
to permit of the jet being deflected so that only part of it strikes the 
bu(ikets. A difficulty with this system of governing, however, is that a 
very considerable force is required to deflect a jet moving at a high velocity, 
rile power of a Pelton wheel may be increased by having two or 
more nozzles, instead of one, directing jets in tangential directions at 
different parts of the circumference of the wheel. 

425. Oirard Impulse Wheel. — One form of the Girard imjmise 
whe^l is shown in Fig. 789. This wheel is mounted on a horizontal 
shaft A. The water enters through a pipe B, which bends over and 



termina tes opposite to one or more guide passages C, which direct the 
water on to the vanes D of the wheel. The quantity of water entering 
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,the wheel is regulated by a sluice E, which has teeth on its upper face 
gearing with a pinion F, which is secured to the %haft H. A worm K 
gears with a worm wheel L, wJiich is fixed to the shaft H# ‘ The worm K 
is fixed to a shaft operated by a governor or by Band. 

The rim of the particular wheel illustrated runs at a high speed, over 
100 feet ixjr second, and it^s strengthened by steel hoops M shrmik on. 
In some wheels of this type these steel hoops are made of much larger 
section than shown in Fig. 789 , in order to increase the fiy-wheel action, 
preventing a too rapid change of speed with change of load. 

Owing to the greater oblicjuity of the vanes at exit than at entrance, the 
distance d between two consecutive vanes at exit is less than the distance 
between them at entrance, and to prevent the choking of the passage by 
the water the passage is widened transversely towards the circumference 
of the wheel, as shown in the left-hand view in Fig. 789 . 

In impulse wheels the water flows over the vanes under iitrnospheric 
pressme#, and to ensure free access of air ventilating holes e are made- 
through the sides at the back of the vanes, as shown. 

426. Speed, Power, and Efficiency^f Girard Impulse Wheel. — ' 
Referring to Fig, 790 , and to arc the inner and outer radii respec- 
tively of the wbeel. 

gential velocity of the 
wheel at radius 
C2=*=B2C2 is the tan- 
gential velocity of the 
wheel at radius r2 . 

Obviously — Cg/ro. 

= is the ab- 

solute velocity of the 
water as it enters the 
wheel. z?2 = B2V2 is 
the absolute velocity 
of the water as it 
leaves the wheel. 



angle CiB^Vi. 6^2 = t?2B2V2. BjCiV^U, and B.2(l2V2U2 are 

the parallelograms of velocities at entrance and exit respectively. 

= is the relative velocity at entrance, and B^Uj is the direction 

of the tangent to thc^ vane at entrance. ?^2 = B2fJ2 i» the relative velo- 
city at exit, and r>2ll^2 ^he directio?i of the tangent to the vane at exit. 
</)^ = angle </)2=--the supidement of the angle C2B2tJ2. 

As the water in entering and passing through, the wheel is under 
atmospheric pressure, the velocity depends only on the effective head 
at and is to bo calculated from the formula , where 

is the effective head. 

If W is the weight of Avater entering the wheel per second, then, neglcct- 


W 

ing friction, the energy given to the wheel per second is 

2r/ 

But by Art. 419 , p. 482 , the energy given to the wheel per second is 

W n ' 

also equal to — cos -^^2^2 ^2)* 




TImkIok <?-<?,= %e , «««,-,^ cm Sj. 

Buti ^ coa , 

and ^2 = c| + 'w? - 2C2U2 cos <j>2 1 

also coa 4- cos <f>i , 

awd 7;2 cos = ^2 “~ ^2 <1^2 * 

Substituting these equivalents in the equation 

v{ - vl = 2 {v^e^ cos 6 ^ cos 6 ^^ 
the result is w? — ^^2 = — c® . 

It is evident that the efficiency of the wheel will be greater the 
smaller is, and will be smaller the smaller <^2 since there 

iriiist be a sufficient area of passage between the vanes at exit, <^>2 cannot 
be made indefinitely small. For a given value of (/>2 the velocity will 
have nearly its mininmm value when is equal to c^, and if be made 
equal to <*2, this leads to very simjJe relations between the v&ioua 
quantities. For since ui - nl =q — r|, it follows that if then 

qj “ ^ 

= <^'1, and </>! =*■ 20 ^. Hence ~ — /iS a^iid the angular speed of the 

2 cos 

wheel IkS w — ^ 

1*1 2 i\ cos 

• W 

The energy given to the wffieel per second = --(^f — but since 


un •-= rj, V2 = 2^2 sin "72 = . 


7\ COS 


, therefore energy per second 


^ [ /r2 sin ^-{V\ 

I and 


2 g { cos 0 ^' ) 

expression divided by 550. 


the horse-power of the wheel is this 


The energy in the water pef second as it enters the wheel is 


, Hence the efficiency of the wheel is 1 


7'o Sin 
cos 


The efficiency is 


therefore greater the smaller the angles <f>2 and 

In practice the angle 0 ^ is generally between 20° and 25°, and 
is geherally between 15° and 20°. Tlie ratio of n to is generally 
between ]‘15 and 1*25. 

Taking friction into account the efficiency is about 16O per cent., and 
the efficiency is not reduced by diminishing the sluice ojiening when 
there is a reduction in the load. 

The axis of the wheel may be either horizontal or vertical. 

427. Jet Beaction Wheels. — The simplest form of the jet reaction 
W'^hoel is that generally known as Barker^ h mill. Fig. 791 shows a 
Barker^s mill constructed of ordinary wrought-iron or steel tubing. The 
vertical central tube AB has jointed to it two horizontal tubular arms 
Cl) and FF, which are opposite to one another. These arms are closed 
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at their outer enda A “ bend ” H leading from the. tank K enters a 
short distance into the tube AB, and serves a bearing for AB, 
permitting the latter to rotate freely. A 
footstep bearing is arranged at the lower 
end of AB; as shown. 

Water flows from the tank K through 
H into AB^ and thence into the arms CD 
and EP, In CD and EF are orifices L 
and M, through which the water issues 
in jets perpendicular to the arms and 
horizontal, as ^own. The reactions of 
the jets on the arms cause the latter' to 
rotate, driving the central tube AB. The 
power developed may bo taken off at the 
pulley N, which is secured to 43- Leak- 
age at the joint at the upper i^d of AB 
is prevented by a siiiij)le gland and 
stuffing-box, as shown. 

In W}iitMaw\^ turbine^ sometimes called 
the Scotch turbine^ instead of the straight 
arms of the Barker's mill, there are casings 
of a more or less sjural form leading the 
water to the orifices, the casings contract- 791 , 

ing as they approach the orifices. 

Jot reaction wheels are not now in i)ractical use, but they are 
interesting from the student's point of view. 

The th&^ry of the jot reaction wheel is as follows, lleferring to 
Fig. 791, lot 

h “ static head of water orifices. 
r = distance of orifices from axis of wheel. 
c = linear velocity of arms at raxlius r. 
w = velocity of j(’ts relative to arms. 

W = weight of water j)assing through wheel per second. 

The pressure exerted by the water tJu? neighbourhood of the 
orifices is due to the static head h and to the centrifugal force of the 
revolving water in the arms. The head, due to the centrifugal j>r(*ssiiru 

at the <M:ifices, is the total head at the orifices is therefore 



Ji -f- 2 g • Hence u = J%jh -h neglecting losses. 

The reaction of the jets on the arms at radius r is —c), and the 


work imparted to the', wheel per second is — (^u - c)c. 

The efficiency is ^ ( 2 ^ — c)c-r = 

(J gh 

^2 ^«2 

If + then //.= expression for the 

efficiency becomes ™ . 

^ u + c 
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A loss which is ii)(pvitable is the kinetic energy in the water as it 
leaves the wheel, and this amounts to per second* 

428. Classification of Turbines. — A turlbine consists of two main 


parts, the wheel or runner^ and the stationaiy guides. The wheel consists 
of two plates or rings called crcnmi^, between which lie numerous mne$. 
The guides direct the water on to the vanes of the wheel. 

Turbines may be divided, according to the manner in which the 
water acts on the moving vanes, into two classes, namely, impulse 
turbines and reaction turbines, (^In impulse turbines the water does not 
fill the passages between the wheel vanes, and there being free access of 
air to these passages, the velocity of the water as it enters them is that 
due to the head. Also the energy of the water as it enters the wheel is 
entirely kinetic. In reaction turbines the water completely fills the 
j>assagcs between the guides and betvwn the wheel vanes, and the 
velocity of the water at the entrance to the wheel may be greater or less 
than that due to the head there. Also the energy of the water as it 
enters the wheel is partly kipetic and imrtly pressure energy* ) 

( An itiipulse turbine must discharge into the atmosjAere, and 
must therefore be cleax of the tail race, but a reaction turbine may be 
completely immerstd or drowned. | 

Another classification of turbines is according to the direction in 
which tjio water fiowa through the wheel. This leads to fouy classes. 
0) Ouhvard flow turbines, in which the direction of flow is radial and 
outwards. (2) Inward flov) turbines, in which the direction of flow is 
radial and inwards. (3) Parallel flow or wial flow turli^es, in which 
tlie direction of flow" is parallel tathe axis Or the wheel. (4; Mixed flow 
turbines, in which the direction of ,flo# is 
2 )artly radial and jiartly axial, clanging 
from one to the other on the vanes inside 
the wheel. 

The various tyi)es are also frequently 
referred to by the names of ,the engineers 
who were identified with their introduction 
or im 2 )rovement, as the Founwyron turbine 
(radial outward flow"), the Francis turbine 
(radial inward flow-), and the Jonval turbine 
(])arallel flow"). Mixed flow turbines, in 
which the water enters in a radial inward 



direction and loaves in an axial direction, 792 . 

are largely used in America, and this type 

is often called the AnieHcan turbine. Fig. 792 shows the wheel or 
runner of the Victor (American) turbine. 

The Girard turbines arc impulse turbines, and tliey may have either 
radial or axial flow. 

429, PormulflB for Eeaction Turbines. — The notation to be used in 
this Article is j)artly showm on Figs. 793, 794, and 795, wdiich represent 
outward flow, inward flow, and parallel flow’^ turbines res 2 )ectively, and 
is the same as w"as used for the impulse wheel, Art. 426, p. 490. 

Values of the Angles. — The angles and ^2 assumed in designing 
a turbine. varies from 10° to 25° in inward flow turbines, and from 


% 



Fig. 795. 


passages respectively at exit, raeasurod at ri^t angles to direction of 
flow. 

If n is the num}>er of passages, and /j the distance between the 
crowns, then, referring to Fig, 796, the area of 
the passages referred to ab(A^o is A^ndh, If t 
denotes the thickness of tlio guidc.s or vanes, 
then, approximately, 

== sin 6, and A == (27rr sin 9 - nt)h. 

The ratio -r A 2 may he assumed in 
commenciiig the design of a turbine. A^ - Ag varies from 0*5 to I in 
outward flow turbinOwS, and from 0*6 to 1*5 in inward flow turbines, 
lu j>arallcl flow turbines Ai~A 2 is' usually about 1. 
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Ratio of Rodim to Radius . — The ratio -f is also assumed. 
For outward flow varies from 0 7 to 0*85, and for inward flow 

from 1*2 to 2. In parallel flow turbines take the mean 

radius. 

Result of Continuity of Flow, — 5Since the water completely fills the 
passages in flowing through them, it follows tliat ?;,Ai = W 2 -^ 2 ' 

VdoHties of Whirl , — At entrance to wheel the velocity of whirl is 
cos and at exit cos 62 . 

Work Tmjiaried to Wheel , — If W ~ weight of water passing through 
the wheel per second, then by Art. 419, p. 482, the work imparted 
to the wheel per second is 

W 

- cos — C^)2 cos 02)- 


Efleiency, — The energy availalfie y)cr second is W/^-, where h is the 
available head of water. Hence the efficiency is 

E = cos 0^ - ^ 2^2 cos 6 ^ 2 )- 

The efficiency varies from 75 to 85 per cent., and may be taken, 
when unknown, at 80 per cent. 

Veloriiy of Flow from Guide Passages — First assume that the 
velocity of whirl at exit ecs 

The angle 60 is then 90®, and Uo = . 

* ’ “ cos </>2 


Also - 


A^,. A 2 


,'but rg = , 


cos <f>2 


Therefore ^ . -AL , and Cj = , 

A.J 7*2 cos <^2 A -2 ^^*2 


^ Vi COS <#>2. 
W 

Work imparted to wheel per second = cos 


Efficiency E = - . cos 0^ = ^ 


A, 


gh 


gh Ag 


. cos 6, cos Cjtig. 


where K 


_ _ 

^’i n , J'igh = K-i^^2gh, 
2 — . cos 0, cos </>, 

> Ag rg ^ 

1 = 


cos (jf >2 he called the coefficient of velocity. 


If instead of assuming that A, = 90° it be assumed that W 2 “C 2 , then 
it may be left as an exercise to the student to show that 


E 



496 


‘ APmlit) MBOHAifius 


Whed Speed. — 'Assuming ^2 — 90°* it has been shown that 

€ 

c. = coS i>2) therefore c, = . ’"t . cos 4*2^1 ^ sj^gh, 

Aa A 2 1*2 


■V 


where 


■■ E 


K,-Ai 

Ag /2 


* / iL— 

. !Jl cos <I> 2 \/ 2x^ • ~ - cos 0^ 

Tn ^ Ao To 


COS 4*2 


A. T * 

-/I • A- • -^cos <bo may be calle<l the coefficient of wheel ^peed. 

2 cos A 2 r-g ’ ‘ 

If instead of assuming it l>e assumed that — then it 

follows that Kg “ ^~\/ cos 0^ + cos 4*2 "■ 0- 


EffecMve or Brahe Horse-power = 


w:^ 

550 ’ 


430. Use of Suction Tube for Reaction Turbines. — Since a reaction 
turbine works full of water, it is not neccjssary that it should be placed 
at the level of the tail water in order to utilise the full head. A reaction 
turbine may with advantage be placed at a height, less than the height 
of the water barometer, above the tail water, provided that it discharges 
into a pipe which, running full, opens under the tail water. The a(| van- 
tages of this arrangement are that a shorter shaft is necessary, and tlie 
turbine is more accessible. 


Exercises XXIX. 


1. Th».j cffcclivo horse- power of a vortical water wheel is 2S, anrl its efficiency 
is 70 per cent. If tlic total faM is 20 feet, how many gallons of water must he 
delivered to the whtjel per minute 7 

io.- 2. The head race of a vertical whaler wheel is 5 feet wide, and the water in 
it is 0 inches deep, and has a velocity of 10 feet per second. The total fall is 
.SO foot, and the efficiency of tlie wheel is 75 per cent. What is the effective 
horse-power of tho wheel ? 

3. The stream impinging on the vanes of a common undershot water wheel 
passes through a sluico oj^eriing 6 inches deep and 5 fecst wide. Tho head of 
water is 4 feet (1 inches Taking the coefficient of discharge for the sluice 
opening at 0*62, and tho efficiency at 30 per cent., what is tho useful liorse- 
])Ower of the wheel 7 

4. If in a Poncolet wheel the water enters in a direction bisecting tho 
angle 0 between the tangents to the wheel and vane at tho tip of the latter, 
and if the points of entrance a-ud exit are at the sjime level, show that, so far 
as the action of the water on the vane.s is concerned, the efficiency is equal to 


n 

1 - tan^ the friction of the water on tho vanes being neglected. 

2 

6. The centres of the buckets of a Pelton -wheel move in a circle 3 feet in 
diameter. The actual head of water for the jot is 2000 feet, and the diameter 
of the jet is J inch. Tlie wheel makes 1000 revolutions per minute, and develops 
80 horse- power, using 28 cubic feet of water per minute. Determine, (a) the 
resultant efficiency, the loss of head estimated at the jet, and (c) the ratio 
of the mean velocity of the buckets to the actual velocity of the jet. 
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6* In a series of brake tests of a smali Pelton wheel the following tabulated 
results were obtained : — ^ 


w 

6-6 

5-7 

5-4 

4*7 

4-4 

3*5 

2*9 

2*1 

1-0 

0-0 

N 

960 

1360 

1480 

1800 

1900 

2240 

# 

2620 

2800 

3280 

3580 


where W = effective load in lbs. on brake lever at 12 inches from axis' of wheel, 
and N = 8j»eed of wheel in revolutions per minute. The weight of water us^d 
in each test was 41*5 lbs. per minute, and the pressure of the water was 700 lbs. 
per square inch in the pipe behind the orifice. The diameter of the orifice was 
0*0835 inch. Complete the above table by adding the brake horse-power and 
the efficiency per cent. Plot the brake horse power and efficiency on a speed 
base. Scales. — Horse-power, 2 inches to 1 horse-power ; efficiency, 1 inch to 
20 per cent. ; speed, 1 inch to 500 revolutions per minute. State the maximum 
brake horse tK>wer and the maximum cflicicncy. 

7. Show that the efficiency of a Pelton wheel is a maximum, neglecting 

frictional and other losses, when the velocity of the cups equals half the velocity 
of the jet. 25 cubic feet of water are supplied per second to a Pelton wheel 
through a nozzle, the area of which is 44 square inches. The velocity of the 
cups is 41 feet per second.' Detorniine the horse- power of the wheel, taking a 
reasonable value for the efficiency, [Iiast.C.lSvj 

8 . A Pelton wheel is to run at 9(X) revolutions per minute. The head of 

water is 720 feet, and the maximum water supply is 15 cubic feet per minute. 
Determine the diameter of the wlH'el, the diameter of the nozzle, and the 
maximum power developed, assuming an over-all efficiency of 0*8. [U.L.] 

9. Explain why it may happen that when the opening through the nozzle of 

a Pelton wheel has a certain area the power of the wheel may be diminished by 
increasing and also by decreasing the ox)f‘ning. ^ 

10. The following particulars relate to a Girard impulse wheel. Using the 

notation of Art, 42G, p. 490, BG"*, 02 = 3 5“, feet, r2=4’6 

feet. .Total hoad=:5(X) feet. Absolute velocity of water at entrance — 85 per 
cent, of theoretical velocity due to total head. VolumtJ of water entering wheel 
per second = 8 cubic feet. Determine the velocities Oj, fg, Mj, and i/g in 
foot per second, also tho angle 9^, the speed in revolutions per minute, and 
the hor.se-power of the w heel, neglecting losses in the wheel itself, 

11. In a Girard impulse wheel, using the notatio n of Art. *426, p. 490, 

0, ~4O“, 0.2-15“, r^^^2 feet, r,^=^2'Ct f(‘et, '?i = 80 feet per s<icond, and 
water passing through wdiecl per second — 25 cubic feet. Determine the velocities 
C], c^, and Ug in feet per second, also the angle the speed in resolutions 

per ininutc, and the horse-power of the wheel, neglecting losses in the wheel 
itself. • 

12 A simple reaction wheel of the Barker’s mill type is supplied wnth water 
at a head of 10 feet. The combined an^as of the orifices amount to 40 square 
inches, and the velocity of the centres of tho orifices is 24 feet per second'. 
Find the horse- power if the net efficiency is 00 iier cent., and find also tho 
hydraulic efficiency. [U.L.] 

13. Certain experiments with a jet reaction wheel showed that the maximum 

efficiency was obtained when c— (using the notation of Art. 427, p. 

491). Taking the coefficient of velocity for the orifices 0*95, calculate the 
maximum cflicicncy and the percentage of the energy due to the head h which 
is carried away by the water leaving tlio wheel. 

14. A parallel flow" impulse turbine works under a head of 64 feet. The 

water is discharged from the wheel in an axial direction writh a velocify due to 
a head of 4 feet. The circumferential speed of the wheel at its mean diameter 
is 40 feet per .second. Neglecting all frictional losses, determine the mean vane 
and guide angles. [U.L.] 

15. The rim of an inward flow turbine moves at a speed of 30 feet per second, 

and the vanes are there at right angles to the rim. Water enters the rim with 
a radial velocity of 5 feet per s(K*,ond. If the w"ater is to enter without shock, 
what must be the angle between the rim and the gunle blades ? Find the 
weight of water entering per second if the circumferential area of all the open- 
ings of the rinv is 2*4 squai'o feet. [B.E.] 
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16. I» an inward flow turbine the water enters the inlet circumference, 

2 feet diameter, at 60 feet per second, and at 10'' to the tangent to the cironm- 
ference. The water leaves the inner circumference J 1 foot diameter, with a 
radial velocity of 5 feet per second. The peripheral velocity of the inlet* surface 
of the wheel is 50 feet per second. Find the angles of the vanes at the inlet 
and outlet surface. • [Inst.C.E.] 

17. An inward flow turbine wheel works under a head of 60 feet, and makes 
380 revolutions per minute. The diameter of the outer circumference of the 
wheel is 21 inches, ai^d of the inner circumference 12 inches. The velocity of 
the water entering the wheel is 44 feet per second, and the angle it makes with 
the tangent Wthe wheel is I0“. Assuming the radial velocity of ilow through 
the wheel to be constant, and that the water loaves the wheel in a radial tlirec- 
tion, determine the direction of the tangent to the vane of the wheel at the 
inltet and outlet. Sketch a suitable form of vano. Determine the hydraulic 
efficiency of the turbine. 

18. Using the notation of Art. 429 and the result proved in Art. 446, p. 516, 
apply Bernoullfs theorem to show that in a radial flow reaction turbine 


V{ XI T, ~ 


2 -/ 


-’■ = A, 


where h is the available or effective head at the inlet surface. 
Show also that in an axial flow reaction turbine 



UT, - 11 'f 
“ 2 ^ ’ 




where hi is the depth of the wheel. 

19. The supply of water for an inward flow reaction turbine is 500 cubic fe€4> 
per minute, and the available head is 40 foot. The varit‘s are radial at tli(* inlet, 
the outer radius is twice the inner, the constant velocity of llo'w is 4 feet per 
second, and the revolutions are 350 per minute. Find the velocity of the wheel, 
the guide and vane angles, the inner and outer diameters, and the width of the 
bucket at inlet and outlet. [TT.L.] 



CHAPTER XXX 

PUMPS 


431. Distinction between a Piston^ a Bucket, and a Plunger. — A 

instoii iiS geTierally a cylindrical piece which slides backwards and forwards 
inside a hollow cylinder. A piston may be moved by the action of fluid 
pressure upon it, as in a stearii-eiiginc or as in certain tyj^es of water 
])ressure motors. A piston may, however, he used to give motion to a 
fluid, as in certain types of pumps. A piston is usually attached to a 
rod called a pfston-rod. Numerous forms of packing are used to prevent 
leakages j^ast the jiiston. In the piston shown in Fig. 797 cup-leathers eixe 



Fjo. 797. *Fto. 798. Fig. 799. 


us(r 1 for })aekiug ; the pn'ssiiro of the water acting on the inside of the cup 
presses the h)jitJior outwards against the cylinder. 

A biirlcut (Fig. 798) is a piston provided with one or more valves 
which permit of the fluid juissing tlirongh it in one direction. 

A (Fig. 799) may be hK)ked upon as a piston having the same 

diameter as its piston-rod. 

432. Bucket Pump. — Ueferring to Fig. 800, AB is a cylinder or 
barrel, in wliich is made to rocijirocatc^ a bucket 0. A pij )0 I)E, called 
the suciion pipe, leads from the. h>wer end of the barrel and dips into the 
water which the pump is required to ]*aise. A pipe FH, called the delivery 
pipe, ]ca<ls from the top of the barrel to the vessel into wdiich the water 
is to be delivered. There are three valves, all oj)ening upwards, one in 
the bucket, one at the top of the suction pijje, called the suction valve^ 
and one at the bottom of the delivery pipe, called the delivery valve. 

The action of the yjumj) is as follows. The bucket being at the 
bottom of its stroke, and the barrel and pipes full of air at atmospheric 
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pressure^ the bucket is pulled upwards, the valve in it being kept shut by 
its own weight and the excess pressure of the air 'above it* As the space 
between the bucket and the suction valve increases, 
the air in that space expands and its pressure falls. 

This enables the pressure the air in the suction 
pipe to lift the suction valve, and a poi*tion of that 
air then flows into the barrel below the bucket. 

The pressure of the air in the suction pipe there- 
fore falls below the pressure of the atmosphere, 
and in consequence water is forced into the suction 
pipe from below by the pressure of the atmosphere 
outside until the water stands at such a height that 
the pressure at E due to that column of water, and 
the pressure of the air above it, is equal to the 
pressure of the atmosphere. During the down- 
ward stroke of the bucket the air beneath it is 
compressed, the suction valve having closed, and 
when the compression is sufficient, the bucket valve 
opens and a portion of the air beneath the bucket 
passes through it into the space above. In the 
next upward stroke the air beneath the bucket is 
still further rarefied, and tlio water is forced by 
the pressure of the atmosphere to a greater height 
in the suction pipe. This goes on until the water 
gets into the barrel. The bucket in descending 
then enters the water, part of which passes through 
the bucket to the space above. The whole space below the bucket within 
the barrel and suction })i])e is now full of water, and subsequent up strokes 
of the bucket lift the water higher and higher, until it reaches the tpjj of 
the delivery pipe. After this, during each up stroke, a volume of water 
equal to the volume swept through by the bucket is discharged through 
the delivery pipe. 

Since the water beneath the bucket is held up by the pressure of the 
atmosphere it is evident that the bucket^ in its highest position must not 
be at a greater height above E than the height of the water barometer. 
For a pressure of 14*7 lbs. per square inch the height of the water 
barometer is .S4 feet. The height of the bucket above the level of the 
water at E is called the suctimi head. In practice the suction head is 
generally not more than alK)ut ^6 feet. 

It may be observed that in the pump just described the delivery 
valve is not absolutely necessary, but during the down stroke of tlie 
bucket it acts as a check on the suction valve in holding up the colump 
of water. 

433. Force required to Work a Bucket Pump. — Once the barrel and 
pipes of the pump are fully charged with water it is evident that, neglect- 
ing the volume of the pump-rod, the volume of water delivered during 
each up stroke of the bucket is equal to the volume swept through by the 
bucket in one stroke. Lot a = area of bucket in square feet ; I — length 
of stroke in feet ; h = total height through which the water is raised, in 
feet ; P = force (in lbs. ) required to lift the bucket, neglecting friction and 
the weight of the bucket and bucket-rod. 
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Weight of water raised in one up stroke 62*3aZ« 

Work done in one tip stroke — = PZ. 

^ Therefore P == 62 -Safe. That is, the pull on the pumprrod is equal to the 
weight of a column of water, whose base is equal to the area of the bucke^ 
and whose height is the total head. ’ Hence when friction is neglected, 
P is independent of the diameters of the suctmn and delivery pipes. 

During the downward stroke no water is raised, and only friction has to 
be overcome. Strictly speaking, a volume of water is discharged during 
the down stroke equal to the additional volume of pump-rod entering .the 
barrel, but in the pump under consideration this may be neglected. 

Considering the effect of the pump-rod, if = effective area of bottom 
of bucket = 0*7 85 4c?2, where d is the diameter of the barrel, ^ 2 =* effective 
area of tup of bucket is less than by the area of the section of the 
rod), = suction head, 7^.2 == delivery head, then P = 62’3(^Ai + 

434. Plunger Pump. — Fig. 801 shows a short stroke plunger pump 
provided with ball valves. S is the suction valve, and D the delivery 
valve. The action of this pump 
during the out or suction * stroke is 
the same as that under the bucket 
of the bucket pump when the bucket 
is ascending. During the in or de- 
livery stroke the air within the pum]) 
is compressed and a portion of it is 
discharge^d through the delivery valve, 
and when the i)ump becomes charged 
with .water a volume of water equal 
to the displacement of the plunger 
is discharged through the delivery 
valve during e>ach delivery stroke. 

By the diApIacemeni of the, pluvger is 
meant the volume equal to the area 
of the cross section of the plunger 
multiplied by the length of its jtio. 801. 

stroke, • 

A duplex puni]>, consisting of two plunger pumps side by side and 




delivering into the same pipe, is shown in Fig. 802. The two plungers 
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are driven so that the delivery 
, stroke of the oiio takes jilacc 
during the time of the suction 
stroke of the other. The result 
is a continuous Mow of water in 
the main delivery pilK^. The 
particular pump shown in Fig. 
802 is used for delivering waUn* 
at a higli pressure, sueli as is 
required by liydraulic inacluncs. 
Another form of high j>rossiirc 
pump is described in Art. 437, 
p. 503. 

435. Double-Acting Piston 

Pump. — Fig. 803 shows one 
form of double-acting piston 
'jpurnp. There are tAvo suction 
valves S, and Sg ? de- 

livery valves 1\ and Dg . The 
action of this puin]> will be 
readily understood by an in- 
spection of the illustration. 
There is a continuous tlf)w of 
water through the suction j»i])e, 
and also through the delivery 
pipe. 

436. Combined Plunger 
and Bucket Pump. — A iJunger 
pump is single-acting, discharg- 



Fig. 804. 
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ing water during the imoard stroke. A bucket pump is also single-actmg, 
discharging water during the outward stroke. By combining these two a 
double-acting pump is obtained, and this has two valves only. Fig. 804 
shows a compact form of combined plunger and bucket punip,* designed 
by Mr. Arthur lligg, P is the plunger, and ^ the bucket. I) and S are 
the delivery and suction air chambers respectively. The valves are of the 
annular seated ring type, provided with rubber-packed stop sockets. 

Tlic area of the cross section of the plunger is half that of the barrel. 
Hence, during the up stroke, half of the water raised by the bucket goes 
to fill the space left by the plunger, the other half going to the delivery 
pipe. During the down stroke the plunger displaces the other half of 
the water raised by the buc^ket. 

437. Continuous Delivery Pump for High Pressures. — For charging 
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hydraulic acumulators, in which the pressure of the water may be from 
700 to 7000 lbs. per sqxiare inch, the type of pump shown in Fig. 806 is 

* The Mechanical Engineer ^ January 18, 1908* 
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generally used. The piston A has an area twice that of the piston-rod 
B. During the outward stroke the water to the ISft of the piston is dis- 
charged through the passage C and valve D to the accumulator, and 
water at the same* time enters by the suction valve E and imssage F, and 
fills the space to the right of the piston. During the inward stroke the 
w^ater to the right of the piston is discharged through the passage F and 
valve H into the passage K, but only half of this water goes through the 
valve D to the accumulator ; the otjier half goes by the passage C to the 
annular space in the barrel or cylinder to the left of the piston. A volume 
of water, equal to half the volume swept through by the piston, is 
evidently discharged to the accumulator during each stroke. The valve 
D is not absolutely necessary, but it acts as a check on the others when the 
pump is not working. To make the valves close promptly they are Ipaded 
with springs, which consist of rubber rings separated by metallic washers. 

438. Air and Vacuuin Chambers. — In a pump of the single-acting 
type water is delivered during alternate strokes only, and the flow 
through the delivery pipe is therefore 
intermittent. The result of this is 
that in the neighbourhood of the 
delivery valve there is a great fluctua- 
tion of pressure duo to the inertia of 
the water, and a consequent series of 
shocks. To remedy this defect an 
air chamber A (Figs. 800 and 807) 

* is placed over or near the delivery 
valve D. 

The theory of the action of the 
air chamber is as follows. Referring 
to Fig. 808, the base line is a time 
base. The height of the straight line 
MN above the base reju'csents the static pressure of the Tvator due 
to the head in the delivery pipe. The licight of the line marked “ total. 




resistance” above MN represents the additional pressure required to 
overcome the friction in tlie delivery pipe. Suppose that the pump 
starts from rest. The water in the delivery pipe being at rest, the 
pressure of the air in the air chamber is equal to the static pressure of the 
water. At the beginning of the first delivery stroke the delivery valve 
opens, and the water, flowing through, finds two passages open to it, 
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OBe leadii^ into the delivery pipe, and the other leading into the 
air chfii-inber. To flo^ into the delivery pipe the entering water must 
exert a pressure greater than that due to the head of water in that pipe 
in order to overcome the inertia of the column of water and the friction 
in the pipe, but to enter the air chamber J;he resistance is practically 
only that due to the air pressure in it, and this pressure is only the 
static pressure due to the head in the delivery pipe. Hence the water 
coming from the pump barrel, taking the path of least resistance, enters 
the air chamber. As the water enters the air chamber the air in it is 
compressed and the pressure rises gradually. This gradually increasing 
air pressure acts of course on the column of water in the delivery pipe, 
and sets it in motion gradually without shock. Up, to the time A 
(Fig., 808) all the water going into the delivery pipe has come direct 
from the pump barrel, but the greater portion of the water coming from 
the pump barrel has gone into the air chamber. At the time A the 
velocity has increased until the flow through the delivery pipe is equal to 
the discharge from the pump, and after this a diminishing pressure is 
sufficient to keep up the delivery. The air now forces water from the 
air chamber, and in doing so it increases in volume and falls in pressure. 
At the time B the air pressure has fallen until it just equals the resist- 
ance. Up to this point the driving force on the water has been greater 
than the resistance, and therefore the velocity of the water has been 
increasing, and is now a maximum. After the time B the water con- 
tinues to flow from the air vessel, although the air pressure is jiow less 
than the resistance, because of the kinetic energy in the moving water. * 
At the beginning of the second delivery stroke the water from the pump 
has again two passages open to it. A quantity sufficient to keep up the 
flow at the now reduced velocity will go into the delivery pipe, but to 
send a greater quantity would mean increasing the velocity, and there- 
fore increasing the j)ressure above that in the air chamber, hence the 
remainder of the water enters the air chamber, and the pressure increases 
gradually. At the time C the air pressure is just equal to the resistance. 
Between and C the air pressure, which is the driving force; has been 
less than the resistance, and tile velocity has therefore been diminishing, 
and will have reached a minimum at C. Between C and P tlie air 
pressure increases, and at D the flow through the delivery pipe is again . 
equal to the discharge from the pump. At E the velocity is again a 
maximum, and at F the flow tlirough the delivery pipe is again equal to 
the discharge from the pump, and so on. 

It is seen, therefore, that the air chamber makes the flow of water 
through the delivery pi[>e continuous, and shocks duo to sudden changes 
of pressure are eliminated. 

The })Ositions of the points A, B, C, etc., will depend on the char- 
acter of the motion of the bucket or plunger, the volume of air in the 
air chamber, and the friction in the delivery pipe. 

The volume of the air chamber varies greatly in practice, being from 
two to 'six times the displacement of the bucket or plunger per stroke, 
and sometimes as much as ten times. ' 

An air chamber is not so necessary on a double-acting pump, but it 
is still advantageous, because the velocity of the piston not being uniform, 
the discharge through the delivery valves is not uniform. The capacity 
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of the air chamber for a double-acting pump may, however, be less than 
for a single-acting one. * 

On the suction side of 4 pump the water in the suction pipe requires 
time to acquire, under the action of the pressure of the atmosphere, 
sufficient velocity to make it flow into the pump 
barrel and completely fill the space left by the 
bucket or plunger ; and when the suction j)ipc is 
long, or when the speed of the pump is high, the 
amount of water entering the barrel during the 
suction stroke may not be suflicient to fill it. 

Again, at tlio end of the suction stroke the suction 
valve is suddenly closed, and the water in the 
suction pipe is suddenly brought to rest and a 
shock is produced. To remedy these defects a 
tjaevum cliamber V (Fig. 809) is placed on the 
suction pipe near to the suction valve S. This 
vacuum chamber is not entirely devoid of air. 
rest the ])ressure of the air in the vacuum chamber, together with tlie 
pressure due to the head of water in the suction pipe, is equal to the 
pressure of the atmosphere. 

The theory of the action of the vacuum chamber is similar to that of 
the air chamber, already discussed, l)ut while the air chamber converts 
the intermittent disc^liarge of the jmmp into a continuous flow in the 
delivery pipe, the vacuum chamber converts a continuous flow in the 
* suction-pipe into an intermittent flow in the jrnmp. 

The volume of the va<*uiim chamber may be about half that of the air 
chamber. 

439. Pump Valves. — Tn nearly all pumps in which valves are 
essential, the valves are operated automat! c^ally by tlie prcjssure of the 
'Water passing tlirough thejru Hie valves permit tlie water to pass freckly 
ill one direction, but wJien tlui actuating force is removed, the valves closi^ 
and prevent the return of the water. Kinematically, these valvi^s arc the 
same as the pawl wlii(‘]i permits a ratchet wheel or rack to move in one 
direction only. ‘ 

There are many designs of valves in use in puiii]>s, but it will only be 
necessary to refer to a few of them here. A siiiqilt coniral direct lift valve 
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Wlien the water is at 




Fig. 81 i{. 


is shown in Fig. 810. The body of this valve is a slightly arched disc 
with a conical edge, which forms the face of the valve. The valve face 
beats on a corresponding conical seat^ formed on a bush or on a part of 
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the valve casing. The valve is guided as it rises or falls by means of the 
central stem, forming "part of the valve body, which slides in a hole in a 
bridge stretching across the opening below the seat. The amount of lift 
of the valve is determined by a *stop on the casing above the valve.. A 
modification of this type of valve is shown iij Fig. 811. Here the body 
is made conical so as to direct the flow of water more gradually towards 
the opening, and thus reduce shock. This valve is guided ^ by three 
wings cast on it, which slide in the opening below the seat. In valves 
with conical faces and seats, the slant side of the cone is usually inclined 
at 45° to its axis. 

The valve shown in Fig, 812 differs from the one shown in Fig. 810, 
in having its face and seat flat, and in having the central stem above 
instead of below the valve. This stem slides in a guide forming j)art 
of the valve casing. The interior of this guide is in free communication 
with the interior of the casing through the small holes shown at the top, 
otherwise the stem would not rise and fall freely in the guide. The final 
grinding of the valve on its seat should be done when the guide is in 
position. The 'lift of the valve is limited by tho collar on the stem 
striking the lower end of the guide. 

Fig. 812 slmws a hall valve. Tho ball is guided and its lift deter- 
mined by the cage surrounding it. 

In the valves just described tho width of the seat may bo as small as 
inch, and it is sometimes as much as | inch. The narrower the seat, 
tlic easier is it to make tho valve tigl^t, but the area of the seat must be 
sufficient to prtivent the crushing of tho material of the valve or seat,* 
Those valves are generally inade c)f brass or gun-metal. 

lleforring to Fig, 812, wlicre the seat is flat, l1 is tho diameter of the 
valve, and h its lift. The lateral Opening through the valve is irdh, and the 

area through the seiit is hence when thcvse two are equal, h=^\d. 

The valve is therefore full o})eTi when the lift is one quarter of the 
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the pressure of the water are high. In the valves shown in Jigs. 810 and 

811, the area through the seat is less than on account of the presence 

4 


of the arrangements for guiding the valve. These valves are therefore 
full open when the lift is something less than \d. 

An annular valve which has two scats is shown in Fig. 814. If 
and are the diameters of the annular opening between the seats, and 
h the lift of the valve, then, neglecting the effect of the ribs betw^een the 


seats, the valve is full open when = 7r(<ij^ + d^h^ that is, when 


h = “ cZg). If ~ then h = • 

The india'Tuhber disc valve is shown in Fig. 815. The thickness of 
the india-rubber is generally inch to i inch for small valves, and may 
be as much as ^ inch in the largest sizes. The area of the seat or grat- 
ing in contact with the india-rubber should be suflicient to prevent the 
pressure between them exceeding 40 lbs. per square inch. The per- 
forated gtiard limits the angular lift of the disc to about 30®, 

The Gatermuth valve ^ shown in Fig. 816, is an ingenious form df flap 
valve. This valve is made from a sheet of special bronze of high 
tenacity. Part of the sheet forms a spiral coil, the inner end of which is 
turned over and enters a slot in a spindle. The fiat or uncoiled part of 
the sheet forms the valve proj^er, and this is thicker than the rest. The 
projecting ends of the spindle are rigidly held in bearings, so that the 
, flap is always in its correct position over the port. Before clam ping 
down, the spindle is rotated until the spring of the coil is of the necessary 
stiffness. The advantages claimed for this valve are, (1) the port is 
entirely uncovered with a relatively small deflection of the metal of the 
valve, (2) quite a small force exertc^d by the water is suflicient to 
deflect the valve, (3) the valve closes promptly when the flow' ceases. 

440. Fluctuation of Delivery in Crank-driven Pumps. — In many 
cases the plunger or piston of a pum}) is driven through a crank and 
connecting-rod, the crank being fixed to a sliaft which has uniform 
angular velocity. Tn other cases the pJunger or piston is connected 
directly to the piston-rod of a steam cylinder, and there is a crank shaft 
whose crank is also connected to the piston-rod by a connecting-rod. On 
the crank shaft is a heavy fly-wheel, wijich causes the angular velocity of 
the shaft to be fairly uniform. 

In all such cases the velocity of the plunger or piston varies during 
each stroke in a well-defined manner, and the curve which represents the 
variation of the plunger or piston velocity may be constructed as fully 
explained in Art. 260, p. 300. The velocity of the w^ater through the 
delivery valve at any instant will evidently be i)roportional to the velocity 
of the plunger or piston at that instant. Hence a plunger- or piston- 
velocity diagram will also be a rate of delivery diagram. This diagram 
may be drawn on a strode base or, preferably, on a time base. 

First consider a simple plunger pump having one plunger. During 
the suction stroke there is no discharge throiigh the delivery valve, but 
during the delivery stroke the variation of the velocity of discharge is 
shown by the plunger- velocity diagram. The result for one revolution of 
the crank is shown at (a). Fig. 817, on a time base. 
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Next conaider a. donble-acting piston pump. Hero the ,deliVety from 
one side of the piston \akes place at the same time as the suction on tjbe 
other side, and the variation in the rate of delivery through the delivery 
valves for one revolution of the crank is as shown at (&), Fig. 817, on a 
time base. v & 

The student should have n6 difficulty in constructing the rate of 



(hilivery diagrams for cases where thcTC are two or more plungers or 
])ist()iis driven fi*om the same crank shaft through cranks making known 
angles with one another, there being one delivery pi])e for all. 

Tlie resultant rate of delivery curve for a three-pluriger pump is 
•shown at (r), Kig, 817. The jdmigers are supposed to be all of the same 
size, and to bo driven through cranks A, B, and C, which make angles of 
120' with one another. 

At (<?), Fig. 817, is shown the resultant rate of delivery curve for a 
double-acting 2 )iston 2 >uinj) having two pistons driven through two cranks 
I) and E, \vlii<di are at right angles to one another. The displacements of 
the pistons i>er stroke are assumed to be equal. 

441. Direct Driven Steam Pumps. — Tlio shocks and irregularity in 
dtdivory which are almost inseparable from crank-driven pumj»s are to a 
large extent obviated in ])um 2 )s in which a water piston is driven direct 
from a steam i>ist(jn, Tn the latter tyi)e of pump the steam and water 
pistons arc at oi) 2 > 08 ite ends of the same piston-rod, and there is no fly- 
wheel and no crank shaft. The motion of the pistons being controlled 
mainly by the steam atid water j)ressures, the pistons can more readily 
follow the moving water, the velocities of the pistons and water adapting 
themselves to one anot her without .shock. 

In a i>ump the head of water in tlie delivery pipe is usually constant, 
and therefore wdien tlie water is in motion with fairly uniform velocity 
the I’csistance is fairly uniform. Hence the jiressure of the steam on the 
steiam piston must not vary to any great extent, unless means are adopted 
to store up energy during one part of the stroke and restore it during 
another. A fly-wheel will do this effectively, permitting the steam to he 
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used expansively, and tlierefore more econmnically. Hence the advantage 
of fly-wheel pumps. ^ 

Many contrivances, other than the fly-wheel, have been tried to enable 
the direct driven steam pump to use the steam expansively. One, which 
has been used with great success on large pumping engines, will now be 
described. This is the compensating cylinders of the Worthington pumping 
engine. Fig. 818 shows a triple-expansion pumiiiug engine having three 
steam cylinders and a water cylinder in line, the three steam pistons and 



Fm. 818. 


the water piston moving together. In the particular engine considerc'd, 
the high pressure jiiston and the water piston are at op}>osito ends of a 
piston-rod connected to a cross-head A. The intermediate and low. pres- 
sure pistons are connected by a central pist(^n-rod B. The low presKSure 
piston is connected directly tc» tlic cross-head A by two other piston-rods' 
.which pass through the front end of the low j)rossuro cylinder, but these 
rods [)ass outside the intermediate and high pressure cylinders. CC" arc 
the compensating cylinders, which are mounted on trunnions to permit 
thorn to oscillate. The compensating cylinders are provided with rams, 
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on the outer ends of which are formed gudgeons, which work in bearings 
on the cross-head A. 
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Detailed illustrations of a compensating cylinder and its ram are 
shown in Fig. 819. • 

The compensating cylinders contain water, which is in free communi- 
cation with an accumulator under air pressure. During the first half of 
a stroke of the pistons the excess work done by the steam is used to push 
the rams into the compensating Cylinders, thA*eby compressing the air in 
the accumulator, and during tlie second half of the stroke the work done 
during the first half in compressing the air is restored, the rams being 
forced out, and, as they now slope tlie other way, they assist in driving 
forward the cross- head. 

The action of these compensating cylinders presents an interesting 
problem which is worthy of careful study by the student. Dimensions 
and further particulars relating to the ‘engine just described * will now 
be given, so that the problem may be fully worked out. 

The dimensions are as fellows. Diameters of steam cylinders, 14, 
22, and 38 inches. Diameter of water cylinder, 10^ inches. Stroke of 
all pistons, 21 inches.^ Diameter of rams of compensating cylinders, 
5 inches. Distance between axes of tniTiiijons, 29 1 inches. Distance 
between axes of gudgeons, 1 3 inches. The pressure in the compensating 
cylinders is 515 lbs. per square inch. 

The indicator diagrams taken from the steam cylinders are given in 
Fig, 820, while Fig. 821 shows these diagrams corrected to show effective 




pressures per square inch on tlie several pistons for one stroke. The 
dotted lines on the intermediate and low pressure diagrams in Fig* 821 
represent the pressures on the intermediate and low pressure pistons per 

* Kindly supplied by the Worthington Pump Co., London. 
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square inch of high pressure piston to the same scale as the high pressure 
diagram. These various conversions were discussed in Art. 272, p. 814. 
Adding together the corresponding ordinates of these corrected diagrams 
would give the total effective pressure on the three pistons per square 
inch of high pressure piston. 

It remains to construe? the diagram which shall show the horpontal 
thrust' on the cross-head due to the action of the compensating cylinders. 
This is shown by the dotted curve 


DE (Fig. 822) constructed on the 
base XX* To construct the curve 
DE, the first step is to find the 
pressure on the rams per square 
inch of high pressure piston. 
This amounts to 


0*7854 x 62 x 515 
0*7854 X 142 “ 


lbs. 



ecpial to 131*4 lbs. to the 
Draw the horizontal line 


per square inch for each ram, 
neglecting the effect of the piston- 
rod. As there are tw^o rams, tlie 
total effect is equal to 131*4 lbs. 
per square inch of high pressure 
piston on one ram. Ko furring 
now to Fig. 822, O is the axis of 
the trunnion of one rain, and XX 
is the line of "stroke of its gudgeon. 

When the gudgeon is at F, the 
axis of the ram is OF. ’ On OP make OD 
pressure scale of the high pressure diagram. 

HK to meet the vertical line OK at K, then HK is the hoi izontal thrust 
exerted on the cross-head by the rams. Make the ordinate FL equal to 
HK. L is a point on the curve DE. For the first half of tin? stroke tlie 
horizontal thrust of the rams on the cross-head is reckoned as negative, 
since it is opposing the motion of the cro 5 i^>'head. 

The upper boundary line of the final diagram, shown sliaded in Fig. 
822, is determined by laying off the sum of the res]>uctive ordinates of 
the corrected curves in Fig. 821 above the curve DE in Fig. 822. For 
example, ab ~ cd ef gh . 

The ordinates of the final diagram represent the resultant horizontal 
driving force on the pumj) jhstonj^^er r^quare inch of high pressure inston. 
The total resultant driving force is of course obtained i)y multiplying the 
force shown by the shadcid diagram by the area of the high pressure 
piston. In constructing those diagrams, the efiect of the various piston- 
rods in diminishing tlie effective areas of the pistons has been neglected. 

Direct driven steam pumps arc generally of the duplex tyjie, there 
being two sets of steani and w^ter cylinders side by side with one common 
delivery pipe. 

442. Oentriftigal Pumps. — The ordinary form of centrifugal pump 
•consists of a wheels disc, or rmvrm\ providesd with a number of vanes, 
which revolves within a casing. When fully charged wdth water the 
revolving wheel carries the water round with it, and the centrifugal force 
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of the revolving water causes it to travel outwards from the centre to the 
circumference of the wb^l. The auction or supply .pipe leads the water 
to the centre of the wheel, and the delivery pipe takes it from the casing 
at the circumference of the wheel. The centrifugal pump is to a certain 
extent a reversed turbine, and the principles involved in the theory of 
the centrifugal pump are the same as for that of the turbine. 

Fig.' 823 shows a typo of centrifugal pump made by Messrs. W. H. 
Allen, Son, & Co., of Bedford, who kindly supplied the drawings from 
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which this illustration has been prepared, A is the wheel, which is of 
the shrouded type, ]>!Ovided with six vanes B between the shrouds. For 
pumping ordinary water the wheel may be made of cast-iron, but for salt 
or brackish water a gun-metal wheel is generally used. ITolg wdieel is 
keyed to a steel or bronze shaft C, which iijns in whije metal bearings D 
carried by the casing. Where the shaft leaves the (casing there is a gland 
and stuffing box to prevent leakage. The water enters from the suction 
pipe connected to the pump Ciising at E, and flows to both sides of the 
wheel, entering the latter at its eye or centre opening. Passing through 
the wheel the water flows into the expanding chamber F, and thence into 

2 K 
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the delivery pipe, which is connected to the pump casing at H, The 
expanding chamber or volute F, which collects the water from the wheel, 
has a varying radial section i)ro})ortionod to the quantity of water passing 
through it in a given time, so that the mean velocity of the water in the 
volute is uniform. 


The object of the vollite is to gradually reduce the velocity of the 
water after it leaves the wheel, and so convert part of its kinetic energy 
into pressure energy. 

A centrifugal pump will not act unless it is fully charged with w^atcr. 
A foot valve in the suction i)ipo will kee]) the pum]> charged once it has 
been filled with water. A common method of charging large pumps is to 
withdraw the air by means of a steam ejector ; this requires that the 
delivery pipe be fitted with a valve, which is closed wiiile the ejector is 
acting. 

Comparing the ordinary centrifugal pump with a plunger or piston 
pump, the former is mucii inoni efficient at low lifts, say under 30 feet. 
The centrifugal pump also gives a uniform delivery, and having no 
valves, it is much better adapted for pum[>ing dirty water. 

443. Design of Vanes of Centrifugal Pumps. — Referring to Fig. 824, 




and rg are the inner and outer radii of the wheel respectively. In 
practice generally lies 
between 2 }\ and and 
is fr^ucntly eijual to 2r^. 

B,B2 represents one vane. 

Water enters the wiiecl at ^ 

Bj in the dlrec^tion BiVj ^ 
with an absolute velocity 
Vj, and moving over the 
vane, leaves the wheel at 
Bg in the dirc(*tion II, V., 
with an absolute velocity 
v^. The tangential velo- 
cities of the wheel at Bj 
and are and c., re- 
spectively. The }>arallelo- , . . . 

grams of velocities at C| * — 

and are constructed ’ 

as in the case of turbines. ' 
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BjUj is the relative velocity of the water and v^ane at B^, and c/)^ is 
the inclination of the vane at to the tangent to the w4ioel at that 
point. 1 ^ 2 ^^ relative velocity of the whaler and vane at B2, 

and <f)2 is the inclination of the vane at B^, to the tangent to the wheel 
at that point. 

B|S| “ is the radial velocity of the water at B^ , and B^F>o - <\> is the 
radial velocity of the water at B„. If A-, and A ^ are the areas of the 
circumferential sections of the wdmel at ratHi and respectively, then 
82A2 = SiA]. Generally — then A2 = A|. If Iq and h., are the 
breadths of the wheel at inlot and outlet res])eetively. A, ^ 27 rr^b ^ , and 
A2 = 2irr2ft2- Hence if A2 = A,, — If the radial velocity of 

the water throughout the wheel is to be const/ant, then the breadth /> at 
any radius r is given by the equation hr = h^r^. 
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SiVi = cos 6. is the velocity of whirl of the water as it enters 
the wheel, and V 2 = cos =. is the velocity of whirl of the water 
as it leaves the wheel. 

It is generally assumed that the velocity of 
whirl at entrance is zero, that is, the direction 
of motion of the water at entrance is radial, as 
shown in Fig. 825. In this case tan </>. = 

> The radial velocity of flow through the wheel V, 

;may be from 2 to 10 feet ..per second, and is com- 
monly about 5 feet ]>er second. 

444. Work Imparted to the Water by the 
Wheel. — The increase in the angular momentum of 
1 lb. of water in passing through the wheel of a 

centrifugal pump is ^ and this is equal 

to T, the turning momept on the wheel. Hence if 

o) is the angular velocity of the wheel in radians per second, the work 
done per second per pound of water passing through the wheel is 

Tco = 1 ^ ^^^9 P* 482.) 

If is zero, then Tw = 5 = . 

If H is the maximum theoretical h(;ad or the height to which the 
wheel will raise the water, neglecting all losses, then obviously 

H — - when ?rj = 0, H = , 

445. EfB.ciencies of Centrifugal Pumps. — Tf v denotes the velocity 
of the water as it leaves the delivery pipe, then the energy or head loss 

on account of this velocity is pei- lb. of water delivered. I'lio loss of 

energy or head in friction in tlie suction and delivery pii>es may be 
computed as in Article 401, ja 4G2. L(^t the loss due to friction in the 
pipes ])e denoted by hj, and let A be the actual height through which the 

water is raised by the pump, then = A + 4- — is called the gross 

head or gross lift of the pump. 

The ratio of the gross head TI^ to the maximum theoretical lift H 
(see preceding Article) is called the Ju/dTaulic efiiciencf/ of the pump. 

Except in small lifts the term ^ is unimportant, and for small lifts 

the term A 3 is unim])ort 4 iiit. The velocity v may be reduced by making 
the delivery end of the pipe bell-mouthed. 

The actual or commercial efficiency of a centrifugal ]mmp is the ratio 
of the work represented by the product of the weight of water raised, 
and the height to which it is raised to the work done in driving the shaft 
of the immp. 

The kinetic energy or velocity head water as it leaves the 

wheel can only be utilised for lifting the water by first converting it into 
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pressure energy by gradually reducing the velocity' in an expanding 
chamber or volute. If no part of the velocity head is utilised, then the 

theoretical lift is reduced from to ^ . 

g 9 ^9 

446. Oontrifugal HeadTimparted to Water by Wheel of OenMfagal 
Pump. — Supi)Ose the pump to be fully charged with water, and that the 
wheel is rotating with angular velocity <u, but that 
no water is being delivered. The water within the 
wheel will have rotary motion only, and the. centri- 
fugal force of this water will cause the i)ressure at 
the outer circumference to be greater than that at 
the inner circumference. 

To determine the difference of pressure at the outer 
and inner circumferences of the wheel due to the cen- 
^trifugal force of the water in the wheel, consider (Fig. 

826) a wedge of this water of breadth h and angle 
as shown. Take an element FH of this wedge at radius r and thickness 
dr. If %t) is the density of the water, then the weight of the element 

FH is iohrdd}\ and its centrifugal force is . To prevent FH 

from moving outwards in a radial direction the intensity of the pressure 
on its outer face must exceed the intensity of the pressure on its inner 

^ face by an amount d>p^ and dp • hrd = or dp = . The 

difference of the intensities of the pressures on the outer and inner, ends 
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of the wedge of water within the wheel is. f ' == 1' -- 

g 9 

if \ is the head equivalent to this difference of pressure, 


2 Wiii^rdr r!j — rj 


O/ 2 •» \ 


In order that the pump may discharge water through the delivery 
pipe the actual head must be less than centrifugal head. 


447. Turbine Pumps. — A greater amount of the kinetic energy of 
the water as it leaves the wheel of a centrifugal inimp may be converted 
into pressure energy by providing suitably designed guide passages in 
the chamber surrounding the wheel. The centrifugal pump then becomes 
a turbine pump, A .single wheel turbine pump will raise water to a much 
greater height than an ordinary centrifugal pump. 


448. Multi-stage Turbine Pumps. — V/ater may be pumped to almost 
any height by mounting a scries of turbine piimi> wheels side by side on 
the same shaft, each wheel being provided with a suitable casing The 
water enters the eye of the first wheel, and is delivered through its 
casing to the eye of the second wheel, and so on to the delivery pipe, 
which leads the water from the casing of the last wheel. 

Fig. 827 shows a multi-stage turbine pump, as made by Messrs. 
W. H. Allen, Son, & Co., of Bedford. This pump is provided with a 
balancing arrqtngement, designed with a view to reducing the leakage of 
water through the clearance between the balancing piston A and the 
bush B. The cylinder C is attached to the pump casing, and is provided 
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■witli a faping against ^hich the radial facing on the balancing piston A 
runs with a small clearance^ When the radial facings of the piston and 
cylinder touch one another there is a small clearance between the ooHars 
and the facings of the multi-collar thrust-bearing D, thus allowing the 
spindle a very small axial movement. This jnovement also gives a very 
small clearance between the two balancing facings mentioned above. 

When the leakage water from^ the periphery of the end wheel or 
runner enters from the annular chamber E to the chamber F it is nob 
drained away directly, but passes between the two radial facings of the 
piston A and the cylinder C, The maximum clearance between these 
two facings is very small, and therefore only a very small quantity of 



water can pass into the chanaber H, thus reducing the quantity which 

has to be drained away. - i i. j 

In chamber F there will be a pressure which will vary with the head 
against which the piiiiip is working, and also with the clearance between 
the piston A and the bush B, and between the jnston A and the cylinder 
C. W^hen water in the chamber F reaches a certain pressure it will 
force the tunners and spindle to move in an axial direction, thus slightly 
increasing the clearance bet'ween the facings of the balancing piston and 
cylinder. The water in the chamber F will drain away through the 
increased outlet opening, and the two facings will move away froni each 
other until the intensity of the pressure between them and also in the 
chamber F is so small that the thrust on the runners overcomes it, and 
brings the runners back into their first position, consequently the spindle 
will make a small reciprocating movement in an axial direction, thus 
materially helping to ensure perfect balance. 
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Exercises ZZX. 

1. The diameter of the barrel of a simple bucket pump is 9 inches, and the 
stroke of the backet is 2 feet. « The bucket-rod is driven through a connecting- 
rod coupled to a crank which makes 25 revolutions per minute. The total head 
of water is 40 feet. How many cubic feet of water are raised per minute, and 
what horse- power must be delivered to the crank if the efficiency of the pump is 
50 per cent. ? 

2. A bucket pump works under a mean suction head of 20 feet and a mean 
delivery head of 40 feet of water. The diameters of the bucket and pump-rod 
are 12 inches and 2J inches respectively, and the stroke is 3 feet. Taking into 
account the influence of the pump-rod, what is the pull on the rod during the 
up stroke? Also, what is the volume of water discharged during (a) one up 
stroke, (6) one down stroke ? 

3. The suction and delivery heads of a plunger pump are 20 feet and 50 
feet respectively. The diameter of the plunger is 6 inches, and its stroke 10 
inches. The plunger makes 48 double strokes per minute. Calculate the force 
required to work the plunger {a) during the suction stroke, ((*>) during the delivery 
stroke, assuming that the efficiency of the pump is 50 per cent, for the suction 
stroke, and 70 per cent, fig the delivery stroke. Find also the horse-power 
required to work this pump. 

4. In a shale mine, in order to drain one of the pits a trcble-ram pump, 
driven by an electric motor, is employed. The rams are inches in diameter 
by 12-inch stroke, they each make 34*75 double strokes per minute, the height to 
which the water is lifted is 303 feet, and the total length of the 6-inch discharge 
pipe is 700 feet. Find: (i.) How many gallons of water are lifted per minute, 
(ii.) The useful horse-power when the pumps are running steadily, (iii.) The 

^efficiency of the pumps if the B.H.P. of the motor is 50. (iv.) How many foot- 

pounds of w^ork are done i^er minute in overcoming the friction in the i>ipe (the 
coefficient of friction is 0*0075). (v.) The B.H.P. required to lift the water and 
overcome the pipe friction. [B.E.] 

5. The cylinder of a double-acting piston pump has a diameter of 0 inches, 

and the piston-rod has a diameter of 2 inches. The piston-rod goes through one 
end of the cylinder only. The suction and delivery heads are 10 feet and 50 
feet respectively. Neglecting friction, calculate the force necessary to work the 
piston during the “in” and strokes. If the mean speed of the piston 

is 90 fe«t per minute, how many gallons of water does this pump deliver per hour. 

6. In a duplex Worthington pumping engine (see Fig, 818, p. 510) each of the 
two pump-pistonsislO J inches diameter, and the pump-rods are 3^ inches diameter. 
The rate of pumping is 1,442,312 gallons per 24 hours. What is the mean speed 
of the pistons in feet per minute? The head is 648 feet, including friction. 
What is the pump horse-power? The duty of the engine is 183,300,000 ft. -lbs. 
per owt, of coal, and the steam consumption is 12*1 ii)fe. per pump horse-power 
per hour. What is the weight of steam produced per lb. of coal used ? 

7. Keproduce the, indicator diagrams given in Fig, 820, p, 511, (‘ularging them 
to, say, twice the size shown. Then, takirsr the particulars of the Worthington 
pumping engine given in Art. 441, construct, on a stroke base, diagram 
whose ordinates show the effective "driving force on the pump piston as described 
in Art. 441, but allow for the etfeot of the various piston-rods on the areas 
of the pistons. All the steam piston-rods are inches diameter. On the final 
diagram add a horizontal line whose height above the base is the mean height of 
the diagram. Also add the line whose height above the base shows the resistance 
of the pump obtained from the particulars given in the preceding exercise. If 
several students in a class should work this exercise, a number of them should 
construct the diagram for the forward stroke, and the others for the return 
stroke. 

8. Show, by drawing the rate of delivery curves, that the fluctuation of 
delivery from a pump having* two single-acting plungers driven through two 
cranks at right angles to one another is considerably greater than for one 
plunger only. 

&. the rate of delivery diagram for a pump of the type shown in Fig, 
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805, p. 503« the area of the piston-rod being half that of the piston* Then 
construct the rate of delkery diagram for two suoh pumps driven through cranks 
at rigiit angles to one another. Take the length of the connecting-rods equal 
to 6 cranks. 

10. A “ three-throw ” deep well pump has three pistons each 6 inches diameter, 
with piston-rods 2 inches diameter. Stroke of each, 24 inches. The pistons are 
driven through a crank shaft having three cranks Aaking 120° with one another. 
'Jlie connecting-rods are so long that the pistons may be assumed to have 
harmonic motion. Draw the rate of delivery diagram for this pump. 

11. A centrifugal pumiJ with vanes curved back has an outer radius of 10 
inches and an inlet radius of 4 inches, the tangents to the vanes at outlet being 
inclined at 40° to the tangent at the outer periphery. The section of the wheel 
is such that the radial velocity of flow is constant, 5 feet per second ; and it 
runs at 700 revolutions per minute. Determine, (1) The angle of the vane at 
inlet so that there shall be no shock, (2) the theoretical lift of the pump, (3) the 
velocity head of the water as it leaves the wheel. 

12. Determine the circumferential speed of the wheel of a centrifugal pump . 
whie^h is required to raise water to a height of 5 feet, having given that the 
oflicienoy is 0*6. The velocity of flow through the wheel is 4*5 feet per second, 
and the vanes are curved backwards so that the angle between their directions 
and a tangent to the circiwnforence of the wheel is 20°. 

13. A centrifugal pump 4 feet diameter, running at 200 revolutions per minute, 

pumps 5000 tons of water from a dock in 45 minutes, the mean lift being 20 feet. 
The area through the wheel periphery is 1200 square inches, and the angle of 
the vanes at outlet is 26°. D(;termine i.he hydraulic efficiency, and estiniate the 
average horse-power. Find also the lowest speed to start pumping against the 
bead of 20 feet, the inner radius being half the outer. [U.L.] 



CHAPTER XXXT 

SOME HYDRAULIC PRESSURE MACHINES 

449. Packing for Hydraulic Rams and Pistons* — To prevent 
leakage of the water between a ram, plunger, or jnston and the 
cylinder various forms of packing are used. The \J -leather packing 
shown in Fig. 828 has been extensively used. The water leaks past 
the ram as far as the packing, and, entering its interior, presses one side 
against the recess in the cylinder and the other against the ram. The 
greater the pressure of the water the greater is the’ tendency to leak, but 
in the U-leather paoking the force with which the leather is pressed 
against the ram and against the recess in the cylinder to prevent 
leakage is proportional to the pressure of the water. This is one great 
merit of the U-leather packing. 

The U-leather packing is made from a disc or flat ring of leather, 
which is moulded between two ceist-iron blocks, as shown in Fig. 829. 



Ficj. 828 . Fig. Ste. Fio. S.W. 


The leather is softened in hot water and placed between the blocks, 
which are then pressed together in a hydraulic ])ress or by bolts and nuts, 
the bolts passing through the blocks, Th.e leather is kept in the mouhl 
for about twenty-four hours, when it is removed, and after it is dried, it 
is trimmed to the form shown in Fig. 828. 

The Jiat-leaflier g^arlihig is shown in Fig 830. This is more commonly 
used for small rams, valve spindles, etc. 

The cup4eathf^r packing la mainly used for pistons. A piston packed 
with two cup-leathers is shown in Fig. 797, p. 499. A cup-leather 
packing on a ram is shown in Fig, 839, p. 52G. 

Hat- and cup-leathers are moulded in a similar manner to the 
U-leather. 

The leather for hydraulic packings should be the best quality oak- 
tanned, sole leather. It is jdaned to a uniform thickness of about 
three-sixteenths of an inch. The flesh side of the leather is made the 
rubbing side of the packing. 
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An objection ta the U -leather packing is that the ram must be 
removed before the packing can be renewed, and this, in many 
is very troublesome. In such cases the ordinary stuffing-box is generally 
used. The ordinary gland and stuffing-box for hemp or other packing is 
shown in Fig. 799, p. 499. « 

To give a smooth and non-corrosive surface to a ram, it is frequently 
sheathed with brass. Cylinders are also lined with brass for the same 
reasons and to make them noii-porous at high pressures. 

450. Joints and Connections for Hydraulic Pipes. — Hydraulic 
mains are generally made of cast-iron. For a pressure of 800 lbs. per 



Fig. 831. 


Fig. 832. 


square inch the diameter of these mains does not exceed* 7 | iiichei 
The form of joint ust^d for cast-iron hydraulic mains is shown in Fig. 831. 
The joint is made water-tight by a gutta-percha ring, which is forced into 
the V-shaped recess formed tetween the and socket. 

For smaller pixies, solid-drawn steel tubes are used. A common form 
of joint for these tubes is sliown in Fig. 832. Strong cast-iron flanges 
are screwed on to the ends of the tubes. One of the two flanges has 
a shallow socket to receive a si>igot on the other. The joirt is made 
water-tight by a leather or gutta-percha 
washer placed between spigot and 
socket. The end of tlie spigot and the 
bottom of the socket in contact with the 
leather or gutta- 2 )ercha have concentric 
grooves turned on them, and the leather 
is forced into tliese grooves. 

A yery convenient form of joint 
between a steel tube and a hydraulic 
cylinder is shown in Fig. 833. A screwed 
recess is formed in a boss on the 
cylinder, and this is jjaced, first jrio. 833 . 

a leather or gutta-perclia washer, and 

then the end of the tube, on which is screwed a collar A. A gland B 
screwed into the recess completes the connection. 

J 1/^451. Hydraulic Accumulator. — Hydraulic pjressure machines are 
Mually intermittent in their action, and their demand for power is 
therefore very variable. In an installation of these machines the 
pressure water is obtained from pumps, and it is desirable that the 
pumps should be kept, as far as possible, working continuously. This 
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necessitates the introduction of a hydraulic accui^ulator, which shall 
store up the pressure water when the pumps are delivering more than is 
required by the machines, and give it out again when the delivery of the 
pumps is less than the machines require. There are two principal types 
of the ordinary hydraulic accyimulator. In the one type there is a fixed 
cylinder fitted with a loaded ram, and in the other there is a fixed ram 
on which is fitted a loaded cylinder. An example of the fixed ram type 
of accumulator is shown in Fig. 834. A is the ram, and B the cylinder. 
When the delivery of the pum[>a is 
greater or less than is required by the 
machines, the water enters or leaves the 
cylinder at C through the ram, which 
is hollow. Resting on the flange at the 
lower end of the cylinder is a strong 
cast-iron base D, which carries the 
remainder of the load. The remainder 
of the load may consist of a number of 
blocks of cast-iron, or, as in the form 
shown, D carries a cylindrical casing 
made of steel plates, which holds scrap 
iron, stones, or other suitable heavy 
material. When at the bottom of its 
stroke, the load rests on the wood blocks 
shown. EE are two timber posts sunk 
in the concrete foundation at their lower 
ends, and fixed at their upper ends to 
the walls of the building containing the 
accumulator, or in any other way con- 
venient. To the inside faces of these 
timber posts are attached steel or iron 
channels, in wliich slide blocks attached 
to the load casing, as shown in the 
elevation, and more clearly in the cross 
section at (a). In this way the load is guided as it rises and falls. 
A strong buffer or stop is provided to prevent the cylinder rising 
too high, and if there is only one accumulator, there are levers which 
are automatically brought into action at or near the top of the stroke, 
and which stop or restart the pumps. 

In large installations where one accuiiuilator would be inconveniently 
largo two or more are msod, in whicli case the second carries a heavier 
load than the first, and the third a heaider l<:*ad than the second. Each 
increase of load corresponds to an increase of ])ressure of about 20 lbs. 
}>er square inch. The second p.ccumulator does not come into action until 
the first is fully charged, and the third does not come into actioTi until the 
second is fully charged. Only when the last of the series is fully charged 
are the pumps stopped. 

If diameter of ram in inches, p = pressure of water in lbs. per 
square inch, W = total moving load in lbs., and /i = stroke in feet, then, 



neglecting friction, W — the capacity of the accumulator is 


ft. -lbs. 
4 
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452 « Tweddell’s Differential Accumulator. — In this accumulator 
there is a fixed ram ABC (Fig. 835), the lower part BC being of larger 
diameter than the upper part AB. The 
lower end of the ram is fixed in iftie base 
shown, and the upper end (not shown) is 
rigidly held by a bracket attached to a waif 
or in any other convenient way. D is the 
cylinder which slides up and down on the 
ram. The lower and upper ends of the 
cylinder fit the larger and smaller parts of 
the ram respectively, leakage being prevented 
by packings, as shown. The cylinder is 
loaded with cast-iron weights as shown, the 
amount of the load depending on the water 
pressure required. Water enters or leaves 
the accumulator by the pipe E, and passes 
along a central hole in ^ the larger part of the 
ram ; this central hole coiiifnunicatcs with the 
water space in the cylinder by transverse 
holes in the ram at B. When at the bottom 
of its stroke the cylinder rests on the 
props r. 

If W = total moving load, = larger 
diameter of ram, smaller diameter of 
raim, and ji) = intensity of water pressure, 

then, neglecting friction, 

From this it will be seen that if the difference 
between and dt, be small, p will be large for 
a comparatively small value of W, but the 
capacity of the accumulator is small. 

If d is the diameter of the ram of an ordinary accumulator carrying 
the same load W under the same pressure p, then d = — d^). The 

ordinary accumulator would therefore have a much more slender ram 
than the differential accumulator. 

The differential accumulator is usually comparatively small, say 
di =■ 6 indies, d.j ^ 5 inches, and a stroke of about 4 feet. 

The differential accumulator is used in connection with one hydraulic 
machine only, such as a hydraulic riveter, where the force exerted at the 
beginning of the operation is conif»aratively small, but at the end it must 
be large. The capacity of the differential accumulator being small, the 
load descends rapidly and with increasing speed, and as the operation of 
the hydraulic machine approaches the end, the falliiig load is brought 
quickly to rest, with the rt‘,sult that there is a ccmsiderable ri*^e 
in the pressure of the water, and therefore a considerable increase 
in the force exerted by the hydraulic machine at the conclusion of its 
operation. 

453. Intensifying Accumulator. — An accumulator in which the 
load on the ram is produced by low pressure, water, say from the ordinary 
water supply, acting on a piston, is shown in Fig. 836. This is called an 
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intensifying dccumtdatorf because the pressure of the water on the 
piston intensifies the pressure of the water on the ram* The low pres* 



Fig. 836. 


sure water enters at A. The action is obvious, and need not be further 
described. 

If d IB the diameter of the ram, D the diameter of the ]>iston, p the 
pressure of the water on the ram, and P the pressure of the water on the 
piston, then, neglecting friction, pd^ = PD^. 

454, Hydraulic Intensiflers. — When a hydraulic machine, in 
finishing the operation which it is designed to perform, has to 
exert a much greater force than is required during the earlier part of 
the operation, the increased force may be obtained by the use of an 
intensifier. 

The intensifying accumulator described in the preceding Article may be 
used as an intensifier by first charging the smaller hydraulic cylinder with 
water, and then introducing the power water from the pumps into the 
larger cylinder at A. The effect of this will be to raise the pressure 
of the water in the smaller cylinder and in the pipes leading from it. 
Generally, however, the hydraulic intensifier has two rams instead of 
a ram and piston. 

If d and d^ are the diameters of the smaller and larger rams 
respectively, p the pressure of the water supplied by the pumps, and 
the intensified pressure, then, neglecting friction, pyd"^ —pd\^ 

A hydraulic intensifier, which may be operated to give three 
different higher pressures, as required, with the same pump pressure, 
is shown in Fig. 837.* A is the smaller ram, and this is stationary. 
B is a cylinder fitting over A, but it is also a ram fitting into 
C, While C is the cylinder for B, it is also the ram for D ; and 
while D is the cylinder for C, it is also the ram for the fixed outer 
cylinder E. 

On the tension rods FF are placed sleeves HH, which have 
lugs KK, which, when brought round into action by turning the 
sleeves, prevent D from rising. The sleeves also have lugs LL, which, 
when brought into action, prevent C from rising. MM are handles 
for turning the sleeves to put the lugs LL or LL and KK into or out of 
action. 

The cylinder B and the pipes connected with it through the interior 

4 ' ^ 

* American Machinist^ Nov. 6, 1904. 
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of tlie fixed ram A are charged with the water whose pressure is to be 
intensified, and water* at the ordinary pump pressure is introduced into 
the outer cylinder E. The lugs on 
the sleeves are shown in action ^ 
in Fig. 837 preventing C and D 
from rising. 

Let and be the 

external diameters of B, G, 

and D respectively, Let^ be the 
ordinary pump pressure of the 
water, the intensified pressure 
when B alone rises, the inten- 
sified pressure when B and C rise 
together and D is fixed, and 
the intensified pressure when B, C, 
and D rise together. Then, neglect- 
ing friction, 

Similarly, and d!^2h 

In the particular intensifier 
shown in Fig. 837 the ram A and 
cylinder B are xnade of forged steel. 

The other cylinders are made of 
casfi-irou. To diminish the clear- 
ance spaces all the cylinders except 
the outer one are bored out. 

In operating a hydraulic machine 
which works in connection wdth 
an intensifier, the machine is first 
driven directly by the ordinary 
power water, and at the point in 
the operation whei’e the ^eater 
force is required the power water 
is switched on to the larger 
cylinder of the intensifier, and 
at the same time the delivery of 
the intensifier is switched on to 
the machine. 

455. Hydraulic Press for mak- 
ing Lead Pipes. — Fig. 838 shows 
a form of hydraulic press used for 
^‘squirting” lead pipes. A is a 
large ram, on the top of which is 
tlie cylinder B, containing the lead- 
G is a smaller fixed ram, which is 
hollow, and provided with a die at 
its lower end. This die has a hole 
in it of a diameter equal to the 
outside diameter of the lead pipe. 



Fig. 837. 



Pio. 838. 


Fig. 839. 


1^/456. Hydraulic Lifting Jack. — Fig. 839 shows a hydraulic lifting 
jack made by Messrs. Tangyos of Jiirmingham. The ram is spread out 
at its lower end to form a base upon which the jack stands. To the 
top of the ram Is attached a cup-leather to form a water-tight joint 
between the ram and the cylinder. The pump is screwed into the top of 
the cylinder, and is surrounded by a casing attached to the cylinder. 
The cover of this casing forms the bed for the load under which the jack 
is placed, or the load may be carried on the claw formed on the lower end 
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of the cylinder. The space round the pump in the casing forms a cistern 
for the water. A spfndle, one end of which passes through the casing, 
carries at that end the hand lever, and inside the casing it carries a short 
crank, the free end of which works in a rectangular slot formed in the 
plunger of tffe pump. By this arrangemei^ the oscillation of the lever 
causes the reciprocation of the plunger. The suction valve of the pump 
is at the side, and the delivery valve at the bottom of the pump. The 
valves are loaded with light spiral springs. 

When the lever is worked the pump takes in water from the cistern 
and delivers it into the cylinder above the ram, and thus causes the 
cylinder and the load on it to rise. During the operation of raising the 
load the lowering screw 


must be screwed up tight. 
The inner end of the lower- 
ing screw is conical, and 
forms a valve which, when 
shut, closes the j)assage 
between the cylinder and 
cistern outside the pump. 
To lower tlie cylinder the 
lowering screw is un- 
screwed, and the water 
may then flow freely from 
the cylinder to the cistern. 

When tlie jack is in 
use , the air screw at the 
top should be slackened. 
Overlifting is prevented by 
the hole H in the cylinder 
allowing the water to 
esca])0 when the proper 
lift is exceeded. Rotation 
of the cylinder on the ram 
is j)revented by a key 
secured in the cylinder at 
the lower end by a set 
screw ; this key fits in a 
key way extending nearly 
the whole length of the 
ram. 

I ..457. Hydraulic Crane. 

— Comparing the princij)al 
part of the mechanism of 
a hydraulic crane with 
the ordinary “ block and 
tackle.^' Ill the block and 
tackle one force acting on 
the “ fall ” of the rope 



overcomes a greater by 


Fia. 840. 


bringing the two blocks 

closer together. In the hydraulic crane the action is reversed ; the two 
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blocks or sets of pulleys are pushed apart by a great force, which is made 
to overcome a smaller force at the free end of the shaiu- One block is 
attacdiod to the bottom of a hydraulic cylinder, and the other to the ram. 
A chain passes over the pulleys in the two blocks in the same manner as 
in the ordinary block and tackle, the free end of the chain passing up the 
crane post and over guide pulleys to the load to bo lifted. 

Ileferring to Fig. 840, A is the stationary cylinder, and B the ram. 
Fixed to the bottom of the cylinder is the frame O carrying one set of 
pulleys, and fixed to the outer end of the ram is the frame D carrying 
the other set of ptilleys. One end of the chain is attached to the bracket 
E on the fixed frame C. 

From the fixed end at E the chain passes over the pulley F, and then 
down and up over the various pulleys, and finally passes up to and over 
guide pulleys in the frame of the crane to the load to bo raised. 

Neglecting friction, the load lifted is equal to the tension in the chain, 
which is equal to the total force on the ram divided by the number of 
straight lengths of chain which proceed from the pulleys on the ram. 

Exercises 'XXXL 

y 1 . If a hydraulic power company cliarpjes 16 pence per 1000 gallons of water 

a pressure of 750 lbs. per square inch, what is the cost per horse-power hour 
to the consumer ? 

^ 2. How many ft. -lbs. of work may be stored up in a hydraulic accumulator 

^^Aiose ram has a diameter of 12 inches, and a lift of 13 feet, when the pressure 
^of the water is 750 Ihs. iicr square inch 7 

5. What is the i^ressure of the water in a hydraulic accumulator having a ram 
11 inches in diameter when the total load is 45 t,ons and friction is neglected ? 

4. What must, be the diameter of the ram of a hydraulic accumulator which 
is to have a capacity of 100 horse-power minutes with a water pressure of 
1120 lbs. per square inch, if the stroke is 14 times the diameter of the ram ? 

6 . The ram of a hydraulic accumulator (Fig. S34, p. 522) is 12 inches in 
/diameter, and the total moving load is 55 tons. If the force required to move 

the cylinder along the rum against the resistance of friction only is 2 6 tons, 
what is the pressure of the water, in lbs. per square inch, (a) when the load is 
ascending with uniform velocity, (6) when the load is descending with uniform 
velocity ? 

6 . The ram of a hydraulic accumulator is 1C inches in ditimoter, the stroke is 
/23 feet, and tlie water pressure is 1120 liis. per square inch. Tf the useful work 

given up by this accumulator during one full downward stroke is utilist‘d in 
raising W tons to a height of 40 feet by nieans of a hydraulic crane whose 
efficiency is 55 per cent., find W. If this work is done in three minutes, what is 
the gross hoise-power of the crane 7 

7 . The ram of a hydraulic accumulator is 4 inches in diameter. The pressure 

of the water from the acjcumiilator is to be 1*5 tons per square inch, and the 
water is used to work the hydraulic ram of a testing machine, which is 3 ’5 inches 
in diameter, (a) What total load must be placed on the 4-inch ram if 5 percent, 
of the load is wasted in the friction of the cup-lcathers, etc. 7 (6) W^hat total 

load is the testing machine capable of applying, if there is a further loss of 
5 per cent, in the cup-leathers of the largo cylinder 7 (B.E. j 

8. The diameters of the i, wo parts of the ram of a d ifferential accumulator 
(Fig. 836, p. 523) are i> inches and .5 inches, and the stroke is 50 inches. If the 
pressure of the water is 1500 lbs. per square inch when the load is at rest or when 
it is moving with uniform velocity, wliat load i^s required, including the weight of 
the cylinder? How many ft.-lbs. of work may be stored in this accumulator 7 
What would be the diameter of the ram of an ordinary accumulator to carry tlie 
same load with the same water pressure? 

9. The total moving load on a differential hydraulic accumulator is 3 tonr. 
The diameters of the larger and smaller parts of the ram are 4^ inches and 
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4 inohes respectively. Neglecting friction, what Is' the pressure of the water in 
lbs. per square inch ? 

10 . In an intensifying accumulator (Fig. 836, p. 624) the diameter of the 3 ?am 

is 4 inohes, and thp diameter of the piston is 20 inches. If the head of watef oi^ 
the piston is 60 feet, what is the pressure of the water on the ram in lbs. per square 
inch ? If the stroke of the ram and piston is 30 inches, what is the capacity of 
this accumulator in ft, -lbs. 7 » 

11 . On board ship an accumulator is used in which the ram is 9 inches 
in diameter, and the pressure of the water is 800 lbs. per square inch. The load 
is produced by steam pressure of 60 lbs. per square inch acting on a piston 
connected directly to the ram and working in a separate steam cylinder. 
Neglecting friction, what must be the diameter of the steam piston 7 

12 . A hydraulic intensifier is required to increase the pressure of 700 lbs. per 

square inch in the mains to 3000 lbs. per square inch. The stroke of the 
intensifier is to be 4 feet, and its capacity 3 gallons. Determine the diameters 
of the rams. [Inst.C.E.] 

13 . Referring to the hydraulic intensifier shown in Fig. 837, p. 625, if the 
diameters of the rams are 2J, 4, 6. and 8 inches respectively, and if the pressure 
of the ^ater introduced into the outer cylinder -is 7(X) lbs. per square inch, what 
are the pressures, in lbs. per square inch, winch may bo obtained in the pipe 
leading from the interior of the smaller ram, neglecting friction ? 

14 . What would the results of the preceding exercise be if the friction of the 
stuiTing-boxes is allowed for, assuming that the frictional resistance of one 
stuffing-box, in lbs., is equal to O'OuPD, where P is the pressure of the water in 
lbs. per square inch, and D is the dmmeter of the ram in inches ? 

16 . In a hydraulic press for squirting lead pipes (Fig. 838, p. 626) the larger 
ram has a diameter of 20 inches, and the smaller rarn has a diameter of 5 inches. 
Find the intensity of the pressure on the lead when the water pressure is 1 ton 
per square inch, and the bore of t he lead pipe is i inch. If the stroke of the ram 
is 12 inches, and the load pipe weighs 1*1 lbs per foot of length, find the length * 
of pipe produced in one stroke if the lead weighs 712 lbs. per cubic foot. • 

16 , The diameter of the ram of a hydraulic jack is 3 inches, the diameter of 
the plunger of the pump is } inch, and tbc mechanical advantage of the lever is 
20. If the efficiency of this lack is 75 percent., what weight will be raised by a 
force of 70 lbs. at the end of the l^ver7 

/’ 17 . Wliat is the efficiency of a hydraulic crane which uses 70 gallons of water 
at a pressure of 700 lbs. per square inch in raising a weight of 10 tons to a 
height of 27 feet ? 

18 . In a hydraulic crane the ram is 9 inches in diameter, and the velocity 

ratio (or the ratio bet ween the velocity of the lift and the velocity of the ram) is 
10. The water is delivered to the crane under a pressure of 1 200 lbs, per square 
inch, and the mechanical efficien 4 ?y of the crane is 52 per cent. Find (1) what 
load this crane will lift; (2) the quantity of water used in gallons per 35 feet 
lift. Why do these cranes have such a low mechanical efficiency? [B.E,] 

19 . Calculate the disjilacenn'iit of the ram of a hydraulic crane, whose 
efficiency is 55 per cent., in order that, with a water pressure of ^00 lbs. per 
square inch, it may raise a load of 5 tons to a height of 30 feet. Find the 
diameter of the ram if its stroke is .-vix times its diameter. 

20. A liydraulio lift with ram, load, etc., weighs 10 tons, the ram is 9 inches 

in diameter, and the friction in the mechanism is equal to 0*05 of the gross load. 
The accumulator is half a mile away, and is loaded to 800 lbs. per square inch ; 
the diameter of the supply pipe is 3 inche'^. Estimate the speed of ascent of the 
lift, if the loss of head in the pipe is 0’0005/v^ld, I being the length in feet, 
d the diameter in feet, v the velocity of the water in the pipe in feet per 
second. [B.E.] 
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1 . 66 ; 3*75; 19; 8-2. 2 . 210; 15H-I ; 1824; 2952-9^ 

3. 22-5; 35; 19; 29*83. 4. 31*42; 28*27. 6 . 601*6. 6 . 0*0432. 

7 . 14$. 8. 0*56. 9 . 0*449. 10 . 6 sticonds. 11 . 14 feet per second. 

12 . 93*9 feet. iS. 22‘5 seconds. 14. 0*0675; 16*69. 

15. 1343; 26*66 secoud.s. 16. 224; 23*47; 1*91. 

17. 26*64 feet per second at 41“ 21' to the vertical. 

18. 25“ 37' north of east ; 3*889 miles per hour. 

19. 48“ 15', assuming that the man is api>roaching the line of flight of the 
object. 20. 17*32 feet per second. 

22. B, 5*8 feet per second ; middle point of AB, 3*2 feet per second. 

23. 12*42 lbs. 24. 258*75 feet. 26. 3821 lbs. ; 4631 lbs. 

26. 2 minutes 4*6 seconds ; 54*72 miles per hour. 

27. 25^7 feet per second per second ; 10*23 tons. 28. 8*93 feet i>or second, 

29. 10*93 lbs. 30. 3*22 feet per second ])er second. 

31. (1) 844*7 lbs.; (2) 1000 lbs.; (3) 1155*3 lbs. 33. 2020 lbs. 

34. 488*13 ft.-lbs. 


Ilia. pp. 28-30. 

1 . 40*594. 2 . 5727*6 3 . 514*3. 4. .366,000. 6 . 47,099. 6 . .302,467 
7. U- 8 - 130-2 ft.-lbs. 9 . 6 . 10. 2200 lbs. 11 . 992*3. 12 . 226,286. 
13. 30*55; 22,790; 170; 0 0()35. 14. 14-24; 4:840. 

16. 10*02 l]»s. ; 83-3 per cent., 56*4 per cent., 74*2 i)er (-ent. 

16. 85; 112*5; 0*437 ; 15*5 lbs. ; 0*573. 17. See Fig. 841 
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18. Q=0*02W + 1. 19.22-45. 20 . P=0-162W + 2*8 ; maximum efficiency 

= 38*6 per cent. 

21 . ja = l*25, efficiency =67*14 per cent, 

6S0 
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IIHi* 32~*33« 

X. 4489 feet ; 209*6 lbs. 2. 16‘66 feet. 8. 0*863 lb. 

4u 37*61 ; 261-24. 5. 4446 feet. 

6. 69’ 86 feet ; result independent of diameter of wheal. 

7. 7,339,186 in lb. and foot units; 1250 ft.-ll». 

8. 54,000 ft.-lbs ; 118-6 tons. 9. 260,741 ft.-lbs. ; 237. 

10. 365,783 ft.-lbs. ; increases at the rat^ of 3*087 revolutions per minute per 
minute. 11. 173*5 feet. 12. 78*22; 0*039. 

13. 1,171,780 ft.-lbs. 14. 8*7 feet per second. 

15. (a) 6*77 ; (6) 11*4 ; (c) 2236 in lb. and inch units. 16. 778 feet. 

17. 17*3B.Th.U. 18. 13*6 per cent. 19. 500*87; 171*73 tons. 

20. 508*8 lbs. 


IV. p. 41. 

1. Maf?nitude, 1 99 ; line of action inclined at 23” 57' to the horizontal. 

2. Magnitude of resultant, 3*18 ; line of action inclined at 38” 66' to the 
horizontal ; horizontal force, 2*48 ; vertical force, 2, 

3. Magnitude, 60; line of action, 1*2 inches from the force 20 and 0*8 inch 
from the force 30. 

4. Magnitude, 10 ; line of action, 6 inches from the force 20 and 4 inches 
from the force 30. 

6. Magnitude, 30; line of action, 3*83 inches from A and 0*67 inch from B. 

6. Magnitude, 2 ; line of action midway between A and B. 

7. P, 211r ; Qi 23 8. Rj, ; Ry? 

9. Magnitude, 4*17 ; lino of action inclined at 78“ 17' to AB, and cuts the 
latter at a point 1*4 inches to the right of A. 

10. Magnitude of force at A, 6*32; magnitude of force at B, ^*99; lines o4 

action inclined at 75” 8' to AB. • 

11. Magnitude, 3*66 ; linf3 of action inclined at 82” 42' to AB, and cuts AB at 
a pbiui 0*76 inch to the right of A. 

12. P, 4*14 ; Q, 1*8 ; line of action of Q 1*41 inches above A. 


Va. pp. 49-50. 

1. 11*25. la. 28*75. lb. Magnitude of P, 20 lbs. ; line of action is perpen- 
dicular to BC, and cuts AU at a jioint J inch from A. 

2. Within the rectangle ABDE, l‘8l inches from AB, and 1*30 inches from AE. 

3. Within the triangle ABO, 1*06 inches from AC, and 0*69 inch from BC. 

3a. Within the triangle ABC^ 0*9() inch from AC, and 0*61 inch from BC. 

4 . The string cuts Cl) produtunl 2*65 inches from C. 

5. 0*89 inch below AB, and 0*39 inch to the left of AC. 

6. 0*87 inch above AB, and ()-63 inch to the right of AC. 

7. 9-01 foet to the right of A. 

8. 0*89 inch below AB, and 1*13 inches to the right of AC. 

9. 0*85 inch above AB, and 2*58 inches to the right of AC. 

10. 1*23 inches from OA, and 1*.'U inches from OB. 

11. 1*61 inches below AB, and 0 98 inch to the right of AC. 

12. 1*90 inches below AB, and 1*78 inches to the right of CB. 

13. 17*6; 177,408; centre of pressure, 25 feet from ground. 


Vb. pp. 61-63. 

1. 265 in inch and lb. units. 2. 2*146 in inch units. 

3. {a) 56*30, (i) 9*71, botli in inch units. 

4. 549*1 and 364 *.5, both in inch units. 

6. ?7 -5*34 inches ; I = 1 385 in inch units. 6. 3*61. 7. 16*4, 

8. ‘6*34. 9. 5*96 and ,5*24. 10. 0*49. 11. 0-.568. 13, 9*65 inches. 

14. (1) 8*9 square inches; (2) 3*1 inches; (3) 54*5. These answers are the 
means of five solutionfi. 



532 


APPLIED MiXJliJraiUB 


16* 424 lbs. ; 10*23 inches. 

16. Bending moment at centre, 27*5 foot-tons; shei^Ting force at centre, 
1*4 tons. 

17. 37*5 foot-tons ; 5 tons. 18. Tension in chain, 2640 lbs. 

19. Reaction at C, 12*4 tons ; reaction at D, 17*6 tons; bending moment at 
centre, 43*6 foot-tons; *8hearing force at centre, 4*6 tons. 


Via. pp. 70-72. 

1. (1) 22,282; (2) 0*4456; (3) 0*0007427; (4) 24*95. 

2. (1) 25,133 lbs.; (2) 0*0256 inch. 3. 460*9; 4609. 

4 . (1) 0 0432 inch ; (2) 4800 lbs. per square inch ; (3) 7248*5 lbs. 

6. 9447 lbs. per square inch tensile stress in steel ; 6144 lbs. per square inch 
Compressive stress in copper; 0*2182 inch; 36,551 lbs. 

7 . (1) 19*9882 inches; (2) 24,083 lbs. per square inch; (3) 16,858 lbs. per 
square inch. 8 . 21*9875 inches; 7000 lbs. per square inch ; 19*9951 inches. 

9. 500 feet ; increase in length, 0-18 inch. 10. 0*1055 inch, 

11 . (a) 6972 ft. -lbs. ; (6) 8*21 ft. -lbs. ; (a)-r(6) 849. 12. f|. 

13 . 17,112 lbs. per square inch ; 0*041 inch. 14 . 21,231 lbs. per square inch, 

16 . 12,937 lbs. per square inch ; 0*688 inch. 16 . 1989 inch-lbs. 

17 . 13,650 lbs. per square inch ; 0*506 inch. 


VIb. pp. 78-79. 

E*= tearing efficiency per cent. E, = shearing efficiency per cent. E^, = com- 
bined shearing and tearing efficiency per cent. 

I, Et, 66*25; E„ 66*45 ; crushing stress, 36 tons per square inidi. 
f 2. Ef, 71*7 ; E^, 71*7 ; crushing stress, 23*61 tons per square inch. 

' 3. jt? — 3 inches ; E/, 68*75 ; E„ 67*2. 

4. <f=li\ inches; p = ^l inches; E^, 72*4; E„ 72*9. 

6. Et, 75*7 ; E„ 75*3; 70*2. 

6. inches ; p — l'k inches ; Ef, 79*8 ; E*, 79*8 ; 79*6. 

7 . p=6^ inches; E«, 84*9; E„ 85*2; E*«, 86*85. 

8 . p = 7J inches ; E^, 86*7 ; E,, 86*0; 90*6. 

9. E«, 86*6; E., 115*2; E^, 87*6. 

10 . P'-=^7^ inches; inch ; E^, 88*9; E^, 89*2; 88*9. 

II. E«, 68*2 ; E„ 71*8 ; E«, 84*1 ; E„ 89*8 ; E^, 86*1. 

12. 81*35 per cent. ; shearing of outer rivet and tearing between rivets in 
next row. 

13 . = J inch ; inch ; E«, 82*5 ; E„ 84;9 ; E^, 82*3. 

15 . I inch; 89*8. 16. 140 lbs. per square inch; 2*917 Iona per square 

inch. 

17 . 9600 lbs. per square inch ; 5 feet 4 inches. 18. 10,377. 

19. 200. 20. - h^^•37d; i = 0*38d. 

21. tf = l*60; 6 = .s'=l*80; <:=:30*69. 

22. dj = l 24d; 6=l *55c^; « = 0*34c? ; D = l*65d; Di=r2*48d. 


Vie. pp. 84-86. 

I. 26,260 ; 2*46 inches. 2. 2941 lbs. per square inch. 3, 3*4 inches. 

4 . 2885; 5557 lbs. per square inch. 5 . 6010 lbs, per square inch. 

6. 311,953 incb-lbs. ; 35*7; 121*2 revolutions per minute. 7. 13,125. 

8. 14*39 inches. 9. 0*7x4 ; 50. 

10. (1) 14,181 lbs. per square inch ; (2) 43,607 inch-lbs.; (3) 124*26. 

II. 90*8; 15*7. 12. 1*87 inches; 6672 lbs. per square inch. 

13. 8*62 inches; I: 1*057. 

14 . Total twist, 3*7 degrees ; the diameters of the pulleys are not required. 
16 . n = 2*95 ; 0 = 11.980,000 lbs. per square inch. 

16 . 40*9 lbs.; 4*12 inches ; 7*02. 17 . 4*614. 18 . 53*4 inches. 

19. 0*226 inch ; 22 inches. 
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vna. pp. i61-103. 

8 . Bee Fig. 842. 

9 . See Fig. 843. 

16 . See Fig, 844. 

18 . 

20. w>=0*36. 

21. 0*442. 

23. w=0‘87. 

24. Bending moments — 1000; 2000; 
2103 ; ^2630 ; 1205. Shearing forces — 
500 ; 361 ; 632. 







vnb. pp. 111 - 112 . 

1. 0*082; 1-484 ; 2*018. 2. 0*625; 1*484 ; 1-26. 

8, 197*34 inch-tons ; 53 inch-tons. 4. 6*29 inches; 1*92. 

5. («-) 127*83; {b) 118*44. 12% rf = 7*59 inches ; 13*72 inches. 

13. d=“7*61 inches; Z = 13*69 inches. 14. 5*02 sq. in.; 8 tons per sq. in. 

16. 33*8. 17. 2*693 inches ; 56. 18, 70*76. 19. 3272*5 lbs. 

20. 6*71 inches; 7*89 ; 13,069. 21. 1| sq. in. ; CJ inches. 

• Vni. pp. 133 - 137 . 

1. 1.3*44 inches ; 12*48 inches^ 9*02 inches ; 0*853 inch ; 395 feet 10 inches. 

2. Depths in inches, 7*53, 6*35, 4*40; deflection, 0*163 inch ; radius, 
746*23 feet; maximum stresses in lbs. per square inch, 7594, 7146, 6028, 4179. 

4. 0*470 inches ; 0*0736 inch. 6. J inch. 

6. 16, .394 lbs. per square inch ; 0*874 inch. 7. 6667 ; 0*32 inch. 

8. 9600. 9. 13,989 lbs. ; 14,961 lbs. per square inch. 

10. (a) 1223 lbs. per square inch ; (6) 2*64 inches, 

11. (6) 1008 lbs. ; (c) 12,150,000 ; (d) 388 ; {e) 43,200 lbs. per square inch. 

12. (a) 2*52; (ft) 2*10. 14. 0*367 inch. 15. 

16. 2636 lbs. per square inch ; 0*47 inch. 17. 0*03 radian === 1 *72 degrees. 

18. Each side beam load 60 lbs., stress 160* lbs. per square inch ; centre beam 
load 480 lbs., stress 333 J lbs. per square inch. 

19. 18,0C)0 lbs. per square inch ; 68*9. 

21. Taking E - 13,000 tons per square inch, maximum deflection - inches, 

where I is the moment of inertia of the section of each girder in inch-units ; 
maximum deflection at 19*4 feet from left-hand support. 

22. 11*232 tons; 0*27 inch. 

28. Thrust tons ; bending moment zero at 2*725 feet, 10-276 feet, and 

16 feet from fixed end, 

24. 45 foot-tons at ends ; 15 foot-tons at centre ; zero bending moment at 
4*5 feet from ends. 
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'2«l - 312‘5 f oot*tOtts; + 175'8 foot- tons; 62‘5 tons at ceptre; 18*76 tons at ends. 

27. - inch-tons ; “^inch-tons, whore L is the length of each 

span in inches, E is yi tons per square inch, and I is in inch-units. 

28. 10*51 tons, or 0*203 tons per foot, 20. 1593 tons ; 444^} tons ; 96^ tons. 

30. 66*46 tons; 234*84 tons ;• 7.3*7 tons ; -2104 foot-tons. 

31, 2707 foot-tons ; Mf,=: - 1382 foot-tons. 36. Hi; 100. 


IXa. pp. 151-153. 

2. 1 ; 0*866. 4. /= /y/pt?; tan 0= 

6, p=/cot^; 7=/tan^; « =y(tan <? - cot ^). 6. 49,672; 12,418. 

7. 19,763. 8. 2*876 inches. 9. 3119. 10. 338*7. 11. 4 inches ; 2*98 inches. 

12. Bending moment, 432 inch-tons ; twisting moment, 288 inch-tons ; 
stress, 0*5855 ton per square inch. 

13. 36,000 inch-lbs. at A ; 3487 inch-lbs. at C. 

14. 36,000 inch-lbs. at A ; 26,358 inch-lbs. at C, 

16. {a) B, 4*47 inches ; C, 5*03 inches; D, 4*75 inches ; 

(6) B, 4*68 inches ; C, 5*05 inches ; D, 4*77 inches. 

16. 346 lbs. per square incli. 

17* Maximum shear stress | ton per square inch on each section ; maximum 
direct stresses f and ton per square inch on the respective sections. 

19. 4*324 tons per square inch ; 1*035. 

20. (a) 4500; (h) 3122; (c) 6000; (d) 4500; W 4153; (/) 2280; 

(a) 2068. 21. 0*81. 


IXb. pp. 159-161. 

1, 12*108; 4*629 ions per square inch. 2. 20 tons; J-inch, 3. id. 

6. 1*72 ; compressive ; 3*298 tons p€*r square 
inch, 

6. l*674y/W ; compressive ; 4*091 tons per 
square inch. 

7. {a) 2958; (h) 3471. 8. 0-.336VW. 

9. 3*32 tons per square inch ; 3*53 tons 
per square inch. 

10. 56*55 feet. 

12. 0*073('* cubic inch, or 0*0077 per cent. 

13. Si tons per square inch ; J&u inch. 

14. (a) 0-00033; (0) 0*00029. 

16. E = 29,878,000 lbs. pc»r square inch ; 

C = 11,672,000 lbs. per square inch ; K~ 22,625,000 lbs, per square inch ; Poisson’s 
ratio = 0*2799. 

16. 5 inches ; 1000 lbs. per square inch. 17. 973. 18. 1*32 inches. 

19. 1585 lbs. per square inch; 2300 ; 1877 ; 1603 ; 1115. 21. See Fig. 845. 
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X. pp. 158-169. 

1. 14*9 lbs. 2. 324*5 tons. 3. 24* 1 3 tons. 4. 42*4. 6. 4*10 inches. 
7. 4*11 inches; 37*4. 8. 12*65 inches ; 10*12 inches. 9. 6*2 inches. 
10. ^62,112 lbs. 11. \/7*60 inches ; 220*6 tons. 

12. 106*3 tons, with factor of safety 5. 13. 1*045 inches. 

16. 4*7 inches ; 0*47 inch. 


XL pp. 187-190. 

3. (6) 29,900,000; (c) 4*4; (d) 4*6; (/) 6040. 

6. (j = 77-3; 6= 19*2; e = 26. 6. 1*52:1. 7. a = r)7*5; 6=40. 

8. c=: 11*6. 9. 25*21 tons per square inch; ;Lt = 0*29. 

10. 21*18 tons per square inch : ft =0*445. 11* 3*4 square inches. 
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xn. pp. 198-200. 


BK*ancl OX 
CM „ VR 



Thick underline de- 
notcs cornprcHsion, 



GH 

1863 

HK 

943 


KJ. 

3C)«0 

JN 

JH(H) 

JQ 

301)0 


BM nnd GV ^ 
CO „ FT ^ 
DQ ICK 27 
IvP „ K8 24 
KN „ KV ir> 
KL KAV 0 
AL „ HW 
LM WV 21-21 
MN „ YU 15 



6 (a). 

6(5). 

6(c). 

AG 

6-71 

G-71 

13-42 

All 

G 

6 

12 

\K 

12 

12 

18 

AM 

8_ 

10 


AO 

4^ 

8 

12- 

Ar 

*47 

8-34 

13-42 

BP 


4 

G 

ON 

(> 

9 

15 

Dh 

10 

11 

18 

EJ 

9 

9 

15 

FG 

3 

3 

G 

GH 

0*71 

G-71 

13*42 i 

HJ 

G-71 

G-71 

G-71 

JK 

G-71 

G-71 

G-71 ! 

KB 

4-47 ; 

2'24 

1 

LM 

4*47 

2-24 

0 

MN 

4*47 

01 

6-71 

NO 

4*47 

2-24 

G-71 

OP 

4-47 

8*94 

13*42 


8(?>) conlimicd. -^HciiGimn at top hinjye horizontal and = 16G7 lbs. Reaction 
at each bottom hinge —4333 lbs. and inclined at angle ^ to vertical, tan = 
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9. X = 11‘8 outwards; Y = 8»0 inwards; Z = 6’7 outwards; force in AB, 3*5, 
compression. • 


14. Total thrust in top member— 71 -fi? ; thrust in BJ, DL» EM, and FN^IO ; 
thrust in OK = 20; tension i-q. AJ and HN = 11*78; tension in AK’=29*81 ; 
tension in AL and HL=15-81 ; tension in HK = 27*49; tension in AM = l3-74; 
tension in 14-91 ; tension in AN and HJ=8‘50. 

16. Total thrust in top member =G7 ‘2 ; thrust in BF and DK=8 ; thrust in 
OH =16; t^arust in EL = 32; tension in AF, OF. CK, and EK=5‘12; tension in 
AH and EH = 15 *09 ; tension in AL =53*64. 




XVI. pp. 278-282. 

2. 0 = 6.1 in 7-11. 7. 37,000; 6600. 8. .390 ; 454-9. 

9. 24-0. 10. 20-48, neglecting; difference between length and base of plane. 

12. (1) 0-30 ; (3) 0-20 ; (.3) 0-24. 


13. 

d 

i 

1 

14 

2 • 

24 

3 

■'14 

Eff. % 

25*7 

20*3 

lS-2 

18*3 

16*6 

15-9 

14*8 

1 


14 . 32-.3 lbs. ; 36-8 per cent. ; 8-3 lbs. 16 . (1) 23,620 ; (3) .3343. 

16. 0-193. 17. 71-2; l-.OH. 18. (1) 51 -5 lbs. ; (3) 48-5 lbs. 

19. To raise W, (a) 207 lbs. -. (6) 203 lbs. ; to lower W. («) 19.3-1 lbs. ; (6) 197 
®lbs. 20. (a) 203-0 Ib.s. ; (J) 190-5 lbs. 

21 . (1) P = .'>60 lbs. ; (2) 1*^598 lbs. ; (1) R=1200 lbs. ; (2) 11=1291 lbs. 

23. (a) 4885 lUs. ; (l>) 400.3 lbs. 24. 515 lbs. 26. 0-34. 

26. 135-7. 27. 352 3. 28. 7-1. 29. 128 lbs. 

30. 0-(XK)66 lb. ; 0-0204 ; 37-7 : 1. 

31. Horse-power = 186(; K, if Y is in feet per second. 

32. 257 lbs. ; 39 lbs. 33. 1174 lbs. ; 8*5 lbs. 34. 0'22. 

35. 3J. 36. (rf) 215 lbs. ; (6) 497 lbs. 


XVIIa. i)p. 204™296. 

4 

I. 98 ; 63‘91 lbs. 2. 128 ft. -lbs. ; 10*15 fec^. per second ; 11 feet per second. 
3. 14*11. 4. Mean jire-ssures, (a) 99; (6) 99’2 ; (c) 95*4 for forward stroke, 

and 103 for return strokii. 

5. 60*5 feet per second. 6. 2*48. 7. 2*8. 8. 28*09 foot per se(5ond. 

9. 1*21. 10. Velocities: 19; 30; 36; 39. Accelerations: 3; 1-4; 0-9; 0*6. 

II, When < = 0*075 second, angular velocity = 8*3, and angular acceleration 
s=17*4; 8679 ft. -lbs. 

12. I. : {a) ; (b) 2*32 ; (r) 3^ ; {d) 0-644. II. : («) 10 ; (b) 4*01 ; (c) 5 ; (d) 

1-93. HI. : (a) 13^ ; {b) 6-55 ; (r) 6g ; (d) 4*51. 

13. (a) 10*72 ; (b) 4*23 ; (c) 4 ; (d) 1*07. 

14. a: = 10, v=25*43 ; — 30, v=42*15 ; a; = 50, v=51'.5; * = 70, v-~r>7-54 ; from 
* = 45 to a;=55, time = 0*]94 second ; from * = 0 to * = 75, time = 2‘24 seconds. 

16. Stops at 18*2 feet ; time from start to stop, 1*92 seconcl.s 

16. Time average of force = 262*4 lbs. ; space average of force = 267*9 lbs. ; 
average velocity = 12*73 miles per hour; distance = 653*5 feet. 

17. Length of stroke, 9*46 feet ; time for up stroke, 1*12 seconds* 


XVnb. p. 299. 

1. 1226 lbs. 2. 0*495 second. 3. 3*25 lbs. 4. 1*107 seconds. 

5. 6*12 inches. 6. 2*06 seconds. 7. 289. 8. 2*972 in lb. and foot units. 
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XVra. pp. 309-312. 
1 . (1)7'07 j (2) 8-20; (3) 9*74. 


X 

1-34 


1-62 

18*94 


"Tr" 

1*97 

19*30 

... 

... 

V 

5-0 

C-0 

6*97 

4*03 

0*55 

0*49 

7-24 

2*76 

1 

*7*28 

4*98 


4 . 400 ; G41. 6. 104 and 42 feet per second. • 

6. (1) 104 ; (2) 117 ; (3) 136. See Fig. 846. 

7. (1) 190 ; (2) 182 ; (3) 176. See Fig. 847. 8. 218-8. 

11. (1) 2-32: (2) 5-36; (3) 12, 

12. Piston, 1148 ; shaft, 769 ; cross-head pin, 136 ; crank pin, 989. 





13 (1) 31-6 • (2) 77-7 • (3) 0. 14 . Length of stroke, 16-16 inches. 

1b! Wins of crank, 2-806 inches ; (a) 28-6 by construction ; (6) 36-1 by con- 
struction ; 1-17:1; for curves, see Fig. 848. , , 

16 . (o)l-47; (6) 10-88; (c) 430. 17 . 6| inches ; l-i>l :l. 

18. 1 -38 : 1. 19. Velocities of sliding in feet per minute. — At C, 126 ; at 

109 or 275 ; time ratio of cutting and return strokes, 2-78. 

20 . 132 feet per minute. 
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XDC-pp. 322-328. 

I. 30'5, assuming exhaust pressure to be atmospheric ; 342. 2. 678. 

8. (a) 2564 lbs, ; (6) 1277 lbs. 4. 1100 lbs. 

6. 15‘1 and 8‘1 lbs. per stjuare inch of piston, both downwards ; 127 revolu- 
tions per minute ; 28 '6 lbs. per square ineb of piston, downwards. 

7. (a) 0-106 ; (6) 0-129. 

8 . Coefficient of fluctuation of energy, (a) 0-16; (b) 0-18. 

Ratio („) 2-43; (6) 2 68. 

mean torque 

9. 42-02 lbs. ; 9-45 lbs. ; 56-43 lbs. 

10. Forwar^J stroke : 38-4 lbs. ; 7-4 lbs. ; 59-2 lbs. Return stroke: 46-3 lbs.; 
11-7 lbs. ; .53-1 lbs. 

II. 109,495 lbs. ; 133,390 ft.-lbs. 

12. 0-049. 13. 0-044. 

14. 

16. (i.) mean of nine solutions, 0-076. 

17 . ( 6 ) 

18. 15,258. 19. 284,462 ft.-lbs. 20. 1392. 21. 674 2 lbs. 22. 101-6. 

23. 84-879 and 85-121 revolutions per minute ; 2760-6. 

24. 27-54. 26. 0 00137. 26. 1118-6 ; 60,994 ft.-lbs. 

27. 404 ; 606 revolutions })er minute. 

28. M = ^{; I = 15, .377 in lb. and foot units. 29. 30,000 ft.-lbs. 

30 . 1-2. 31. 41,671 in lb. and foot units ; 207. 


XX. pp. 341-343. 


2. 24“ 35'; 60“ 50'; 51-2; 56-7. 

• 8 . 6-33 ; 10-98; 3-18. 

6 . 6-33 ; 11-07 ; 3 06. 

7 . See Fig. 849. 

8 . 4-93 lbs. ; 196 to 221 re- 
volutions per tninuto. 

9 . 0-82 inch. 

10. (1) 3-18; (2) 212, 222, 

234; (3) 221, 232, 245; (4) 223 

212 , 202 . 

11. 1-45. 

12. 198 and 212; 198 to 224 
revolutions per minute. 

13. 6'73 incbe.s ; 2-2.3 lbs. at 


3. 0-92 inch ; 1*05 inches. 



Fig. 849. 


sleeve ; 13-3 revolutions per minute, or 5-.54 per cent. 

14. 411 revolutions per minute; l<K)-8 lbs. 

15. T=16-84 lbs.; Q = 695-21bs. 16. (a) 290; (6) 111-7 Jbs. 


XXI. pp. 361-,362. 

1. 284-8. 2. 48-4 11)3. 3. 4-61. 4. 60-12 feet. 

6. Emergency stop from speed of 60 miles per hour equals 2 16.-- 18 seconds, 

and the distance covered in that time is 880 feet ; retardation compared with 
gravity=0-171 ; resisting force - .383 lbs. per ton. 6. (a) 120-96 ; {b) 89-6. 

7. 4-27. 8. 34-86. 9. 5-51. 10. 1-14. 12. 2742. 


XXII pp. 372 374. 

1. (a) 3141-6; (6) 32,33-2; 2-.S3. 2. 29-2 inches ; 7-3 inches. 

3. (a) 1458-3; (6) 1423-4; 2-45. 4. 7-79 inches. 

6 . (a) 196-46 ; (6)196-01. 6 . (a) 182-52; (6) 182-51. 

7. Open belt: (a) 19.3-30; (6) 19.3 14; 0 08. Crossed belt: (a) 205-10; 

(6X204-25; 0-41. 8. 24-95; 9-46; 37-80; 174-40. 

9. di=10; Da=24-64; ^2=16-43; D„=13-57; <i,=27-14; 6=164-8; all in 

inches. 
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10 . 

ii: 

12 . 

13. 

15. 

17. 

18. 

19. 

20 . 
22 . 
25. 
28. 
29. 


Da=24 ; rfa=16; Dg— 13^; (/9=26|; 2=170*8 ; all in inches, 
10-25 ; 12-34 ; 14-25 ; all in inch^ s > 

B and d, 14*20 ; C and c, 12*17 ; D and 6, 10-04; all in inched. 
183-82 lbs. ; 91^91 lbs. 14. 123*75 lbs. ; 68*75 lbs. 

(1) H=: 14-91 ; (2) H= 13-37. 16. (1) H = 58'47 ; (2) H=53*95. 

(1) fe=:5-13 inches ; (2) &=:5*43 inches. 

(1)6= 16-76 inches; (2) 6= 18-68 inches. 

(l)/=302 lbs. per square inch ; (2) /=344 lbs. per square inch, 

(1) y=25l4 ft. per minute ; (2) V = 271 Oft. per minute. 21. 80^9. 
Maximum horse-power = 20 -.50, when v=r 96-91 feet per second. 

19-15 ; 42-61 lbs. ; 4*29. 26. 126*5. 27. 14 feet 0 inches. 

Velocity, 170 ; horse-power, 167. 

Maximum horse-power = 200, when v= 176. 30. 1-6; 7*3. 


XXIII. p. 387. 

1. 23-75 inches ; 0-7854 inch. 2. 0-9425©'; 1-2666©'. 

3. 4 • 6 ; (1) 7 and 9 ; (2) 29 and 35. 

XXIV. pp. 393-396. 

I. 14-8 inches, 59*2 inches. 2. 20,90, 39*39. 3. 460; 1003*5 lbs. 4 . 16. 

6. 60. 6. (a) 142j; (6) 19*8 seconds; (c) 1466 lbs. 7. 1*573. 

8 . (1) 0; (-2) +49; (3) -51. 

9. n revolutions per minute anti clockwise ; straight line through centrfe of A ; 
ellipse, centre at centre of A, major axis equal 3 times distance between centres 
of A and C, minor axis ecjual ^ major axis. 10. 50 in same direction. 

II. (1) +9; (2) -25*2. 12. 52 -95 inches. 13. 44. 

14. 7^ in same direction. 15. - 176. 16. 30 to 1. 

17. 62 and 2flJ ]■ revolutions per minute in same direction as arms 206*45 Ibs,^ 

18. +70. 19. (1)0; (2) +80; (3) -48. ' 

fiO. 240 revolutionii {icr tuinute in same direction as K. 

21. (1) +21 ; (2) -22*8. 

XXV. pp. 411-413. 

6. (a) 23*50 ; (h) 35*34. 


XXVIa. pp. 417-419. 

I. 75 lbs ; 126“ 02'. 2. 861 -5 lbs. ; 108“ 26' to first radius ; 25-3 lbs. 

3. 36*1 lbs., 15 lbs. 4. 9-3J?6, 4*614 ; 102*8. 

5. 672-2 lbs., 381*4 lbs. ; 20 lbs. 6. 24*64 lbs. on A, 20*30 lbs. on B. 

7. 6415 lbs. on the bearing nearest to tlie crank, and 1480 lbs. on the other ; 
541 lbs. in the plane nearest to the crank, and 283*4 lbs. in the other. 

8 . 201 lbs. each; left-hand balance weight 157“ 37' in advance of left-hand 
crank ; right-hand balance weight 202” 23' in advance of right-hand crank. 

9. Forces on bearings. — Left-hand, 50*2 lbs, ; right-hand, 120-5 lbs. Balance 
weights. — Left-hand, 12*6 lbs. ; right-hand, 38-1 lbs. If the 10 lbs. mass leads, 
then the 12’6 lbs. mass is 159” 58' ahead, and the 38*1 lbs. mass is 127“ 20' 
ahead of the H) lbs. mass 

10. 37*8 lbs. in plane P at 227“ 5' ; 34*5 lbs. in plane Q at 34“ 1'. 

II. a;-= 83*67 lbs. ; angle between D and A, 37“ 61-', 

XXVIb. pp. 428-430. 

1. I inch ; 4087 lbs. 2. 0*004 inch. 3. 382 lbs. ; 256J lbs. ; 126i lbs, 

4. 787 lbs. ; <9, =^.,= 23“ 12' (see Fig. 692, p. 423). 

5. 311-r> lbs. ; 01.-70.,== 22“ 23' (see Fig. 692, p. 423). 

6. 333 lbs. ; 0, 0.,= 5” 43' (see Fig. 693, p, 424). 

7. 162 lbs. in each driving wheel, and 68 lbs. in each trailing wheel. 

8 . 366 lbs. in each driving wheel, and 108 lbs. in each trailing wheel, ’ 

9. 2-46 tons. 10, 6*6 tons. 11. 360 lbs, and 240 lbs. 
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12. 3B5 lbs. and 175 Iba. ; all cranks in same plane» intermediate crank on 
opposite side of shaft to outside cranks. ** 

18. X, 271 lbs,, 19^* 24' in front of C, A leading ; Y, 550 lbs., 70’’ 27" in front 
of B, A leading. 

14. 0. 5411 lbs„ lOS** 58' behind B ; D, 3530 lbs., 62* 28' behind A. 


xxvn. pp. 436-438. 

1. 9600 lbs. 2. 9-45 ; 0-51 lb. 3. 69*2 ; 416. 4. 22,670. 5. 8392 lbs. 

6, 253^ tons; lOJ ft. 7. 7*30 tons ; 1,3*04 tons. 

8. 3*245 Iba. in each bottom screw, 0’649 lb. in each top screw. 

9. (504*5 lbs., 641*5 lbs. ; in horizontal line 0*4 inch below, and equally distant 
from, centre of door; 623 lbs. 10. 6*59 feet. 11. 5586 lbs. 

12. 444-3 tons; 8*3 feet. 13. (i.) 6^^ lbs. ; (ii.) llHlhs. 

14. 4*2 inches from bottom ; 10*21. 15. 1*798 feet; 1*752 feet, 

16. 4300 tons at beginning of voyage. 18. 2“. 

XXVIIIa. pp. 454-456. 

1. 19*3 lbs. per square inch ; 1*92 inches. 2. 1*22 lbs. per square inch. 

3. 31*0 lbs. per square inch. 4. 48- 11 cubic feet per second. 5. 1924. 

6. 2520; 7. 3*48 inches. 8. (1) 650; (2) 1300. 

9. 5*67 radians per second. 10. 78*2 feet i>er second. 11. 8*7 feet per second. 
12. 40*4 feet per second. 13- (i.) 25*38 ; (ii.) 25*39. 

15. 0*613 ; 0*957.; 0*041. 16. *022. 

17. 1481 with coefficient of discharge, =0*61. 

18. 3 hours 6 minutes 49 seconds with coefficient of discharge = 0*62. 

19. Oi seconds with coefficient of discharge = 0*62. 

• 20. 8 seconds with coefficient of discharge — 0*62. 

* 21. 37 minutes 19 seconds. 22. 0*619. 23. 89*7. 24. 01*9. 

26. 8*88 feet. 26. 22*1 cubic feet per second with X; = 0*(>. ^ 

27. 10*3 inches with A; = 0*(). 28. 4*87. 

ai9. 2*64/t8 cubic feet per second ; 672. 

80. Total discharge about 6480 cubic feet. 81. 13*7 inches. 32. 130,489. 

XXVIIIb. pp. 472-475. 

1. 32*8. 2. Cl *8. 3. 0*655 inch ; 1*90 inches ; when A: =0*66. 

4. 30,806; 1419. 6. 126,367,580; 6470. 6. (1) 2*47 feet ; (2) 1*17 feet 

7. 4*92. 8. 61*9 feet. 9. 169. 10. 13*5 cubip. feet per second. 11. 0*73 foot. 

12. Discharge, 2*33 cubic feet per second; hydraulic gradient, J in 62*1 ; 

pressure bead, 15*5 feet. 13. 1 : 

14. 46,100 ; 8390 gallons, or 18*2 per cent. 15. 158*5 feet. 

16. 3*55, assuming that the total loss of head is equal to the difference in the 
levels of the two ends of the pipe. 

17. 2*12 and 1*52 cubic feet per 
second. 

18. 59*8 cubic feet to B. and 69*3 

cubic feet to O- 19. 70*1 feet, 

20. 2*75 inches. 22. 527. 

23. The curves are shown in h'ig. 

860. Total loss of horse-power asked 
for=6*94. 

24. 5*50 inches. 

25. 4*15 inches ; 840 lbs. per square 
inch ; 303*2. 

26. #=6*5 feet; <A = 3*72 feet; 

5= 12*84 feet. 

28. 1*062:1. 

» 29. 3*17 feet per second ; 976 cubic 
feet per second. 

80. 1*49 feet. 31. 6 feet ; 1 in 3517. 32. 476. 36. 84,790. 
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, XXVmc* pp. 483^484. 

i. {a) 38 lbs* ; (h) 19 lbs. 2. (a) 152 Iba. ; (b) 69^4 lbs. 3. 0*863. 

4. Maximum horse-power = 9* 59 at 25 feet per second. 

5. 1831 ; 29*2 per cent. 6. 1393 ; 22-2 per cent. 

7. 2973 ; 41-1 per cent, 8. 220 lbs. 9. (a) 126 lbs. ; (b) 66 lbs. 

10. 12{i0 ; 93'3 per cent. 11. 974 lbs. ; 67-3: 

12. (a) 72*0 lbs. ; (b) 18*1 lbs. 

13. Acute angles between AB and the tangents to the vane at entrance and 
exit, 63“ 48' and 36“ 12' respectively. Pressure on vane, 0*646 lb* 

14. Acute angles between horizontal and tangents to vane at entrance 'and 
exit, 73^ 41' and 47“ 16' respectively. Pressure in direction of motion 68*4 lbs. 

16, Direction of total pre.ssare inclined at 7“ 66' to direction of motion of 
bucket or -vane. Magnitude of total pressure, 1P3*7 lbs. Pressure in direction 
motion, 191*8 lbs. Maximum efficiency when velocity of buckets is 82*8 feet 
per second. 

16. 9317 ft. -lbs. 17. 862-6 lbs. 

18, 34*7 feet per second ; 25*7 ; 2051 lbs. ; 21*9 miles ppr hour. 

XXIX. pp. 496-498. 

I. 6600. 2. 63*7. 3. 4*03. 

6. (a) 75*7 per cent. ; {b) 181 feet ; (c) 0*459 : 1. 

6. Maximum B.H.P. = 1*61 ; maximum efficiency, 79*3 per cent, 

7. Taking efficiency at 80 per cent, horse-power = 235*5. 

8. Mean diameter of wheel. 2*28 feet ; diameter of nozzle^ 0*461 inch ; horse- 
power, 16 *3. 

10. t’i^l52*5 ; ci = 75*9; C2 = 87*.3; ^3=84*5; i«jj=94*9; i;a=24*9 ; ^2=99“; 

revolutions per ininiite = 181*2 ; horse-power =318*5.*" 

11. Ci = -M^ = 42*57 ; \ 30'; retolutions pey 

mmute = 203*3 ; horse-power = 273. 

J. 2. 5*4 ; 81*5 ix‘r cent. 13. 68*7 per cent. ; 11*8. 

14. (Kef erring to Fig. 795, p. 494) t>j = 41“ 13'; angle UiBiCi = 78“ 64'; 
0 = 21“ 52' 

IB. S)°*2V ; 747-6 lbs. 16. Inlot, 48° .64' ; outlet, 11° 19'. 

17. At inlet, 65“ 9' to the tangent to the periphery ; at outlet, 21“ to the 
tangent to the periphery ; 89 per cent. 

19. Velocity of outer fieriphery of wheel, 35*8 feet per second ; guide angle, 
6“ 23'; vane angle at exit, 12“ 37'; outer diameter, 1*95 feet; inner diamet»er, 
0*975 feet ; widths at inlet and outlet, 0*34 feet and 0*68 feet respectively, 
neglecting thickness of vanes. ^ 

XXX. pp. 518-519. 

I. 22*09 ; 3*34. 2. 2851 lbs. ; (a) 2*25 cubic feet ; (6) 0*102 cubic feet. 

3. (a) 489*3 lbs. ; {b) 873*8 lbs. ; 1*65. 

4. (i.) 319*7 ; (ii.) 38*07 ; (iii.) 70*1 per cent. ; (iv.) 39,560; (v.) 39*27. 

5. 1638 lbs. ; 1583 lbs. ; 14,496. 6. 141*5; 196*7; 10 lbs. 

II. (1) ir 34' ; (2) 104*6 feet; (3) 47*6 feet. 12, 23*7 feet per second. 

13. 60 per cent. ; 250 ; 198 revolutions per minute. 


XXXI. pp. 528-529. 

1. 1*71 pence. 2. 1,102,700. 3. 1061 lbs. per square inch. 4. 14*76 inches, 

6. (a) 1139; (b) 1040. 6. 40*24; 66*22. 

7. (a) 19*84 tons ; (6) 101*01 tons. 8 1 2,959 lbs. ; 53,996 ; 3*32 inches. 

9. 2013. 10. 649 ; 20,388. 11. 32*9 inches. 12. 4*70 inches ; 9*73 inches. 

13. 1792; 4032; 7168. 14. 1720; 3890; 69,34. 

16. 16*16 tons per square inch; 87*4 feet. 16. 7J tons, 17. 63*4 per cent. 

18. (1) 3970 lbs. ; (2) 9*63. 19. 6*06 cubic feet; 13 inches. 

20. 1 *53 feet per second. • 
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Absorption dynamomoters, 347 
Accel eniting effect of gravity, 1 
Acceleration, 16 

Acceleration diagrams, piston, 303 
Acceleration, piston or slider, 301 
Acceleration-space diagram, 287 
Acceleration-time diagram, 286 
Accumulator, liydraulic, 52l 
Accumulat.or, intensifying, 523 
Accumulator, Tweddell’s differential, 
523 

Vddendurri circle, 376 
Addition of vectors, 13 
Air chamber, 504 
Algebraical formula^ 2 
Aluminium-copper alloys, tests of, 184 
American turbine, 433 
Analogies of linear and angular mo- 
tioris, 31 

Angle, friction, 261 
Angle of repose, 261 
Anglo of twist of shaft, 80 
Angular acceleration, 16 
Angular acceleration of connecting-rod, 
307 

Angular momentum, 21 
Angular motion, 15 
Angular motion diagrams, 290 * 
^ngular velocit}", 16 
'gular velocity of connecjbing-rod, 305 
Dealing, 180 
•jnular valve, 508 
uti- friction curve, 267 
^rc of approach, 379 
Arc of contact, 379 
Arc of recess, 379 
Arch, three-hinged, 197 
Arithmet ical mean, 3 
Arithmetical progression, 3 
Artificiiil head, 433 
Autoloc, 411 
Axial flow turbines, 493 
Axis, instantaneous, 18 
Axis, neutral, 104 
Axle, friction of, 270 
Axode, 18 

Balancing, 414 et seq. 

Balancing of locomotives, 422 


Ballast, 244 
Ballast guards, 244 
Ball, fracture of, 176 
Ball valve, 507 

Balls, crushing strength of, 189 (Ex. 7) 
Band and block brakes, 345 
Band brakes, 344 
Barker's mill, 491 
Barlow’s curve, 443 
Barlow’s formula for thick cylinders, 
161 (Ex. 20) 

Bath lubrication, 274 
Bazin’s channel formula, 470 
Beam sections, equivalent, 105 
Beams and bending, 87 et seq* ^ 

Beams and girders, 214 * j 

Beams, continuous, 126 
Beams, deflection of, 113 et seq. 

Beams, of uniform strength, 107 
Beams, resilience of, 132 
Beams, shear stresses in, 148 
Bearings for girders, 221 , 239-242 
Bearings, methods of lubricating, 273 
Behaviour of nuilerials in testing ma- 
chine, 170 et seq, 

Belgian truss, 203 

Belt dynamometer, 362 (Ex. 11) 

Belt dynamometers, 357 
Belt gearing, 363 et seq. 

Belt gearing for non-parallel shafts, 368 
Bending beyond elastic limit, 109 
Bending by forces in different planes, 
101 

Bending combined with tension or com- 
pression, 153 

Bending moment and shearing force 
diagrams, relations between, 92 
Bending mometit diagrams, 59, 88 
Bending moment, equivalent, 144 
Bending, moment of resistance to, 
104 

Bending moments on beams, 87 
Bending, positive and negative, 88 
Bending, stresses induced by, 103 
Bending to circular arc, 113 
Bernoulli’s theorem, 439 
Bevel wheels, 384 
Bevis-Gibson torsion meter, 360 
Bibliography, 13 
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Binomial tbeorem, 3 

Block brake dynamometer, 347 

Block brakes, 345 

Bob-weights, 427 

Bocorselski’s universal joint, 407 

Bollman truss, 200 

Bolster plate, 221 ^ 

Booms of open web girders, 234 

Booms or flanges, 217 

Borda’s mouthpiece, 460 

Bow’s notation, 36 

Bow-string girder, 233 

Box girder, 216 

Braced girders, 23 1 et seq. 

Bracing, overhead and sway, 247 
Bracing, secondary, 201, 236 
Brake strap, 282 

Brakes and dynamometers, 344 et seq. 

Brasses, tests of, 182 

Breaking load, 68 

Breast wheels, 486 

Bridge floors, 242 

Bridges, cantilever, 131 

Bucket, 499 

Bucket, Doblo, 488 

Bucket, Pelton, -88 

Bucket pump, 499 

Bull engine, 293 

Buoyancy, centre of, 436 

c 

Gamber and deflection of girders, 223 
Cam follower, motion of, 397 
Cams, 397 

Cams, cyclindrical, 401 

Cams, interference in, 404 

Caras, rotating, 399 

Cams, sliding, 398 

Canal lock, time of filling, 450 

Cantilever, 89 

Cantilever bridges, 131 

Cantilever, deflection of, 113, 114 

Carnegie Z-bar column, 61 (Ex. 6) 

Centimetre, 2 

Centre, instantaneous, 17 

Centre of buoyancy, 436 

Centre of curvature, 9. 

Centre of pMrallel forces, 44 
Centre of pressure, 47, 433 
Centre of stress, 47 
Centre, virtual, 17 
Centres of gravity, 45 
Centrifugal force, J9, 20 
Centrifugal force of revolving mass, 
414 

Centrifugal pumps, 512 
Centrifugal tension 4n belts, 369 
Centrifugal tension in revolving boon, 
76 " 

Centripetal force, 19 
Centrode, 18 
Centroids, 45 
Chain gearing, 370 
Chain, Renold’s, 371 


Chain, slider crank, 308 
Chain, swinging^lock slider-crank, 308 
Chain, turning slider-crank, 308 
Change speed gears, 389 
Channels, fl.ow of water in, 470 
Ch^zy’s formula, 465 
Circle, friction, 270 
Circle of curvature, 9 
Circular pitch, 375 
Circumferential pitch, 375 
Coefficient of contraction, 447 
Coefficient of cubical elasticity, 66 
Coefficient of discharge, 448 
Coefficient of elasticity, ( 6 
Ooefficiei.t of elasticity of volume, 66 
Coefficient of fluctuation of energy, 320 
Coefficient of fluctuation of speed, 322 
Coefficient of friction, 260 
Coefficient of rigidify, 66 
Coefficient of transverse elasticity, 66 
Coefficient of velocity, 447 
Collars, friction of, 266 
Columns and struts, 162 et »eq. 
Combined plunger and bucket pump, 
502 

Compensating lever on dynamometer, 
349 

Composition of forceps, 34 
Composition of \ olocities and accelera- 
tions, 17 

Compound strains and stresses, 138 et 
seq* 

Compressibility of mercury, 4:i«l 
Compressibility of water, 431 
Compressive strain, 64, 65 
Compressive stress, (54, 65 
Concrete beams, reinforced, 109 
Conical valve, 506 

Connecting-rod, angular acceleration 
of, 307 

Comiectirig rod, angular velocity of, 
305 

Connecting-iod, distribution of weight 
of, 421 

Constant of^ntegration, 7 
CcmsiTuction of jiarabola, 10 
Continuous beams, 126 
Cor.dnuoiis delivery pump for high 
pressures, 503 

Continuous girders, advantages and 
disadvantages of, 130 
Conversion of sj.aoe-, velocity-, accele- 
ration-time diagrams, 288 
Copper-aluminium alloys, tests of, 184 
Copper-tin alloys, tests of, 183 
Copj)er-zinc alloys, tests of, 182 
Coirugated iron, 204 
Cottered joints, 77 
Counterbracing, 233 
Counter efficiency of a machine, 27 
Coupled locomotives, 425 
Couples, 44 

Coupling, Oldham’s, 408 . 
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Coupling, universal, 406 
Crane, hydraulic, 527 • 

Crank efEort, 316 
Crank efEort diagrams, 317 
Cranked shaft, stresses in, 146 
Critical load for a long column, 162 
Critical velocity of water in pipes, 
461 

Crossed arm governor, 332 

Cross girders, 242 

Crushing strength of materials, 186 

Cubical elasticity, coefficient of, 66 

Cubic equations, 3 

Cup- leather packing, 520 

Curb roof truss, 198 (Ex. 8) 

Current, radiating, 442 
Curtain plates, 234' 

Curvature, centre of, 9 
Curvature, circle of, 9 
Curvature, radius of, 9 
Curve, anti-friction, 267 
Cycloid, 11 ' . 

Cycloidal curves, 11 
.Cycloidal teeth, 378 
Cylindrical cams, 401 
Cylindrical shells, thin, 76 

Darcy’s formula, 463 
Deck bridge, 242 
Definite integral, 7 

Deflection dvie to circular bending, 113 
Deflection of beams, 113 et 9eq. 
Deflection of cantilever, 113, 114 
Detent, 408 

Diagram, accderation^space, 287 .. 

Diagram, acceleration-t.ime, 286 
Diagram, effort-sjmcc, 283 
Diagram, effort-time, 284 
Diagram, load strain, 69 
Diagram of work, 25 
Diagram, velocity-space, 287 
Diagram, velocity-time, 286 » 

Diagrams, angular motion, 290 
Diagrams, bending moment, 88 
Diagrams of governor, effort and power, 
339 

Diagrams, shearing-force, 88 
Diagrams, stress-strain, 68, 186 
Diametral pitch, 375 
Diaphragm plal.es, 219 
Differential accumulator, Tweddell’s, 
523 

Differential coefficient, 6 
Differential gear, 391 
Direct driven steam pumps, 509 
Discharge, coefficient of, 448 
Doble bucket, 488 
Double-acting piston pump, 502 
Drowned orifices, 449 
Drowned weirs, 453 
Dynamics, 1 
Dynamometers, 347 
Dyne, 2 


Sddy current brake dynamometer, 353 

Efficiencies of centrifugal pumps, 616 

Efficiency of a machine, 27 

Efficiency of inclined plane, 262 

Efficiency of riveted joint, 73 

Efficiency of screws, 264 

Effort? 26, 283 

Effort, crank, 316 

Effort diagrams, piston, 313 

Effort of governors, 338 

Effort- space diagram, 283 

Effort- time diagram, 284 

Elasticity, 66 ^ 

Elasticity, modulus of, 66 

Elastic limit, 66 

Elastic strength, 68 

Electrical units, 26 

Ellipse, momental, 57 

Ellipse of stress, 147 

Elongation of test piece, 171 

Empirical formulae for struts, 166 

End posts, 239 

Energy, 30 

Energy, fluctuation of, 319 
Energy of water, 439 
Engineer’s units of force and mass, 18 
English truss, 202 
Epicyclic train dynamometer, 356 
Epicyclio wheel trains, 391 
Epicycloid, 11 , * 

Equations to parabola, 10 
Equilibrium polygon, 37 
Equivalent beam sections, 105 
Equivalent bending moment, 144 
Equivalent twisting moment, 144 
Equivalent uniform dead load^ 93 
Erg, 2 ‘ 

Euler’s theory long columns, 164 
Exponential series, 3 

Face of tooth, 376 
Factor of safety, 68 
Fan brake dynamometer, 352 
Fast and loose? pulleys, 366 
Fatigue of metals, 179 
Fink truss, 200, 203 
Fish-bellied girder, 216 
Flank of tooth, 376 
Flats, 217 

Flitch beam, 135 (Ex, 19) 

Floating bodies, 436 
Floor plating, 244 
Floors, bridge, 242 
Flow of water in chaiihcls, 470 
Flow of water in pipes, 465 
Flow through cyclindrical mouthpiece, 
458 

Fluctuating loads, effect of, 178 
Fluctuation of delivery in crank-driven 
pumps, 508 

Fluctuation of energy, 319 
Fluctuation of energy, coefficient of,32(k 
Fluctuation of speed, 322 S* 

2 u 
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Fluid friction, 460 
Fluids, 431 
Fly-wheels, 321 
Foot-pound, 24 
Foot- ton, 24 

Force, 18 ^ 

Force, moment of a, 20, 42 
Forced lubrication, 274 
Forced vortex, 448 
Forces, composition of 34 
Forces, lettering of, 36 
For( es, parallelogram of, 34 
Foru , polygon of, 35 
Forces, resolution of, 34 
Forces,* Tx sultan t moment of a system 
of, 43 

Forces, triangle of, 34 
Formulae for shafts, 82 
Forth Bridge, 132 
Fottinger’s torsion meter, 359 
Foundation bolt, 79 (."x. 20) 
Fourneyron turbine, 493 
Fracture by shearing in tension and 
compression tests, 175 
Fracture by tension in torsion tests, 
176 

Fracture in tension test bar, position 
of, 173 

Framed structures, stress diagrams for, 
; 191 

Francis turbine, 493 
Francis's formula, 452 
Free vortex, 443 
French truss, 203 

Frequency of contact of wheel teeth, 

376 , 

Friction and luhrieation, 2fJ0 H 
Friction angle, 261 
Friction axis of a link, 271 
Friction circle. 270 
Friction, Iluid, 460 
Friction of an axle, 270 
Friction of baud on pulley, 277 
Friction of governors, 334 
Friction of pivots and (jollars, 265 
Friction of screws, 262 
Friction of sliding kt-ys, 275 
Friction ratchets, 41() 

Function of a govtTnor, 329 
Functions of tt, 1 
Funicular polygon, 36, 38 

Gas-engrines, fluci nation of energy 
in, 320 
Gases, 431 

Gearing, belt, ro[)e, and cliain, 363 
et se^/. 

Gearing, toothed, 375 ct stq. 

Gears, change speed, 3S9 
Geometrical mean, 3 
Geometrical progrt'ssion, 3 
Girard impulse wheel, 489 
Girder, bow-string, 233 


Girder, box, 216 
Girder, fish -bellied, 216 
Girder, hog-baoked, 216 
Girder, lattico, 232 • / 

Girder, Warren, 231 
Girder, wind, 246 
Girders, braced, 231 et set^* 

Girders, plate, 214 ct «cg. 

Governors, 829 H seq* 

Gradient, hydraulic, 463 
Gramme, 2 

Gravity, accelerating effect of, 1 
Gravity, centres of. 45 
Guest’s formula for sliafts, 145 
‘ Gutermuth valve, 608 

Hardeningr, 182 

Hardening effect of overstraining, 17? 
Harmonic motion, simple, 296 
Hat-leiither packing, 520 
Head, artificial, 483 
Head race, 485 

Heat, mechanical equivalent of, 31 
Helical springs, 88 
Helical tooth, 386 
Hog-backed girder, 216 
Hollow sliaft, 82 
Hooke's joint, 405 
Hooke’s law, 66 
Hoop tension, 76 
Horse-power, 26 
Howe truss, 232 
Hum page's gear, 392 ^ 

Hunting cog, 876 
Hurdy-gurdy, 487 
Hydraulic accumulator, 521 
Hydraulic crane, 527 
Hydraulic gradient, 463 
Hydraulic intonsifiers, 524 
Hydraulic lifting- jack, 526 
Hydraulic mean d(‘pLh, 461 
llydraliliu press for making lead pipes 
525 

Hydraulic pressun' machines, 520t’«.sr7* 
Hydraulics, 1 

Hydraulics, general principles of, 439 
ft .ST7. 

Hydrodynamics, 1 
I Hydrostatics, ] , 431 ft i^eq. 

Hyperbolic logarithms, 4 
llypocycloul, 11 

t 

Impact of jet on cup, 479 
J HI pact of jet on fiat vane, 475 
Impact of jet on succession of vanes, 
477 

Impulse, 19 

Jill pulse turbines, 493 

Inch -pound, 24 

Inclined plane, efficiency of, 262 
Indefinite integral, 7 
India-ruVjber disc valve, 508 
Indicator diagrams, 313 
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Inertia carves, 57 
Inertia, mgment of, 21*50 
Inertia of reciprocating parts, 315 
Inertia, principal axes of, 66, 58 
Inertia, rotational, 21 
Ini^tantaneous axis, 18 
Instantaneous centre, 17 
Integral calculus, 6 
Intensifiors, hydraulic, 524 
Intensifying accumulator, 523 
Interference in cams, 404 
Internal teeth, 382 
Inversions of inoohanisras, 308 
Involute teeth, 380 
Inward flow turbines, 493 

Jack, hydraulic lifting, 52G 
Jack, screw, 279 (Ex. 14) 

Jet reaction wheels, 491 

Jockey pulloys, 368 

doint, Hooke's, 405 

Joint, tie-bar, 75 

Joints, cottered, 77 

Joints for hydraulic pipes, 521 

Joints in boom plates, 235 

Joints, rivcMed, 72 

Jonval turbim*, 493 

Journal bearings, friction of, 272 

Keys, frictiori of sliding, 275 

Kinematical <jqiiations, 16 

Kinematics. 1 

Kinetic energy, 30, 439 

Kinetic energy of^rotaling body, 3() 

Kinetics. 1 * 

King -rod, 202 

Klein's construction for piston accelera- 
tion, 302 
Knot, 16 

K utter’s channel formula, 471 

Lame’s formula for thick oylfiidcrs, 
169 

Lattice girder, 232 
Law of a macbiiu*, 27, 28 
Laws of friclhm, 260 
Load-tin alloys, tests of, 184 
Lettering of forces, 36 
Lifting crab, 394 (Ex. 7) 

Lifting jac‘k, hydraulic, 526 
Limiting angle of jcsistance, 261 
Linear aecoleration, 16 
Linear velocity, J6 
Link polygon, i57 
Linville tiuss, 232 
Liquids, 431 
Load, 64 

Loaded governors, 333 
Loads, fluctuating, 178 
Loads, travelling. 93 
Load-strain diagram, 69 
Locomotives, balancing of, 422 
Locomotives, coupled, 425 


Logarithmic series, 3 
Logarithms, 4 
Loss of energy or head, 448 
Loss of head due to friction in pipe, 
462 

Loss ^f head due to obstructions in 
pipes, 458 

Loss of head due to sudden contraction 
of pipe, 457 

Loss of head due to sudden enlarge* 
ment of pipe, 466 
Lowell formula, 452 
♦ Ijubrication, bath, 274 
Lubrication, forced, 274 
Lubrication, pad, 274 
Ijubrication, ring, 274 
Lubrication, splash, 275 
Lubricator, needle, 273 
Lubricator, syphon, 273 
Luders’ lines, 375 

ISfachines, 26 

Machines, hydraulic pressure, 520 
Marlborough whe(;l, 389 
Mass, 18 

Maximum shear stress due to combined 
twisting and bonding, 144 
Me<*banK‘.al advantage of a machine, 27 
Mechanical etiuivalent of heal. 31 
Mechanical pro]>ertieB of steel afte{ 
luiat treatment, 179 
JMc<;hanics, 1 

Mechanisms, miscellaneous, 397 ct seq, 
Merciirv, compressibility gf, 431 
Metacfuitre, 436 

fatigue of, 179 
Meters, torsion. 3,58 
Method of secj.ions, 196 
Mmer's inch, 448 
Mitre wheel, 384 
Mixed flow tu rhinos, 493 
Moduli of various sections, 105, 106 
Modulus of beam section, 105 
Modulus of elasticity, 66 
Modulus of elasticity of niflterials, 187 
jModuUis of rnpturfs 109 
Moment of a force, 20, 42 
Moment of inertia, 21, 50 
Moment of inertia, fundamental ex- 
amples. 52 

Moment of inert.ia theorems, 51 
Moniimt of moment uin, 21 
Moment of lesislance of shaft to tor- 
sion, 81 * 

]\Ioment of resistance to bending, 104 
Momcntal ellipse, 57 
Moments and centroids, 42 vt m/. 
Mtunents of inertia of various sections, 
105, 106 

Moments, principle of, 44 
Momentum, 19 
Momentum, angular, 21 
Momentum, moment of, 21 
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Morfcioo wheel, 370 
Motion and force, 16 et 8eq» 

Motion, Newton’e laws of, 19 
Motion, simple harmonic, 290 
Mouthpiece, Bordaks, 460 
Mouthpiece, flow through cyliniirical, 
458 

Multi-stage turbine pumps, 516 

Napierian logarithms, 4 
Nautical mile, 16 
Needle lubricator, 273 
Neutral axis, 104 
Neutral surface, 103 
Newton’s laws of motion, 19 
Nominal and actual stresses, 170 
Normal pitch, 381 
Notched bars, 174 
Notches, rectangular, 451 
Notches, triangular, 453 
N -truss, 231 

Obliquity- of action between wheel 
teeth, 379 
Oil hardening, 182 
Oldham's coupling, 408 
Open web girders, 231 et seq. 

Orifices, large rectangular, 450 
Orifices, partially submerged, 453 
Qrifices, suV»mcrged, 449 
Oscillating engine mechanism, 30H 
Otto cycle, 320 
Outward flow turbines, 493 
Overhead bracing, 247 
Overshot water wlu*els, 485 
Overstraining, hardening effect of, 
177 

Packings for hydraulic rams and pis- 
tons, 520 

Pad lubrication, 274 
Parabola, construction of, 10 
Parabola, equations to, 10 
Parallel flow turbines, 493 
Parallel forces, centre of, 44 
Parallelogram of forces, 34 
Path of approach, 379 
Path of contact, 378 
Path of recess, 379 

Pawl, 408 ■* 

Pelton wheel, 487 
Pendulum pump, 309 
Pendulum, revolving, 329 
Pendulum, simple, 299 
Pent roof truss, 198 (Ex. 5) 

Periodic time, 297 
Permanent set, 66 
Phoenix column, 61 (Ex. 8) 

Piezometers, 464 
Pin wheels, 382 
Piston, 499 

Piston acceleration, 301 
Piston acceleration diagrams, 303 


Piston effort diagrams, 313 

Piston velocity diagrams, SOO 

Pit work, 293 

Pitch circle, 375 

Pitch line of toothed wheel, 375 

Pitch of teeth, 375 

Pitch surfaces of toothed Wheels, 376 
Pivot, Schiele’s, ,267 
Pivots, friction of, 265 
Plane motion, 15 

Plate girder, worked example, 223 
Plato girders, 214: et 8cq, 

Plate girders, riveting of, 220 
Plate girders, weight of, 223 
Plunger, 499 
Plunger pump, 501 ■ 

Pneumatics, 1, 431 
Poisson’s ratio, 155 
Polygon, funicular, 36, 38 
Polygon of forces, 35 
Polygon, vector, 13 
Ponoelet water wheel, 487 
Porter governor, 334 
Positive and negative bending and 
shearing, 88 

Potential energy, 30, 439 
Pound, 18 

Power of governors, 338 
Power transmitted by belts, 369 
Power transmitted bv wire roj)es, 370 
Power transmitted through a pipe, 4(>7 
Pratt truss, 231 ^ 

Pressure, centre of, 47, 433 
Pressure energy, 439* 

Pressure, resultant of, 433 
Principal axes of inertia, 5fi, 58 
Principal axes of stress, 141 
Princix>al stresses, 141 
Principal stresses due to combined 
bending and twisting, 143 
J’rincinle of moments, 44 
Prony Drake, 347 
Proof load, 68 
Proof strength, 68 
proof stress, 68 
I’roportions of teeth, 376 
Puilen’s friction brake dynamometer, 
350 

Pulleys, step]iK?d, 364 
Pump, pendulum, 309 
Pmnx) valves, 506 
PumX)S, 499 U fteq. 

Purlins, 201 

Qpuadratic equations, 2 
Queen-rod, 202 

Quick return motion, Whitworth, 308 

Rack, 382 
Radian, 16 

Radiating current, 442 
Radius of curvature, 9 
Radius of curvature of beam, 103 
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Badius of gyration, 21 
Rafters, gOl ^ 

Bail bearers, 242 
liailway brakes, 846 
Railway bridge floors, 242 
Rankine-Gordon formula for struts, 166 
Ratchets, 408 
Rate of work, 26 
Ratio, Poisson’s, 166 
Reaction of jet, 479 
Reaction turbines, 493 
Reciprocal figures, 87 
Reciprocating parts, inertia of, 815 
Rectangular notches, 451 
Rectilinear motion, 15 
Reinforced concrete beams, 109 
Relations between bending moment 
and shearing force diagrams, 92 
Relations between o*, E, C, and K, 156 
Relative motion, 15 
Renold’s chain, 371 
Resilience, 69 
Resilience of a beam, 132 
Resolution of forces, 34 
Resolution of velocities and accelera- 
tions, 17 

Rest and motion, 16 
ReLSultant moment of a system of forces, 
43 

Resultant pressure, 433 
Resultant vector, 13 
Retardation, 16 

Reversal of shearing stress in beams, 
100 

Reversed efficiency of a machine, 27^ 
Reversible ratchets, 409 
Reverted wheel trains, 391 
Revolving pendulum, 329 
Revolving vane, action of jet on, 482 
Rigidity, coeflicient of, 66 
Rims of pulleys, 365 
Ring lubrication, 274 • 

Ring, strength of, 154 

Riveted joints 72 

Riveting in booms, 235 

Riveting of plate girders, 220 

Rolled joists, 214 

Roller for cylindrical cam, 402 

Roller, fracture of, 176 

Rollers, crushing tests on, 189 (Ex. 8) 

Rolling load, 93 

Roof coverings, 204 

Roof coverings, weight of, 210 

Roof trusses, details of, 205-210 

Roofs and roof trusses, 201 et neq. 

Root circle, 376 

Rope brake dynamometer, 351 

Rope pulley, 366 

Rotary motion, 15 

Rotating cams, 399 

Rotating guides for sliding piece, 275 

Rotational inertia, 21 

Rupture, modulus of, 109 


iSafety, factor of, 68 
Saw-tooth truss, 202 
Scalar quantities, 12 
Schiele's pivot, 267 
Scotch turbine, 492 
Screw-jack, 279 (Ex. 14) 

Screws, eflSciency of, 264 
Screws, friction of, 262 
Secondary bracing, 201, 286 
Section modulus figures, 105 
Sections, method of, 196 
Sensitiveness of governors, 335 
Series, 3 

Shaft, angle of twist of, 80 
Shaft, moment of resistance to torsion, 
81 

Shafts, formulas for, 82 
Sharp-edged orifices, flow through, 447 
Shear stress equivalent to two noj’mal 
stresses, 140 

Shear stresses in beams, 148 
Shear stresses on planes at right angles, 
equality of, 139 

Shearing by forces in different planes, 
101 

Shearing force at concentrated load, 91 
Shearing force diagrams, 59, 88 
Shearing forces on beams, 87 
Shearing, positive and negative, 88 
Shearing strain, 64, 66 * 

Shearing strength of materials, 187 
Shearing stress, 64, 65 
Shock, 69 
Silent ratchet, 410 

Simple conical pendulum governor, 332 
Simple harmonic motion, 296 
Simple pendulum, 299 
Simple strain^ and stresses, 64 ci seq» 
Simple torsion, 79 
Slates, 204 
Sleepers, 244 
Slider acceleration, 301 
Sliding cams, 398 
Slider-crank chain. 308 
Slider velocity diagrams, 300 
Sliding friction, 260 
Sliding keys, friction of, 275 
Slope of bent beam, 114 
Soaking, 182 

Space average and time average of a 
force, 284 
Speed, 15 

Sphericiil sliells, thin, 76 
Splash lubrication, 275 
Springs, helical, 83 
Siatical friction, 260 
Statics, 1 

Si earn pumps, direct driven, 609 
Stepped pulleys, 364 
Stepped teeth, 386 
Stiffeners, web, 219 
Stiffness of a beam, 115 
Strain, 64 
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Strain, compressive, 65 
Strain,^ shearing, 65 
Strain,'" volume, 65 

Strains and stresses, compound, 138 
et seq. 

Strains and stresses, simple, 64 e^seq. 

Straining pulleys, 368 

Sti-ength, 68 

Strength, elastic, 68 

Strength of a ring, 154 

Strength of wheel teeth, 107 

Strength, proof, 68 

Strength, ultimate, 68 

Stress, 64 

Stress, centre of, 47 
Stress, compressive, 64, 65 
Stress diagrams for framed structures, 
19*1 et aeq. 

Stress diagrams for wind pressure, 194 

Stress, ellipse of, 147 

Stress, principal axes of, 141 

Stress, shearing, 65 

Stress, tangential, 65 

Stress, ultimate, 68 

Stresses in a cranked J46 

Stresses induced by beu<ling, 103 

Stresses, nominal and actual, 170 

Stress-strain diagrams, 68, 186 

Stringer plates, 234 

J^binerged orifices, 449 

Successive differentiation, 9 

Suction tube, 496 

Suppressed weir, 451 

Sway bracing, 247 

Swinging-Vfiock slider- cnink chain, 308 
Swinging slider-crank, 309 
Syphon lubricator, 273 

Tail race, 485 

Tangential stress, 65 

Teeth, cycloidal, 378 

Teeth, helical, 386 

Teeth, internal, 382 

Teeth, involute, 380 

Teeth, proportions of, 376 

Teeth, stepped, 386 

Tempering, 1S2 

Tensile strain, 64 

Tensile strength of materials, 187 

Tensile stress, 64 

Tension test bars, long rersna short , 174 
Theorem of three moments, 126 
Theory of long coluniiis, KH 
Thick hollow cylinders, 158 
Thin cylindrical shells, 76 
Thin spherical shells, /6 
Three-hinged arch. 197 • 

Three moments, tbeoreiri of, 126 
Through bridge, 242 
Tie- bar joint, 75 
Tihis, 205 

Time average and space avi ^age of a 
force, 284 


Time of flow through an orifice, 449 , 
Toothed gearing,* 375 et aeq. „ 

Torque, 20, 26 
Torricelli’s theorem, 446 
Torsion meters, 358 
'forsion, simple, 79 

Tower’s experiments on friction, 269, 
272 

Tractrix, 267 
Train of wheels, 388 
Tramway rail section, 62 (Ex. 14) 
Transformation of moments of inertia, 
56 

Transmission dynamometers, 347 
Transverse elasticity, coefficient of, 66 
Travelling loadgf 93^ 98 
Triangle of forces, 34 
Triangles, for mu he for, 5 
Triangular notches, 453 
Trigonometrical furirnilie, 4 
Trough floors, 244 
Truss, Belgian, 203 
Truss, Bollnian, 200 
Truss, English, 202 
Truss, Fink, 200, 203 
Truss, French, 203 
Truss, Howe, 232 
Truss, Linville, 233 
Truss, Pratt, 231 
Truss, saw- toot}), 202 
Truss, Whipple- Murphy, 231 
Turbine pumj)s, 516 
Turbine, Scotch, 492 ‘ 

Turbine, Whitel§,w’s, 192 
Turbines, classification of, 493 
Turbines, impulse, 493 
I’urbines, reaotii)n, 493 
Turning moment., 25 
'I'urning slider-crank (diain, 308 
Tweddelfs diiTercritial accumulator, 
523 

Twisting moment, equivalent, 144 

U-leather packing, 520 
Hltimatr crushing strength of mate- 
rials, 1K6 

Ubimate shearing strength of mate- 
rials, 187 

Ultimate strength, 68 
Ultimate stress, 68 

Ultimate tensile strength of materials, 
187 

Unbalanced effort, 283 
Undershot water wheels, 487 
Uniforin velocity, 15 
Universal coupling, 405 
Useful load, 64 

Vacuum chamber, 506 

Valves, pump, 506 

Vanes of centrifugal pumps, 514 

-Variable velocity, 15 

Vector, 12 
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Vector polygon, 13 . 

Vector quantities, 12 ^ 

Vectors, addition of, 13 
Velocities of water in pipes, 461 
Velocity, 15 

Velocity, coefficient of, 447 
Velocity diagrarus, piston or slider, 300 
Velocity of approach, 447, 452 
Velocity of whirl, 433 
Velocity ratio in belt gearing, 363 
Velocity ratio of a train of wheels, 388 
Velocity ratio of a machine, 26 
Velocity ratio of follower and cam, 404 
Velocity -space diagram, 287 
Velocity-time diagram, 286 
Vena, contracta, 4^7. ' 

Venturi water meter, 440 
Victor turbine, 493 
Virtual centre, 17 
Virtual slope of pipe, 464 
Volume strain, 65 
Vortex. 443 

Wall plates, 202 

Warren girder, 198, 231 

Water, compressibility of, 431 

Water, energy of, 439 

Water meter, Y(»n1 uri, 440 

Water, weitrht of, 1, 436 

Water wht‘els and turbines, 485 seq^ 

Web Inacing, 235 

Well plates, 218 

Web stdVenors, 219 

Weight, 18 


Weight of plate girders, 223 

Weight of roof coverings, SlQ 

Weight of water^ 1, 436 ^ 

Weirs, 451 

Weirs, drowned, 463 

Wetted perimeter, 461 

Whem teeth, strength of, 107 

Wheel trains, 388 

Wheel trains, epicyclic, 3^11 

Wheel trains, reverted, 391 

Wheels, bevel, 384 

Wheels, pin, 382 

Whipple- Murphy truss, 231 

W^hirl, velocity of, 483 

Whirling liquids, 444 

Whitelaw’s turbine, 492 ^ 

Whitworth quick return motion. 308 

Wilson-Hartnell governor, 342 (Ex. 16) 

Wind girder, 246 

Wind pressure, 194, 246 

Wind ties, 201 

Wire rope pulley, 366 

Wire ropes, power transmitted by, 370 

Work and ener^ y, 24 et seq. 

M^ork by an oblique force, 24 
Work, diagram of, 25 
Work in raising a system of weights, 
^ 21 

Work in turning, 25 

Working load, 68 • *2 

Working stress, 68 

Worthington pumping engine, 510 

^Toung^S modulus, 66 
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